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PREFACE 


The discovery and systematic formulation of (|iiantum irn'chanics 
have opened up the possibility of understandiiijr the microsfructure of 
matter. The years tlmt followed the formulation of the basic; laws of 
atomic physics have brought the explanation of the known lej^ularitii's 
of spectroscopy, cliemical-bond formation and metallic conductivity, to 
mention only some of the more important examples. J^ven in fields as 
new and remote as nuclear physics and stellar structure, (luanfum 
theory proved to he the prereciuisite to progress and undei-standiiif^. 

The purpose of this book is to acquaint the reader with the scope of 
the jihenomena that can be explained with the help of cjuantuni me¬ 
chanics. We have tried to accomplish this with a minimum use* of 
mathematics. Not even the Schroedinj;er ecpiation was pei'inilted to 
enter the following pages. Nor did we try to reproduce the important 
and beautiful discussions whicdi revolve about tlic meaning of such 
words as causality and probability or particles and waves. We have 
instead emphasized the qualitative and the practical con.sequences of 
atomic theory. If in this way we lose in rigor and in depth, we at least 
can offer a broad informal review wliich will be u.seful to the chemist 
and may serve the physicist as a summary of topics which used to l)e in 
the forefront of his discipline only one or two decades ago. 

The bulk of this book was written before the summer of 1941 . The 
completion of the manuscript has been greatly delayed by the following 
troubled years which have given the adjective “atomic” a completely 
new meaning. It is significant that the spectacular accomplishments 
of these years produced no change in the basic theory or in the impor¬ 
tant applications described in the following pages. (Quantum theory 
and its application to the structure of matter enabled scientists to 
construct the atomic bomb and to predict its behavior. This develop¬ 
ment is not essentially different from the applications of IMaxwellian 
theory in electrical engineering or from the development of internal- 
combustion engines on the basis of thennodynamics. In no case did 

these practical applications introduce a major change in the fundamen¬ 
tal scientific concepts. 

In the last year physics is taking a new turn. The latest discoveries 
in the field of cosmic rays and artificially produced high energy particles 
will carry us far beyond the investigation of what we usually call mat- 



ym 


PREFACE 


ter To a future physicist the contents of this book may look as com¬ 
monplace as the simplest facts of Newtonian mechamcs seem to us 
now. We hope, however, that the mam points wiU not appear obsolete 

°T™ purpose of this book is to serve as an introduction and not as a 
work of reference. We have not quoted the original literature and have 
used names of scientists only where these names had been justly or un¬ 
justly attached to a well-known method or concept. 

We are indebted to Dr. John A. H. Duffie for help in reading the man¬ 
uscript, to Dr. Virginia Griffing, Dr. Lawrence B. Robinson, and Ben¬ 
jamin Sussholz for reviewing the proof, and to Dr. C. Beck for preparing 
Figure 11.11 (2). We also wish to acknowledge permission received from 
the Office of Alien Property under license JA-1217 to publish Figures 
8 4(2) 8 5(2), 8.7(2), 8.8(1), 8.10(1), and 8.10(2), aU of which are taken 
from StrukturhericK published by Akademische Verlagsgesellschaft, 
Leipzig. Finally, we wish to thank the Very Reverend James Marshall 
Campbell, professor of Greek in the Catholic University, -without whose 
help this book could not have been ended. 

Francis Owen Rice 
Edward Teller 
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1 . INTRODUCTION 


1.1 USE OF MATHEMATICS At present, atomic physical theory 
in principle enables us to calculate all of the chemical and most of the 
physical properties of matter and thus makes the science of exfierimetital 
chemistry superHuous. If, however, we consider things from an eco¬ 
nomic point of view, the human labor that must go into such calcula¬ 
tions is far greater than that which would be reipiired to make the ex¬ 
perimental study. The situation at present is this: To calculate the 
properties of the hydrogen atom is quite easy, in fact, much easier than 
to investigate the hydrogen atom exiierimentally. For the hydrogen 
molecule and the helium atom, the theoretical attack becomes more 


difficult and is perhaps about as difficult as the exjieriments; for atoms 
and molecules containing more than two electrons, exact calculations 
become so rapidly more and more difficult with increasing numbers of 
electrons that we cannot hope that the mathematical jiroblems involved 
will ever be rigorously solved for more than a few, if any, examples. 

Of course, semiempirical calculations may prove to be useful, but as 
a general rule we feel that, since such calculations are from a mathe¬ 
matical point of view rather unsatisfactory, it is best if they contain a 
high percentage of empiricism and a low percentage of calculation. 
Thus we must be satisfied with a roughly approximate treatment which 
serves as a series of pictures that go along with expenmcntal science, 
and it would be too much to say that they serve even as a guide. 

In the following pages we summarize those conclusions of atomic 
theory which are frequently used in quantum chemistry; no detailed 
proofs, either experimental or mathematical, are given, but only the 
general arguments are indicated. 


1.2 NUCLEAR ATOM The fact that matter is practically trans¬ 
parent if bombarded with alpha particles led Rutherford to his nuclear 
atom; this model has since been substantiated in all its main features. 

According to Rutherford’s model, an atom consists of a nucleus and 
one or more electrons. The nucleus carries most of the mass of the 
atom; it is positively charged, its charge being a multiple of the quan- 

1 
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turn of charge, 4.80 X 10”^® E.S.U.* Nuclei of different atomic species 
carry different charges j nuclei of isotopes have the same charge hut 
differ in their mass. The radius of the nuclei is of the order of 10“^^ cm.; 
that is, it is 10,000 times smaller than the average atomic radius. 

In contrast to the different kinds of nuclei, all electrons obtained from 
any atom or any other form of matter have identical basic properties. 
The mass of an electron is very small, 1/1840 times the mass of the 
hydrogen atom. The electron carries a negative charge of the magnitude 
of the quantum of electricity, 4.80 X 10 E.S.U. The number of elec¬ 
trons in an atom is characteristic of the atomic species and is equal to 
the number of positive charges carried by the nucleus, so that the atom 
is electrically neutral. Even a slight variation of this electrical balance 
in the atom would give rise to noticeable macroscopic electrical effects, 
and we therefore know that this electrical balance—and probably also 
the values of the individual electrical charges—^must be maintained 
with extremely high accuracy. 

The intrinsic size and even the meaning of the radius of an electron 
are still much under debate; a value frequently given is 2.8 X 10“^® cm. 
It is certain, however, that for the purpose of chemical processes we can 
treat both the electrons and the nuclei as mathematical points. 

1.3 QUANTUM THEORY In the early atomic picture of Ruther¬ 
ford, the electrons were supposed to rotate around the nucleus in a way 
analogous to the motion of the planets around the sun. This picture 
has now been abandoned, because it led to two difficulties. The first 
arose from the fact that the electrons rotating around the nucleus would 
continuously emit electromagnetic waves (either ultraviolet light or 
X rays) and would thus lose energy, finally falling into the nucleus. The 
other arose from the fact that equipartition of kinetic energy among all 
degrees of freedom of a mechanical system would require that the elec¬ 
trons contribute to the observed specific heats, which, for instance for 
a monatomic gas, is evidently not the case. 

These difficulties led to the formulation of the quantum theory. The 
first step toward the new theory of atomic structure was made by Bohr, 
who postulated that atoms exist in stable states with definite energy. 
Transitions between these states may occur, accompanied by emission 
or absorption of light, the frequency of radiation being connected 
with the energy difference between the two states by the relation 
El — E 2 — hv. Here /t is a universal constant whose magnitude is 
6.626 X 10 g.-cm.^-sec. ^ It was introduced into physics by Planck 

* Electrostatic units. 
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in 1900 in the course of a stud}^ of tlic iaws of black-body radiation, or, 
as we may say, in connection with the si)ecific heat of a vacuum. 

One immediate verification of Bohr’s postulate is the sharpness of 
spectral lines emitted or absorbed by atoms, corresponding to the 
sharply defined energy values which atoms possess. 

The lowest state of any atom is called the fundamental state; all 
others are excited states. Excitation—that is, a transition to an excited 
state may occur througli a violent impact, as well as through absorp¬ 
tion of light of appropriate frequency. As a rule, the energy clifTerence 
between the fundamental state and the lowest or first excited state of 
an atom is about 100 times greater than the temperature energy kT, so 
that in temperature equilibrium one atom in every c“*”, or 10‘** will be 
excited; thus the electronic contribution to specific heat is negligible. 

For a verj^ large class of phenomena, we shall be dealing with atoms in 
the fundamental state. 

1.4 QUANTUM MECHANICS The postulates of Bohr and the 
empirical laws of spectroscopy and atomic physics were finally, about 
1926, welded (de Broglie, Heisenberg, Schroedinger, and Dirac) into a 
finished discipline called quantum mechanics. The most striking 
demonstration of quantum mechanics is the electron-interference experi¬ 
ment first performed by Davisson and Germer. Electrons defiected 
from crystals give rise to interference patterns similar to those obtained 
in X-ray crystal analysis; this indicates that electrons—like X rays— 

must have wave properties. However, it is impossible to relinquish the 
idea that electrons are particles. 

Interference experiments have also been performed using protons, 
that IS, nuclei of hydrogen atoms, helium atoms, and hydrogen mole¬ 
cules. There is no doubt that only praetical difficulties prevent us from 
demonstrating the wave nature of bigger particles. It becomes neces¬ 
sary to reconcile the particle and the wave picture as describing one 
and the same thing. This is done by quantum mechanics. 

According to quantum mechanics, an electron is described by a func¬ 
tion called the wave function which is capable of having both positive 
and negative values (sometimes even complex values must be intro¬ 
duced); the square of the absolute value of the wave function integrated 
over a certain part of space gives the probability of finding the electron 
within that part of space. The wave function of a free electron moving 
with a definite momentum p is a simple sine or cosine function (or more 
accurately, The wavelength X and the momentum are con¬ 

nected by de Broglie’s relation p = h/\, where h is Planck’s constant. 
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The momentum is perpendicular to the wave front; we see that a small 
wavelength corresponds to a great value of the momentum. 

An electron inside an atom will be described by a wave function, the 
square of which at a definite point is proportional to the probability of 
finding the electron at that point. Thus the original picture of electron 
orbits ^vithin the atom is replaced by a more uniform structure in space 
which can be considered as filling the whole atomic volume, in spite of 
the fact that the electron, when considered as a particle, is small com¬ 
pared with the atom. 

1.5 UNCERTAINTY PRINCIPLE We have seen that by use of the 
wave function describing an atom we can make statements about the 
probability of the positions of an electron. It is also possible to fix the 
position with any desired accuracy. The electron would actually have 
a sharply defined position after a measurement had been carried out 
designed to find the position. But such a state will not correspond to 
the lowest or fundamental state of the atom. Even if we start from 
the fundamental state and carry out a determination of the position of 
the electron, the measurement itself will perturb the system to be meas¬ 
ured, and at the end of the experiment we will have an electron with a 
definite position but with an energy much greater than that of the 
fundamental state. 

In general, any physical quantity such as position, momentum, or 
energy can be measured according to quantum mechanics with an 
arbitrary accuracy, but, when one such quantity has been measured, 
frequently only probability statements can be made about the simul¬ 
taneous magnitude of another quantity. This is the essential content 
of the uncertainty principle. The uncertainty principle is not due to 
an incompleteness of the theory; in fact, interference experiments show 
that an electron is not a particle, but a wave; scintillation or Wilson 
chamber experiments show that the electron is not a wave, but a parti¬ 
cle; this direct contradiction can be avoided only if it is supposed that 
the physical quantities involved cannot all be measured simultaneously 
with an arbitrary accuracy, but an uncertainty exists which prevents us 
from following the processes into their minute details. 

The method of quantum mechanics is to use both particle and wave 
pictures in describing one and the same physical entity, for example 
the electron; to limit the applicability of these pictures with the help of 
the uncertainty principle; and to correlate by probability statements 
the results of mathematical theory with experiment. The relation be¬ 
tween particle picture and wave picture, both necessary in some oases 
yet mutually exclusive, is called complementarity. 
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The simplest formulation of the uncertainty principle is as follows: 
if the X co-ordinate of a particle is measured with an accuiacy Aj, and 
if the X component of tlie momentum of this parlicle is measured at 
the same time with an accuracy then the product of these two 
uncertainties cannot be smaller than ///27r. ^Ve cannot localize an elec¬ 
tron without giving to it, with a certain probability, a rather high 
momentum. This can be seen in a qualitative way. If an electron is 
localized and if, therefore, its wave function becomes zero outside of a 
small region, its properties will become analogous to those of a wave of 
short wavelength, and therefore, according to de lirogiie's relation 
V = a high momentum will be obtained. 


1.6 CORRESPONDKNCK PRIXCIPLK It is uruloubtedly true 
that no theory can provide us with exact information simultaneously 
about all the quantities of classical j)hysics, since that would lead us 
into the wave-particle contradiction. One may be tempt<‘d, however, 
to discard both the wave and the particle picture and try to construct 
an atomic theory which permits exact determination of'all (pjantities 
appearing in it. Such a plan would be all the more hopeful of attain¬ 
ment since the mathematical apparatus of quantum mechanics is com¬ 
plete and, of course, free from contradictions. However, an atomic 
theory of this nature would start from concepts liaving no immediate 
equivalent in our everyday experience; it would seem that in trying to 
explain the meaning of such an abstract theory one would run info all 
the difficulties avoided by formulating it. In addition, such a repre¬ 
sentation would fail to emphasize proiierly an important part of (juan- 
tum mechanics, the correspondence principle. This principle states 
that for certain limiting cases the laws of (luantum theory converge 
toward and finally become identical \Wth the laws of classical'mechanics. 

In a loose way, this principle may be stated by saving that classical 
laws will be approached for the limiting case of high quantum numbers 
A more ngorous formulation can be obtained in the following way. As 
a general rule, quantum transitions take place between states with dif¬ 
ferent physical properties. Tliis constitutes a difference bet\\een classi¬ 
cal and quantum theory, since a transition in quantum theory corre¬ 
sponds to a process in classical theory, and a process in classical theor 3 ' 
is connected with one definite set and not with two sets of physical 
conditions. Now, if we are in a region in which, for all transitions 
occurring with a considerable probability, the per cent change of plyvsi- 
cal properties between the initial and final states is small, the laws of 

quantum mechanics approach, according to the correspondence princi¬ 
ple, the laws of classical mechanics. 



6 


INTRODUCTION 


For the limiting case thus obtained the quantum and classical laws 
must show a one-to-one correspondence; hence the name correspondence 
principle. Historically, this principle was postulated by Bohr, and used 
by him most successfully to obtain the quantum laws for the high- 
quantum number region and to extrapolate them into the low-quantum 

number region. 

Even now, though the quantum laws are represented by a finished 
formalism, the correspondence principle may be used to understand 
and visualize the laws that otherwise appear to be a mere set of formal 
statements. Any attempt to divorce quantum theory from the classical 
picture of particles and waves would destroy the significance of the 
correspondence principle and thus lead us into a field where one is not 
allowed to use the words in which our everyday thinking and experience 
is expressed. We do not believe that a theory is possible which in its 
final analysis is not based on these words and, therefore, on classical 
physics and common sense. 


2 . THE HYDROGEN ATOM 


2.1 THE FUNDAMENTAL STATE One immediate use to which 
we may put the uncertainty principle is to c.stimate the hindinjr energy 
of the electron in the hydrogen atom. The energ^y of the electron can 
be written 

2 2 

E = A’lxjt + £’kin =-h ^ 2.1(1) 

r 2m 


where e is the charge on the proton, r is the distance of the electron from 
the proton, p is the momentum of the electron, and m is its mass. Evi¬ 
dently, the lowest total eiierg^^ will be obtained if we substitute for botii 
r and p as small values as possible; according to the uncertainty relation, 
however, one has Ar^p ~ h/2ir, and of course the average values of the 
distance from the nucleus f and the magnitude of the momentum p 
cannot be smaller than Ar and Ap, respectively. Therefore, we ha\'e for 
the smallest possible average value, f X p ~ h/2iv. Eliminating p and 
substituting in the expression for the energy, we have 





2 . 1 ( 2 ) 


If we differentiate the right-hand side, we obtain an expression which 
vanishes at a value of f = for which E assumes its minimum. 

^2 

fmin - ^ a 2 = 0.53 X 10-» cm. = 0.53 A. 2.1(3) 
and we obtain 


E ■ = 


2ir^me^ 


— — 13.5 electron volts 


2.1(4) 


The latter value agrees with the ionization energy of the hydrogen atom. 

7 
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The actual wave function or proper function of the fundamental 
state of the hydrogen atom is given by 

_ r 

^ = (76 2 . 1 ( 6 ) 

* 

where is the quantity defined in equation 2.1(3), and the constant 
C, called the normalization factor, must be adjusted in such a manner 
that the integral of over the whole of space is equal to unity. This 
must be so since dm is the probability of finding the electron within 

the volume element dm, and ^dm integrated over the whole space 

signifies the probability that the electron is anywhere in space. It 
may also be seen that f^in gives a measure of the extension of the wave 
function around the nucleus. 

It will be noticed that the wave function for the fundamental state of 
the hydrogen atom depends only on the distance between the electron 
and the nucleus—that is, the hydrogen atom in its fundamental state is 
spherically symmetrical; such spherically symmetrical wave functions 
are called s functions, and for such cases it is said that an electron is in 
an 5 state; s functions have a considerable importance in chemical 
physics. The wave function of an electron in the state of lowest energy 
is always an s function; it is frequently denoted by the S3Tnbol (Is). 


2.2 FIRST EXCITED STATE The energy of the first excited state 
of the hydrogen atom is 


1 27r^me^ 

1~1F~ 


2 . 2 ( 1 ) 


that is, one quarter of the energy of the fundamental state. Four dif¬ 
ferent wave functions belong to this energy. In other words, we have 
in reality four states of the hydrogen atom which happen to have the 
same energy. The four wave functions are 



Here x, y, and z are the x^ y, and z components of the vector drawn from 
the nucleus to the electron. These four wave functions should be mul¬ 
tiplied by normalization factors, making the integral of the square equal 
to unity. We shall refer to the functions 2.2(2) occasionally as (2®), 

(2y), (2z), and (2s), the last function being spherically symmetrical and 
therefore an s function. 
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2.3 DEGENERATE STATES. SUPERPOSITION OF WAVE 
FUNCTIONS If more than one wave function belongs to one energy, 
we talk about a degenerate state, and each of the wave functions is 
called degenerate. According to one of the fundamental lulcs of (luan- 
tum mechanics any number of new wave functions can be constructed 
with the help of a set of degenerate functions. In fact, we maj^ multiply 
the wave functions by aibitrary constants and add them, and a new 
correct wave function is obtained.* One may also say that the wa\'e 
functions have been superposed with arbitrary amplitudes. It must be 
kept in mind, however, that, for the kind of wave functions with which 
we are dealing here, superposition is permissible only if tlie wave func¬ 
tions belong to states of equal energy. 

It is of interest to perform this superposition for one special case. 
Let us suppose that we have a direction in space which includes the 
angles a, 7, with the three co-ordinates u.sed in equation 2.2(2), and 
let us call the co-ordinate measured along this new direction We 
now multiply the first three functions of 2.2(2) by cos a, cos/?, cos 7, 
respectively, add, and obtain 

_ r _ r 

(x cos a tj cos /? “f- 2 cos 7)c ~ ^ e 2.3(1) 

This removes one objection which could have been raised against the 
original wave functions which we have given for the first excited state. 
There it seemed that preference had been given to the x, y, and z co¬ 
ordinates, a preference about which nature must be ignorant. We now 
see that by superposition a new function can be obtained in which the 
co-ordinate measured along an arbitrary direction has the same sig¬ 
nificance as the original a:, ?/, or 2 co-ordinates. It may appear unjus¬ 
tified at this stage that we have given four wave functions for the first 
excited state of hydrogen, while an indefinite number exist. This in¬ 
definite number can, however, be obtained from the original four with 
the help of superposition, whereas these four functions are independent, 
since none of them can be written as a superposition of the other three! 

We say, therefore, that the first excited state of hydrogen is fourfold 
degenerate. 


PJ^THOGONALITY If we have a set of degenerate functions, 
It wiU be a question of practical importance to find out whether they are 
independent of each other, or whether one of them can be obtained from 


This new function should be multiplied by an appropriate normalization con¬ 
stant m order to make the integral of its square equal to unity. The procedure of 
normahzation may, however, be omitted if one is not intero.sted in the absolute 
values of the probabilities of finding electrons in different volume elements 
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the others by superposition. The criterion frequently used to verify 
the independence of the functions is called orthogonality. Two func¬ 
tions and yph are called orthogonal if they satisfy the relation,* 

jV(V'fcdaj = 0 2.4(1) 

where the integration is extended over the whole of space. It can be 
shown that a set of wave functions is independent if they are all mutu¬ 
ally orthogonal. The four wave functions, 2.2(2), have actually been 
chosen so as to fulfill this requirement. The concept of orthogonality 
gains in importance particularly since quantum mechanics shows that 
two wave functions belonging to two states of different energies are 
always orthogonal; thus it can be verified that any of the four wave 
functions of the first excited state, when multiplied by the wave func¬ 
tion of the normal state and integrated, gives zero. This fact can be 
utilized to get roughly qualitative information about proper functions, 
even where the mathematical problem of calculating them is practically 
insoluble. 

2.5 NECESSARY AND ACCIDENTAL DEGENERACY The 

four proper functions belonging to the first excited state of the hydrogen 
atom may be subdivided into two groups: (2x), (2?/), and (2z) belong to 
the first group, and (2s) belongs to the second group. The last proper 
function is spherically symmetrical just as is the proper function of the 
fundamental state. 

The three proper functions of the first group on the other hand are 
not spherically symmetrical; if rotations are performed, they ^vill not 
remain unchanged but ^vill rather transform into superpositions of each 
other. It may be seen immediately for a rotation which brings the x axis 

r 

into the new position that the function xe will transform into 

r 

which, as has been shown, is a superposition of the three func¬ 
tions of the first group. Evidently wave functions which differ from 
each other by a mere rotation cannot differ in the energy belonging to 
them. Therefore, the degeneracy of these three states will be called 
necessary, arising as it does from the spherical symmetry of our prob¬ 
lem. The degeneracy between the wave functions of the first group 
(that is, (2x)y (2y), and (2z)) and the wave function of the second group, 
(2s), is on the other hand called an accidental degeneracy since no rota- 

•For complex functions the orthogonality relation isJ*^iVfcd« = 0 where 
is the conjugate complex of 
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tion or symmetry operation can be devised which transfonns the first 
kind of wave function into the second. 


Accidental degeneracy is a misnomer to the extent tliat there is a very 
good reason for that degeneracy in the mathematical proi^crties of the 
coulomb potential acting between the electron and the nucleus. The 
word accidental simply signifies that the degeneracy is not a conse- 
c|uence of the symmetry of our proljlem. d'he dillerence between the 
two kinds of dcgcneiacy may become clear if we modify the? force acting 
between the electron and the nucleus as far as its dependence on the dis¬ 
tance is concerned while still assuming that the forces are radial and 
spherically symmetrical. Then the degeneracy of the three proper 
functions of the first group would be maintained while the .s- function 

of the second group would now have an energy different from that of 
the other three. 


2.6 THE p STATE The first group consisting of tlie three neces.sarily 
degenerate functions is an example of wliat is called the p proper func¬ 
tions or the p state. 1 he p state is characterized by the behavior of the 
proper functions with regard to rotations. It may’bo remembered that 
an s proper function does not change if rotations are performed. The 
three p proper functions change if one performs a rotation in the same 
way m which the x, y, and 2 components of a vector change if the vector 
is subjected to a rotation. Thus the proper function 


2 . 6 ( 1 ) 

is expressed by the three proper functions, 

“'■“lo = xe cos a + ye cos d + ec cos 7 2.6(2) 

in the same way in which the unit vector pointing in the ^ direction 
lu is expressed by the three unit vectors, Xu, Vu and 2u 

= Xu cos a + 2/u cos + 2„ cos 7 ' 2.6(3) 

The p functions as well as the s functions have a great importance in 

chemical physics. The common notation for the three wave functions 

(2x), (2y), and (2z) is (2p). The notation ( 2 p) may stand for any of the 
three functions or for any superposition of them. 


2.7 HIGHER EXCITED STATES The energies of the higher 
excited states of the hydrogen atom can be summarized in the formula, 

„ 1 27r^me^ 




2 . 7 ( 1 ) 
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For n — 1, one obtains the energy of the fundamental state; for n = 2, 
th^ energy of the first excited state; for n = 3, and so on, the energies 
cj tbe higher excited states. Subtracting such energies from each other 
a’ i dividing by h gives the frequencies observed in the hydrogen spec¬ 
trum. 

The second excited state (n = 3) is ninefold degenerate. Of the nine 
proper functions belonging to it, one will be spherically symmetrical 
and will be an s state. Three of them will be p proper functions having 
similar angular dependence and transforming under rotation in a way 
similar to that of the p functions of the first excited state. The remain¬ 
ing five will form a further group; they belong to a d state. The three 
proper functions of the p state are necessarily degenerate; the same holds 
for the five proper functions of the d state. However the degeneracy 
among the s, p, and d groups of states is accidental. The notations used 
for these proper functions are (3s), (3p), and (3d). 

The states belonging to n = 4 are 16-fold degenerate, being sub¬ 
divided into a spherically symmetrical s function, three p functions, 
five d functions, and seven / functions. 

In general, the degeneracy of the nth state is n^-fold and is subdivided 
into groups of necessarily degenerate states starting with one s, three p, 
and five d states. 

2.8 THE ANGULAR MOMENTUM The angular dependence of a 
Is, an appropriate 2p, an appropriate 3d, and an appropriate 4/ function 
are pictured in Figure 2.8(1) which indicates the behavior of the respec¬ 
tive wave functions in a plane. In the areas shaded vertically, the wave 
function is positive; in the areas shaded horizontally, it is negative; and, 
on the lines passing through the center, the wave function vanishes. 
We shall consider a path around the center as indicated in the figure by 
the circle and the arrow. The length of the path indicated by the circle 
will be 27IT, r being the radius of the circle. In following the path along 
the circle we will find changes of the wave function similar to those in a 
plane wave. In the s function there is no change at all; this means that 
the wavelength along the circle may be considered infinite, and there is 
no momentum along the circumference; thus the angular momentum is 
zero. In the p state one maximum and one minimum will be found in 
completing a circuit. Therefore 27rr will be the wavelength, h/%nT the 

h h 

momentum (section 1.4), and r- — = — the angular momentum. In 

27it 27r 

the d state two crests and two troughs of the wave are foimd in complete 
ing the circle so that the wavelength is 2irr/2y the momentum 2/i/27rr, 
and the angular momentum 2h/2Tr, In a similar way we find three 
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waves on the eircumferenec for the / function and Zh/ 2 i^ for the cor¬ 
responding angular momentum. 

The reason for the p, d, and/degeneracies as well as for the sphencjil 
syriimetry of the s function is the spherical symmetry of the field in 
which the electron is moving. On the other hand we see that the 
quantity in classical physics characteristic of the p, d, etc., orbits is 




the angular momentum; the angular momentum of a particle remains 
constant durmg its motion only as long as the field has spherical sym¬ 
metry, and only m such cases is it of particular * usefulness in classical 
physics. 


2.9 GRAPHICAL REPRESENTATIONS OF H STATES Fitr- 

ures 2 . 9 ( 1 ) and 2 . 9 ( 2 ) show the wave functions of the hydrogen atom 
belongmg to the three lowest energy levels. As in the previous figure 
the amphtude of the wave function is not indicated. Horizontal shad- 


* Part of this usefulness is retained in fields of cylindrical symmetry 
discussed in connection with diatomic molecules. 


This is 



u^g again corresponds to negative values of the wave function and. ver¬ 
tical shading to positive values. Full lines and circles show the position 
nodes in the actual three-dimensional model; nodes correspond to 
surfaces on which the ^ fimction vanishes. In Figures 2.9(1) and 2.9(2) 



Fig. 2.9(1). Sketch of wave functions of the hydrogen atom. Vertical and horizontal 
shading correspond to positive and negative values of the wave function. The ampli¬ 
tudes of the wave functions are not indicated. On the bottom of each sketch the 
value of the wave function is plotted against the distance from the nucleus. 


the intersection of these surfaces with the plane of the drawing is shown. 

The three-dimensional model of the Is, 2s, and 3s functions can be 
readily visualized with the help of the drawing since these fxmctions 
are spherically S 3 unmetrical. The nodes that appear as circles in the 
drawings for 2s and 3s are of course spherical. They correspond to 
momenta perpendicular to the spheres, that is, to a radial motion. It is 
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more difficult to visualize the other functions in space. Of the three 2p 
functions, only one has been drawn, 


which has a plane node perpendicu¬ 
lar to the plane of the figure. The 
spatial dependence may be easily 
visualized since the wave function 
has cylindrical symmetry around an 
axis passing through the nucleus 
and perpendicular to the node. 

A second 2p function could be ob¬ 
tained by rotating the figuie in the 
plane of the paper by 90°; the third 
2p function would have its node in 
the plane of the paper and cannot 
therefore be shown. 

The 2p functions with nodes per¬ 
pendicular to the plane of the paper 
correspond to rotations of the elec¬ 
tron parallel to the plane of the 
paper. That there are two such 
functions corresponds to the two 
possibilities of clockwise and coun¬ 
terclockwise motion.* The 2p func¬ 
tion with the node in the plane of 
the paper represents a rotation of 
the electron perpendicular to the 
plane of the paper. 

Of the three Zp wave functions, 
again only one is represented in the 
drawing. The other two can be ob¬ 
tained similarly as with the 2p wave 
functions. The main difference be¬ 
tween the 2p and Zp wave functions 
is that in the latter a spherical 
node is present which appears in 
the drawing as a circle. 

♦The wave function that would cor¬ 
respond to the clockwise motion may be 
obtained by multiplying one of the two 
wave functions with i and adding it to 
the other. The counterclockwise motion 


I 


Zp 



Zd 


Fio. 2.9(2), Sketch of wave functions 
of the hydrogen atom. Vertical and 
horizontal shading correspond to posi¬ 
tive and negative values of the wave 
function. The amplitudes of the wave 
functions are not indicated. On the 
bottom of each sketch the value of the 
wave function is plotted against the dis¬ 
tance from the nucleus. 


similar sum using -r. Complex wave functions are alw, 
necessary if the direction of motion is to be represented. 
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Of the five Zd functions only one has been drawn, the nodes of which 
are perpendicular to the plane of the paper. A second Zd function may 
be obtained by rotating the drawing in the plane of the paper by 46®. 
These two wave functions correspond to rotation of the electron (clock¬ 
wise and counterclock^vise) parallel to the plane of the paper. The re¬ 
maining three Zd functions have more complicated nodes some of which 
form cones around an axis perpendicular to the plane of the paper. The 
easiest way to visualize the spatial dependence of d functions is with 
the help of mathematical formulas. 

The wave functions describing the state of an electron in a spherically 
symmetrical field may be mitten as a product, one factor depending 
only on the distance of the electron from the center, the second factor 
depending only on the angles. The first factor, describing the radial 
dependence, is sho^vn for the wave functions of the hydrogen atom by 
the curves appearing at the bottom of the figures. 

2.10 TIME-DEPENDENT WAVE FUNCTION The interpreta¬ 
tion of the wave functions already given will become more complete if 
we include the dependence on time. This may be done by multiplying 
each of the wave functions by where may be called the electronic 
frequency and is equal to the energy of the electron in the quantum 
state under consideration divided by h. 


E 



Though it is not possible here to give the derivation of the complex 
factor we have just introduced, we shall point out the main consequences 
of its inclusion and also its usefulness. 

^ periodic function with the frequency Ve in the same way as 
cos 2Trvei or sin 2-KVet (in fact e*^'*"** = cos 2Trvet -|- f sin 2Trvet). The perio¬ 
dicity of the time factor is important in many ways, as, for instance, in 
picturing the process of oscillation within the atom and the connected 
phenomenon of the emission of light. However neither cos27rvei nor 
sin 2'irvet would be an appropriate function, since each vanishes at cer¬ 
tain times causing the wave function to become equal to zero simultane¬ 
ously everywhere at such times; no physical interpretation of such a 
function could be given, and it has, therefore, to be excluded. 

The function on the other hand, has the property that the square 
of its absolute value (which according to an earlier interpretation gives 
the probability fxmction for the electron) remains constant and more¬ 
over is always equal to unity. Thus multiplying the wave function of 


SUPERPOSITION 



timic-depicndknt 


I UNCTIONS 



a stationary state with this facto*' will not chatifTo the prohahility dis¬ 
tribution at all. This means that the spread of the (‘leetron function in 
a state by no means corresponds to the motion of an electron in tliat 
state but merely to the fact that the position of an el<*etron is uncert ain 
if its energy (that is, the energy of the stationary state) is given 


2.11 SUPERPOSITION OF TIME-DKPFNOICXT FUNCTIONS 

We have stated that the original time-independent wave functions can 


i 



Fro. 2.11(1). Sketch of Is and 2p 
wave functions. Vertical and hori- 
2 ontal sliadings correspond to positive 
and negative values of the wave func¬ 
tion. The amplitudes of the w'avc 
functions arc not indicated. 



Fio. 2.11(2). Sk(‘t(*h of superposition 
of Is and 2p wave functioiLs. (Is) -j- 
(2p). Vertical and horizontal shadings 
correspond to positivi? and negative 
vaiue.s of tlie wave function. The elec¬ 
tron is found with greater probability 
on the right of tlie nucleu.s .shown by the 
solid circle. The probability is low near 
the node indicated by the solid curve. 


be superposed (that is, multiplied by appropriate coefficients and added) 
only if the wave functions to be superposed belong to the same energy. 
On the other hand, any two time-dependent functions can be super¬ 
posed. It wdll be of interest to investigate the consequences of such 
superposition in a specific example. 

We will consider the function, 

•O' • » i2TE"t 

^le* ^ 2.11(1) 

wffiere E' and E" are the energies of the fundamental and the first 
excited states of the hydrogen atom, respectively, and v',. and v'e are 
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the corresponding frequencies E'/h and E”/h. We take for the 
wave function of the fundamental state and for ^^2 the first of the four 
wave functions of the first excited state, equation 2.2(2). For the time 
^ = 0 the complex exponential factors will become one, and the time- 
dependent function will reduce to ypi + ^ 2 - It we represent and ^2 
by drawings [see Figure 2.11(1)] similar to those given in Figure 2.9(1) 
where vertical and horizontal shading correspond to positive and neg¬ 
ative values, then -|- ^2 will be represented by Figure 2.11(2). On 



Fig. 2.11(3). Sketch of superposition of (Is) and (2p) wave functions. (Is) — (2p). 
Vertical and horizontal shadings correspond to positive and negative values of the 
wave function. The electron is found with greater probability on the left of the 
nucleus shown by the solid circle. The probability is low near the node indi¬ 
cated by the solid curve. 


the right-hand side of the figure the positive values of and ^2 have 
re-enforced each other so that now in this region the function ^2 
is the biggest. On the left-hand side of the figure V'l and ^2 tend to 
cancel each other, and on this side yp 2 has small—partly positive 
and partly negative—^values. On this side too is found the line along 
which the function vanishes, that is, the node. 

Let us now consider the original time-dependent function 2.11(1) 

1 h 

after the time t — - — - - has passed. The wave function can be 

2 Jii “A 

written 

i2TE't %2 tE’‘ 1 iZicE’t i2ir{E''-E')t 

* 4- ^^2^ ^ = e * (^1 4“ ^2^ * ) 

i2TB’i i2wB't 

= e ( 1^1 + V-ze") = e * (^i - M 2.11(3) 
where use has been made of the fact that e'* = — 1. Apart from the 

i2itE't 

factor e * which does not affect probabilities, the wave function will 
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be pictured as in Fifrurc 2.11 (3). It is now on Iho left-liand side of tlic 
picture that and rocnforcc caeli otluM'. aiul therefore the main 
probability of finding the electron will l)e on tliat side. 

It is easy to sec that after a further period of i ^- - -tlm 

function and with it the probability distribution will shift back to its 
original value whieli it had at t = 0; thus the fretiueneies in the two 

electronic states produce beats with the total peiiod _ _ _or the 


frequency 


E 


t// 


liJ' 


E" - E' 


h 


It may be seen that, although an electron does not “move” in a 
stationary state, motion can be readily produced as soon as an electron 
is in a superposition of two stationary states. In this case however we 
can make only probability statements as to the energy of the electron. 

It seems very tempting to identify the frecpiencv of tlie elec- 

h 

tronic motion with tlie frequency of the lighf emitted or ahsorhed. ]5ut 
we must not consider emission oi- atisorption of light as a eonsc-quenee 
of this electron oscillation, but rather as a phenomenon eorresponding 
to it. Otherwise, we would oljtain the result that a hydrogen atom 
which at the moment is with certainty in the first excited state does not 
move, does not oscillate, and does not emit light. 



3 . THE PERIODIC SYSTEM 


3.1 ELECTRONS OF THE K SHELL As preparation for treating 
atoms heavier than hydrogen we will consider a single electron moving 
around a nucleus, the charge of which is equal to Z times the elementary 
charge. The total energy of such an electron will then be 

E = Epot + ^kin -- ■ + — 3.1(1) 

r 2m 


This is the same formula that was obtained for the hydrogen atom with 
the exception that in the potential energy has been replaced by Ze^, 
A similar reasoning to that used for the hydrogen atom yields 


47r^mZe^ 


3.1(2) 



Emin — 




3.1(3) 


The last formula shows that with increasing Z the energy necessary to 
tear the electron away from the nucleus increases rapidly. Thus for 
fluorine this energy exceeds 1000 volts, and for the heaviest elements it 
will exceed 100,000 volts. In fact, spectra sho^\ing a certain similarity 
to the hydrogen spectra have been observed for all elements; however, 
according to the relation E = hv, the frequencies soon become very 
great and shift into the X-ray region. Study of the X-ray spectra has 
proved to be the most reliable method of ascertaining the nuclear 
charge Z and with it the atomic number. 

According to formula 3.1(2), a decrease of the radius of the electron 
orbit will accompany the increase of binding energy. Thus we might be 
led to the conclusion that atomic radii decrease as 1/Z with increasing 
nuclear charge 2, whereas actually the atomic radius tends to increase 
slowly Avith increasing atomic number. 

We might suspect that this' disagreement between theory and experi¬ 
ence might disappear if the repulsion between electrons is taken into 
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account. It can be shouii, however, that the average repulsion Ix'f ween 
Z unit charges is always consideralily out weighed by the attraction <,f 
these charges by the Z-fold charge of tlie nucleus. X-ray spectra more 

over show that the electrons whi,-h are clo,se to the nucleus are not 
strongly affected by the other elections. 


3.2 PAULI PRINCIPLE The dimculties that wo liave just pointed 
out prove to bo by no means superficial. Thev ivappear in somewhat 
varied forms whenever two or more electrons get into close interaction 
Attempts to resolve the difficulties by application of principles or 
methods of clas.sical or quantum phy.sics proved unsuccessful. 

It was, however, possible to give satisfactorv <|uantitative laws for 
the motion of more than one electron by intr.Klucing a new ,,rinciple 
knovm by the name of Paulis Exclusion Principle. In its most primi¬ 
tive form this principle states that no two eleetrons can move in the 
same orbit or can be described by the same wave functions Thus onlv 
a limited number of electrons will be able to move in orbits close to the 
nucleus in a heavy atom; additional electrons occupy orbits of smaller 
binding energy and greater radius. 'I'he last electron, and with it the 
atom as a whole, will require a volume which according to more detailed 
calculations increases slowly with the atomic number. 

The “impenetrability" of matter, as manifested by the small com¬ 
pressibility of liquids and solids, can also be regarded as a con.seciuonce 
of the Pauli principle. In fact, if two atomic nuclei contained in two 
atoms could approach each other and the electrons around them remain 
undisturbed, the final result would be that the nuclei would coincide 
and more than one electron originally coming from different atom.s 
would be found in the same orbit. The actual repulsion between atoms 
arises from the increase of energy of the electrons in trying to get out 
of each other's way when the atoms approach. 


For a somewhat more general formulation of the Pauli principle, it is 
necessary to state when two wave functions will be called different so 
that two electrons can be allocated to them witliout \dolating the exclu¬ 
sion principle. Of course, if two wave functions differed only slightly 
from each other, that would not suffice to make room for two electrons 
The formulation of the Pauli principle as given here implies that a 
sufficient condition under which two wave functions are to be counted 
as different is that they belong to different energy levels. As stated in 
section 2.4, two wave functions belonging to different energj"^ levels are 
always orthogonal. The orthogonality of two wave functions further¬ 
more has the necessary consequence that the two wave functions should 
differ strongly from each other. It seems therefore reasonable to use 
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orthogonality as a criterion that two wave functions are sufficiently 
different to accommodate two electrons. This generalization has actu¬ 
ally proved to be the reasonable mathema-tical formulation of the Pauli 
piinciple for the .sim]>le case in which a definite wave function can be 
assigned to each electron. This will be possible if the motion of each 
electron can be considered as proceeding independently of the rest of 
tlic electrons as is described in the ne.xt paragraph. 

3.3 ELECTRONIC STRUCTURE OF THE LIGHTER ELE¬ 
MENTS In order to obtain a reasonable approximation for the many 
electron problems and to apply to it the Pauli principle in a simple form, 
we assume that the electrons behave to a certain extent independently 
of each other. By this we do not mean that one electron has no action 
whatsoever on another. We shall rather assume that each electron mil 
act on another electron mth an average force. The independence of 
the electrons merely means that we neglect the variation from this 
average force which arises if one considers the force exerted by the first 
electron in each phase of its motion. 

After these simplitying assumptions have been made, it is permissible 
to consider the behavior of each electron by itself, each electron being 
pictured as moving in the field of the nucleus and the average field of 
the other electrons. Each electron will be in a state of its omi and ^^ill 
be characterized by a wave function of its own; these wave functions 
mil be similar to the wave function of the hydrogen atom described in 
the previous chapter. The simplest way in wliich the Pauli principle 
might be expected to operate would be to put successively into each of 
the hydrogen-like orbits one electron. Thus the lowest element, hydro¬ 
gen, would have in its fundamental state one electron in the lowest, Is, 
state. In the second atom of the periodic system two electrons must be 
present, the fu’st of which mil be in the Is state, the second of which 
mil possess a wave function similar to those of the first excited state of 
hydrogen; thus the second electron may be either in the 2s or a 2p state. 
For the third atom of the periodic system, one electron can be in the Is 
state and two electrons in 2p states or one electron in the Is, one electron 
in the 2s, and one in the 2p state. It may be noticed that more than 
one electron can be put into 2p states, but not more than one electron 
can be put into the 2s state since there are three 2p states but only one 
2s state. Filling up the consecutive states in a similar manner, we will 
arrive at the fifth element for which the Is, 2s, and three 2p states are 
filled. In the sixth element of the periodic system, in addition to these 
states, a second excited state of the hydrogen atom must be filled which 
will be either a 3s, a Zp, or a 3d state. From the second to the fifth ele¬ 
ment, new electrons have gone into similar states all corresponding to 
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the fii-st excited state of Imiroficn. We are led tlieiefoni fo the follow iiiK 
groups of atoms: Hydrogen corresponding to \]w. l.s slate stands hv 
itself; helium, lithium, beryllium, and l)oron form a second gnjup with 
2 s and 2p electrons; a third group is started with carbon. 

This classification has nothing in common with the classilication l)a.s('d 
on chemical experience. However, chemical facts can be ivj)ivsent<‘d 
if a small change is made in the formulation of the Pauli jninciple. It, 
has to be assumed that not one but rather two electrons can occupy the 
same orbit. It may then be seen that the first two elements, hydrog('n 
and helium, will have I.s orbits. In the f()llowing eight eletnents fi-om 
lithium to neon the 2x and 2p states will be filled ui). Thus we see that 
the periods of the jjeriodic system emerge. 

3.4 ELECTRONS OF THIC L TO Q SHELLS After all 1., 2.v, and 
2p orbits arc occupied, wc would exp(‘cf. that the nim* states. 3;/, and 
3d would be filled up next by 18 electrons. Now it is a fact. Uiat tiio 
periodic table contains pei-iods of 18 ehanents such as the period from 
potassium up to krypton, but this period does not follow immediately 
on neon as it ought to; rather a period of eight elements from sodium 
to argon is interpolated. 

The reason for this disagreement is that our strict adherence to results 
obtained from hydrogen orbits was an oversimplification. Thus the 2s 
and 2p states are degenerate (that is. they have the same energy) only 
if the electrons move in the coulomb field of the nucleus. Now the 
average field of the other electrons in a heavier atom will cause a de¬ 
parture from this simple force law. The poterdial will be pai ticularly 
low close to the nucleus w here its attraction is not shielded by the other 
electrons. Comparing the probability distribution for 2s and 2p elec¬ 
trons or those for the 3s and 3/) electrons in Figure 2.9(1), we see that 
finding an s electron close to the nucleus is more probable'than finding 
the corresponding p electron in the same region. This behavior can be 
explained by a classical argument: The p electrons having an angular 
momentum /i/27r are prevented from coming very close to tiic attrac¬ 
tion center, since at the distance zero from the center their angular 
momentum would necessaril}- become zero. The same holds true even 
to a greater degree for the d electrons, and we can see indeed in Fig¬ 
ure 2.9(1) that the 3d electrons stay farther away from the nucleus than 
the 3p electrons. Since the 2s electrons will be found in the region of 
particularly low potential energy with a probability greater than that 
of the 2p electrons, we would expect that the 2s state will be somewhat 
lower than the 2p state. Therefore the 2s state (lithium and beryllium) 
mil be filled first, and the 2p states will follow' from boron to neon. In a 
similar w'ay the 3s electrons will have a low'er energy than the 3p elec- 
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trons, and these again will be lower than the Zd electrons. Indeed the 
difference is so great that the 3d electrons have an even higher energy- 
chan the 4s electrons. Thus, in the row from sodium to argon the 3» 
and 3/> states will be filled; in the following period from potassium to 

krypton the is, 3d, and 4p states will be occu¬ 
pied by 18 electrons. From rubidium to 
xenon 18 more electrons ^vill fill the 5s, 4d, and 
5p states; from caesium to radon 32 electrons 
w’ill appear in the 6s, 5d, 4/, and 6p states. 

If several close-lying levels are available 
for the next electron, it becomes a rather 
complicated problem to decide what the 
actual electronic configuration will be. These 
difficulties are discussed in the following 
paragraphs. 

If for a certain element it is known that, 
1 I for instance, the 4s level lies lower than the 

3d level, it is by no means certain that the 
same will hold for the next element in the 
periodic system. The reason for this is that 
in the next element the proportion between 
nuclear charge and the charge of the Is, 2s, 
and 2p electrons will have changed, and the 
difference caused in the atomic field will affect 
the 4s state not quite in the same way as the 
3d state. The general tendency is to restore 
the natural order of a given pair of levels (for 
instance, 3d lower than 4s) as we proceed 
tow'ard heavier elements; thus, in the lighter 
element, potassium, the 4s orbit is occupied 
although all the 3d states are empty, whereas 
in the heavier element, copper, one 4s state 
is still unoccupied although all the 3d states are now filled. 

A further complication arises from the fact that the d states (and also 
the / states that are being filled up in the rare earth elements) are de¬ 
generate. If more than one degenerate electronic state is filled, the 
interaction between the degenerate electrons may give rise to several 
atomic levels of different energies which all belong to the same electronic 
configuration. This, in fact, is not surprising because, for instance, two 
p electrons will interact in one way if they are in identical orbits and in a 
somewhat different way if their orbits differ in orientation. 

As an example, we may consider the low^est levels of the nickel atom. 
In Figure 3.4(1) the levels are represented by horizontal lines, the ener- 
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3d®4s^ 3d®4s^ 

Fig. 3.4(1). Energy levels 
of the nickel atom. 




ELECTRONS OF THE L TO Q SHIOLLS 
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table 3.4(1) 

The Electhon Sthik'tuhe of the Atoms 

Number of Eleetrons in Kurb (^lantum 0 
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19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 


H 

He 

Li 

Be 

B 

C 

N 

0 

F 

Nc 

Na 

Mg 

Ai 

Si 

V 
S 
Cl 
A 

K 

Ca 

Sc 

Ti 

V 
Cr 
Mn 
Fe 
Co 
Ni 
Cu 

Zn 

Ga 

Ge 

As 

Se 

Br 

Kr 

Rb 

Sr 

Y 

Zr 

Cb 

Mo 

Tc 

Ru 

Rh 

Pd 


Is to 2p Rroups 
filled. 


Is to 3p groups filled. 


Is to 4s groups filled. 


Is to 4p groups filled. 
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TABLE 3.4(1) Continued 
The Electuox Sthucture of the Atoms 
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1 

40 
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Sn 
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Ce 
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2 
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Pr 

groujis 

3 

2 
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Ncl 
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2 
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0 
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2 
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Eu 


7 
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Gd 
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2 

6 

1 
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Tb 
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2 

6 
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Dy 
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2 

6 
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Ho 
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6 

1 
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Er 
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2 
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INTERACTION OF EI.ECTRONS IN Al'I'UOACTIING ATOMS 

gies of which, in electron volts, appear on tlic scale at the left-hand side 
The column contains the levels which belong to the configuration 
with eight 3d and two 4s states filled. 'I'he lowest hnel of the atom 
belongs to this configuration. ]lowevei-, the levels in the .second column 
which belong to states with nine 3d and one I.s- electrons lie only slightly 
higher and, in fact, lie lower on the average than the levels in the tir.sl 
column. The level belonging to ten 3d and no I.s electrons is given in 
the third column and lies somewhat higher, 'flu, flat statement that 
in nickel eight 3d and two 4.s electrons arc pivsent i.s .somewhat insufli- 
cient if the electronic configuration of the atom i.s to serve as the basis 
of the theory of its chemical properties. 

The rather intricate interaction between electrons also accounts for 
the fact that not all the levels of one kind need necessarily be filled in 
one atom before some electrons appear in another level. For instance 
in the rare-earth elements, there is only one .5d electron while the 1/ 
levels are gradually being filled up. 'fhis would be inconsistent with 
the simple picture that in each element either the 5d or the 1/ level 
must be lower, and therefore this lower level must be com|)letely filled 
before any electron can appear in a liiKhcr level. 

The main method by which the lowest electron configurations of 
atoms are found is an inve.stigafion of their spectra together with the 
spectra of their ions. An analysis of the spectra of coui-se yields onh- 
the atomic levels and docs not lead directly to a statement about the 
electronic configuration to which these levels belong. However the 
grouping of the levels and their behavior in a magnetic field (Zeeman 
effect) make it possible to find the actual olectionic configurations not 
only in the fundamental state, but also in the excited states. 'I'he elec¬ 
tronic configurations of the atoms for the fundamental states arc shown 
in Table 3.4(1). 


3.5 INTERACTION OF ELECTRONS IN APPROACHING 

ATOMS The scheme that has been given for the periodic system 
suggests that the outermost electrons determine the chemical properties 
of an atom. Thus in all alkali atoms the outermost electron is an s elec¬ 
tron, 2s, 3s, 4s, 5s, or Gs, respectively. In fact, it is to be expected that 
m atomic interactions those electron orbits should be the important 
ones which touch or may touch the electron orbits of a neighboring atom. 

According to the argument given in connection with the Pauli princi¬ 
ple, there should be a general tendency of atoms to lepel each other 
since the electrons avoiding each other’s orbits have to get into higher 
states when the atoms approach. If, however, each of the two atoms 

P Sj onI\ one clectroix, these outermost elec¬ 

trons of the two atoms need not avoid each othei*, since, as has been 
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stated, two electrons can be present in any orbit. Thus a repulsion 
need not appear until an electron orbit of one atom touches the inner 
and full shell of the other atom. Other effects to be discussed later will 
cause an attraction as soon as the orbits of the two outermost electrons 
coalesce; this is the formation of a chemical bond. 

In this connection it is interesting to recall a general rule in chemistry. 
Almost all of the ordinary chemical molecules contain an even number 
of electrons; in fact, an orbit occupied by only one electron can accommo¬ 
date a second, which means that the molecule can react easily with its 
own species and cannot be kept as the monomer. 

Even if outside the closed shell there is more than one electron in one 
or both of the approaching atoms, chemical bonds may be formed; thus 
the situation, in which more than two electrons occupy the same orbit, 
may be avoided wthout expenditure of energy if electrons of the same 
atom have occupied some but not all levels of a degenerate set of states. 
In this case the electrons of the atom may be able to avoid the orbits of 
the electron of the approaching atom by going over into another one of 
the degenerate set of levels. Even if all such degenerate states are 
filled, another level with only slightly higher energy may be present; 
then the energy needed to lift the electron into this higher state may be 
overcompensated by the energy of bond formation; such is the case 
when the beryllium atom forms a homopolar bond. Here the 2s state 
is occupied by two electrons, and on the approach of another atom one 
electron vdll be lifted into the slightly higher 2p state; only if consider¬ 
able energy is necessary to lift an electron to a higher state ^vill the 
repulsion outweigh possible bond formation. This is the case for the 
closed shells of the rare gases. 

3.0 HETEROPOLAR BOND We will consider a sodium and a 
fluorine atom. In the fluorine, one 2p orbit is unoccupied; in the sodium 
atom, in addition to lower orbits a 3s orbit is occupied; it might be 
expected that energy is gained if the 3s electron is taken from the sodium 
and put into the 2p orbit of the fluorine. Actually the process just 
described is endothermic rather than exothermic, but only a httle 
energy is needed to perform the change. The reason why energy is 
needed rather than evolved is that for purely electrostatic restsons the 
positive sodium ion attracts an electron at a great distance while the 
neutral fluorine does not. At closer approach of the electron, however, 
the fact that in fluorine “a lower orbit’^ 2p ^\ill be occupied all but 
cancels the difference of the long-range attraction. 

If now the positive sodium ion and the negative fluoride ion approach 
each other, electrostatic energy is gained which is greatly in excess of 
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the energy needed to form those ions out of neutral atoms; thus a 
heteropolar bond is formed. 

The same argument seems to loa<l to a wrong result if other hetero¬ 
polar bonds, for example, that betwe<.n so,lium and iodine are eon 
sidered. Here the first step would involve a transfer <,f a 'l.s- sodium 
electron into a 5/i iodine orbit, that is, into a much higher state Ilow 
ever, the corresponding higher nuclear charge of iodine will cause the '•)a 
iodine electron to behave rather similarly to the 2p fluorine electr.m 
resulting in only a slightly weaker sodium-iodine bond than the sodium- 
fluorine bond. Convei-sely the caesium-fluorine bond will he stronger 
than the soduim-fluorme bond .since it is a little easier to remove the (fs- 
caesium electron than the 3^' sodium olectjon. 

In Table 3.0(1) the ionization energies of the ga.seous alkali atoms are 

TAlil.K 3.0(1) 

Ionization ENKitoiEs of Gaseous Aekai.i .\toms 


Atom 

Electron Volts 


hi 

5.4 


Nil 

5.1 


K 

4.3 


Kb 

4.2 


Gs 

3.9 


shoira, that is, the energies necessary to remove the outermost electron 
and in Table 3.6(2) the electron affinities of the halogens are given, that 


TABLE 3.0(2) 

Electron Affinities of the Halogen Atoms 

Atom F Cl Hr I 

Electron Volts 4.1 3.8 3.0 3.2 

is, the energies gained if an electron is added to the respective neutral 

halogen. It may be seen that the electron transfer in itself is exothermic 
only in the case of caesium fluoride. 

The ionization energies of the alkalis are easily determined from their 
absorption spectra; in fact, below tiie ionization energy' the atom pos¬ 
sesses discrete energj^ levels as described in section 2.7, whereas above 
the ionization energy the electron that has been torn off may have any 
energy. Thus at frequencies capable of producing ionization, continu¬ 
ous absorption sets in, and the ionization energy may be obtained with 

high accuracy by multipljing by h the frequency of the limit of continu¬ 
ous absorption. 

On the other hand, the electron affinities are more difficult to deter- 
mme and are less accurately known. They are found by a study of the 
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number of negative ions formed under suitable conditions at different 

temperatures. 

The arguments discussed in this section are in their essence much 
older than quantum theory; however, quantum theory provides the 
possibility of calculating roughly the energies involved and, what is 
more important, of connecting them with other measurable physical 
quantities, for instance, frequencies appearing in spectra, 

3.7 TRANSITION ELEMENTS It may be seen in Table 3.4(1) 
that in certain parts of the periodic system, for example, from scandium 
to nickel, the Zd electrons are filled in after the 4s states have been 
occupied. The elements in question show a remarkable similarity; they 
constitute the transition elements. 

Similar phenomena are observed for the gi'oups, yttrium to palladium, 
lanthanum to platinum, and more particularly mthin this group, for 
the rare earth elements from cerium to lutecium. 

The similarity of the transition elements suggests that all the electron 
orbits which lie outermost in space arc similar to each other. Thus it 
seems that, for instance, in the iron group, the 3d orbits which are being 
filled up lie farther inside the atom than the 45 orbits. 

This can be understood with the help of a picture taken from classical 
mechanics. The d orbits have the relatively high angular momentum 
2h/2-Wj and therefore the momentum of a d electron must be at least 

2/i 1 

-if r is its distance from the nucleus. Toward the exterior of the 

2-k r 

atom the electric potential decreases rapidly, and, since no electron 
must have energy sufficient to escape from the atom, electrons of high 
momentum cannot be found in these outside regions. 

This reasoning leads to the conclusion that high-angular-momentum 
electrons cannot be found in the outermost parts of the atom. 

We shall repeat this reasoning now in a more quantitative manner. * 
An average potential distribution in an atom is shoum in Figure 3.7(1). 
This curve has been obtained by a rough calculation which does not 
show details like the shell structure. The abscissa is the distance from 
the nucleus multiplied by the cube root of the nuclear charge Z, while 
the ordinate is the potential di^dded by the ^ power of the nuclear 
charge; thus the figure can be used for any atom. However, the approxi¬ 
mations that have been made in arriving at the figure are not valid if 
the potential is small, and therefore application must be limited to the 

♦The following results are derived from a simplified atomic model called the 
Thomas-Fermi model. 
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intcior of hea^^. atoms. The troafmont of tl.o anRular momoninm of 
electrons in the inner shells is one for which (he method is aimroniTde 
The potential given in Figure 3.7(1), multiplied l,v the charge is euual 
to the minimum kinetic energy which an elect run'mu.st possess at t hat 
point in order to escape from the atom; the kin.-tic ene,gi<.s of the eh'c 



Fio. 3.7(1). Approximate potential distrilmtion in an atom as a function of II, c 
distance r from the nucleus. The curve i.s roughly vali,l for all nuclear eharee.s Z 

but does not represent the shell structure. 


trons must be smaller than that kinetic cnel■gA^ From tliis we find a 
maximum momentum that an electron can possess at each point 
Multiplying this by r, we obtain the maximum angular momentum that 
an electron can have; this maximum angular momentum divided by 
is plotted in Figure 3.7(2) against the figure may again be used 
for any atom. It may be seen that tlie maximum angular momentum 
is found at a position well in the interior of the atom. It also may be 
seen that this maximum angular momentum increases with Z'^ so that 
liigher angular momenta can be expected in heavier atoms. Multiply- 
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ing the ordinate of the figure by we find that the angular momen¬ 
tum h/2Tr becomes possible for the first time with Z = 1.3, and there¬ 
fore helium should be the atom at which the first p electron occurs. 
Similarly the first d electron (angular momentum 2h/2Tr) should be 
found for = 10.0, that is, for sodium. Finally the first / electron 
should be found for Z = 3(i, that is for krypton. Comparison with 



Fig. 3.7(2). Maximum angular momentum that an electron may possess in the 
ground state of an atom as a function of the distance r from the nucleus. 


Table 3.4(1) shows that the first p, d, and / electrons occur respectively 
in boron, Z = 5; scandium, Z = 21; and cerium, Z = 58. The agree¬ 
ment is not very satisfactory. This is due to the crudely approximate 
nature of our assumptions. We can show that a better agreement is 


3 ht 

to be expected if the first appearance of the half-integral values - —, 

2 27r 

b h ^ 7 ^ 

2 ^ 2 ^ angular momentum in our model is assumed to cor¬ 


respond to the fii-st appearance of a p, d, or / electron in the periodic 
system. Indeed, according to this assumption, the theoretical values 
of Z at which p, d, and / electrons make their first appearance are 


INDEPENDENT MOTION OP KUX'THONS IN WAVIO MECHANICS .« 

^ 7 fi 7 “"‘I ^ 7 •>K'«'inont « il|, oxpoii<.,H.r 

It should be .omemborcd that some of (he eoneept.s used here are in 

direct contradiction to the uncertainly prim-iple. Far instame, it is not 

permissible to talk about the maximum momenlum of an eleclron at a 

given point; if the electron were loeali.e.l si riel Iv al a given poini ‘th‘e 

momentum of the electron must be inlinite. The classical argument 

given here should really apply, not lo electrons at a point, but U, elec- 
irons in a given region of the atom. 

3.8 INDEPENDENT MOTION OK IT.ECTliONS IV u tr r 
mechanics In formnlaling the Pauli principle we ha'a snp,:l.l!l' 

that the electrons move indepemlenlly of ,.ach other. We must dis. uss 

now to what statement in wave mechanics this statement of classical 
mechanics will correspond. 

We have seen that the wave functions of electrons are ..lo.selv con¬ 
nected mth the probability of hmling electrons in laatain regions If 
we have several electrons that move indepemlentiv, the probabilitv of 
fining electrons in a certain configuration will be given bi- the pro,lucts 
of the probabilities as calculateil for each electron for its resp,.clive nosi 
tion The same result is obtained from a wai-e-mechanical ,h..scriplion 

if the wave function of the whole system is the product of the wave 
functions of the single electrons. 

If a classical mechanical picture is made of the atom, the elections 
will, of course, not move in a strictly independent wav; the correspond' 
mg fact in quantum mechanics is that the wave function is not strictlv 
a product of wave functions for single electrons. But, uhatever the 
wave function of the electrons is, we can show that it can alwavs be 
rmtten as a sum of products. Each term of that .sum, if it stood alone 

r()n.s over the differ- 

ent orbits. If several terms appear in the sum, then the electrons mav 
be found with a certain probability in each of the several distributions 
As an example, we shall discuss the lowe.st state of the helium atom - we 
have pointed out that in this state two electrons are found in the U- 
state; we can represent that state .symbolically bv the iiroduct of the 
wave functions of the two electrons, and for each' of these wave func¬ 
tions we shaU use the symbol Is. The complete wave function uill 
therefore be denoted by (ls)l Another distribution of the electrons 
would be to put one electron into a Is st.ate, the other into a 2s state- 
that wave function would be (Is) (2s). The real wave function mU be 

approximated better if we take (Is)- and (ls)(2s), multiply them with 
appropriate coefficients, and add. 

Cidsf + C2(U)(2s) 
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The actual ^vave function of the fundamental state being rather well 
represented by the expression (Ts)^j ^2 should be small as compared 
^\^th Cl. The physical significance of Cj and C2 is in a way similar to 
the significance of the ^ function as discussed in the fu’st chapter: the 
squares of Ci and C2 (or more generally the absolute values of their 
squares) give, respectively, the probabilities of finding both electrons 
in a 1.S’ state and of finding one electron in a Is state and one electron 
in a 2.S state. The foregoing consideration is readily generalized for the 
case where the Avave function is represented by the sum of more than 
two tenns. It follows from the physical significance of the constants 
Cl and C2, that the sum of their squares must be equal to unity. Even 
if it is uncertain in Avhich configuration Ave shall find the electrons, it is 
certain that AA’e shall find them in some configuration. 

By leaving thus a greater latitude in the distribution of electrons 
among states, a lower total energy may be obtained in a somewhat 
similar way that a lower energy was obtained for one electron if some 
latitude Avas alloAved in its position. Actually, using sums containing 
several terms, Ave can construct wave functions for Avhich the prob¬ 
ability of electrons coming close together AAill not be so great as it Avould 
be if thej^ AA'ere moving independently. Greater average distance be¬ 
tween electrons decreases their interaction and lowers the total energy. 
On the other hand, it will not be useful to introduce terms multiplied 
by a large factor if the corresponding electron distribution has a high 
energy. That would mean that electrons would be found with great 
probability in high orbits and therefore in states of high kinetic and 
high average potential energy. It follows from the general rules of 
quantum mechanics that the correct w'ave function for the fundamental 
state A\ill be found b}^ making the total energy a minimum. This can be 
done by adjusting the coefficients in the sum in an appropriate manner. 
The loAvering of energy obtained in this w'ay will be all the greater if 
tAvo or more possible distributions of electrons each having nearly the 
same energy are coupled with each other. In this case electrons can 
avoid each other Avithout being forced into higher orbits. This phe¬ 
nomenon is called *‘resonance,^’ a name which is intended to recall the 
greater influence that coupled vibrations exert on each other if their 
frequencies are nearlj-^ the same. The phenomenon of resonance helps 
to explain a number of curious effects in organic chemistry. In the 
periodic system resonance for the loAvest states occurs in the transition 
elements and adds to the complexity wliich Ave have already encoun¬ 
tered in this group. 

3.9 THE ELECTRON SPIN It remains to be understood why two 
electrons rather than one can occupy the same orbit or Avave function. 
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The reason is that eleelrons l.ave an internal doKre,. of free,!,,,.,. 

even after the position and nionienliini of the electroi, I,-,,-,, i ’ 

niined as far as possible, the electron may be in one ' J:;:: 

differ as a rule only very slifrhtly in their eiierav T),,. silo, r 

pictured roughly by assigning a small magm.tic dioole or ' i‘' 

electron which can have two diireient orient' i V, 

am nsiialb^ pall, and sphe spin will not intlue:.::,,.' 

although data on magnpc susceptibility allow us in some casts t • w 
conclusions concerning: the spin. uidw 

Two electrons can be in the same orbit if f h,.v .tiff,.,. , i • , . 

'I™- ... i„ 

rz r, zz,z.;r,L:,' “ ....'•» 

We have pn that the possibility of valence formation is closelv 

electrons. It is therefore evident tiiiiuh::':;;;:::';;:;:::;';:: 
for valency, not because spins inniieiico electron energv'b, t i■ t’l.'e 
cause they make it possible for two electrons to get into the same ,'rliit' 

3.10 GENERALIZED PAULI PRINCIPLE In section 3 2 

have formulated the Ppli principle for the simple ca.se in whii'h ejh 
e ectron can be assigned to a definite orbit and in which the spin o ‘ . 
electrons is disregarded. In the preceding two sections these simplifi ' 
tionpave been dropped, and it now becomes necessarv to fori I te 
the Paul! principle m a way which is applicable to the more general a e 
The wave unction in its most general form is one that depends mi 
the pordmates and spin orientations of all the electrons. This wa e 
function IS connected with the probability of finding the electrons i a 
certain configuration and at the same time with certain spin orientali ns 
Let us now consider a certain configuration of the electrons and t urn 
interchange the position of two electrons and ahso interchange tWir 
spins so that, after the change, electron 1 is in exactly the same sRm o 
as e ectron 2 was, and vice vema. The generalized Pauli principle stll" 
that, for the changed configuration, the wave function has -1 times the 
value M the wave function had assumed for the original configuia- 
tion p mmedpe con.sequence of this postulate is that the probLili- 
ties (wph are the squares of the wave functions) are the sanie for the 
nen and old con^pations. It is interesting to notice in this connection 
that a physical pference between the original and changed configura- 
mn would be pservable only if the two electrons diffemd from^lch 
other mtrmsicaUy, that is, ui more than in their names. 

n order to underetand the preceding postulate it is useful to study 
Its consequences for the case of two electrons that move independently 
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of each other and for Avhich therefore the earlier formulation of the 
Paali principle can be applied. The wave function of electron 1 we 
shall call ^(1) and the wave function of electron 2 we shall designate by 
<p(2). The total u'ave function for the independent case is the product 
i/'(l)^(2); interchanging the two electrons we obtain ^(1)^(2) which is 
in general not etiual to -1 times the original function; thus the gen¬ 
eralized Pauli principle is not satisfied. We can, however, easily construct 
a function that satisfies our requirement, namely, V'(l)^(2) - v(l)^(2). 
This can always be done if the functions ^|/ and tp differ from each other. 
If these functions happen to be identical, no function exists which con¬ 
forms to the generalized principle and wliich is different from zero. This 
corresponds to the earlier statement that no two electrons can be in the 
same state. 

The product wave functions used in the previous sections are in the 
strict sense not correct wave functions because they do not satisfy the 
generalized Pauli principle; they only symbolize the correct functions 
which should be constructed from them in a manner essentially similar 
to that shown in the preceding paragraph. 

The preceding formulation of the Pauli principle has proved to be 
in complete agreement with experimental facts. It fits well into the 
mathematical theory of quantum mechanics for the follomng reasons. 
(1) It is applicable to any wave function; (2) if it is postulated for the 
wave function at any one time, the rules of wave mechanics insure that 
it Avill continue to be valid at any future time. Thus the Pauli principle 
takes on the aspect of an initial condition, behavior at later times being 
taken care of by the rules at which one has arrived with the help of con¬ 
siderations independent of the Pauli principle. The last statement is 
valid, however, only as long as there is no intrinsic difference between 
electrons. If two electrons differed to the slightest extent in their reac¬ 
tion to any outside physical influences, then, according to the rules of 
wave mechanics, the Pauli principle could not continue to hold. Thus 
the fact of the Pauli principle is a very strong argument in favor of 
the identity of all electrons. In more concrete terms the reason for an 
L electron not falling into the full K shell is not the presence of some 
force prohibiting that process but the fact that the same physical action 
that would throw an electron from an L into the K shell ^vill always lift 
an electron from the K into the L shell, so that no observable effect 
takes place. The slightest difference between the properties of the two 
electrons would upset this balance. 


4. MOTION AND POSITION OF NLCLEI IN 

MOLECULES 


4.1 SEPARATION OF MOTIONS OF NUri,FI AND F.r.FOTIiOXS 
The structure of atoms and that of moleculos difTur essunfiaily in one 
respect: In the atom the electrons move in tlie field of one nucleus- in 
the molecule they move in the field of several nuclei. For atoms, nu¬ 
clear motion will essentially manifest itself as a translational motion of 
the whole atom. In the molecule, nuclei can move with rej^ard to each 
other causing important changes in the electronic structure. Owing to 
the much greater weight of the nuclei as compared to that of the elec¬ 
trons, the following picture can be applied. We first consider the nuclei 
at rest in an arbitrary position and tlien investigate the motion of the 
electrons in the field of the nuclei. 

Subsequently the slow motion of the nuclei has to be discussed. For 
that purpose, however, only the interaction of the nuclei and the average 
force exerted by the electrons on the nuclei are important. The rapid 
changes of the forces exerted by electrons owing to their motion around 
the nuclei may be neglected. The heavy nuclei will react on these forces 
by a vibration of the electronic frequency but of very small amplitude. 

The corresponding statement in wave mechanics is as follojvs: The 
total wave function describing electrons and nuclei can be written as a 
product of two factors. The first factor describes the state of the elec¬ 
trons in the field of the fixed nuclei; this factor contains, of course, the 
nuclear co-ordinates as parameters. The second factor describes the 
motion of the nuclei in a potential arising from their interaction and 
from the average potential of the electrons. 

It may be noticed that, for a fixed set of positions of tlie nuclei, dif¬ 
ferent electronic states are possible: that is, a fundamental state which 
will be our main concern in chemistry, and excited states which in most 
cases have so much energy that they cannot be excited in a thermal 
way; the latter will, however, be of importance in photochemistry. For 
the different electronic states the electronic distribution and \Wth it the 
average potential of the electrons will be different. Thus the electronic 
motion will depend on the state, fundamental or excited, of the electrons. 

37 



38 


MOTION AND POSITION OF NUCLEI IN MOLECULES 
4.2 CLASSICAL MOTION OF THE NUCLEI According to the 

correspondence priru-iplc, quantum laws will approach classical laws in 
the limiting case of “high quantum numbers.” Owing to their greater 
mass, the nuclei mo^'C with smaller frequencies than the electrons, and 
the energy, E = hv, necessary for their excitation is less. For heavy 
nuclei, room temperature is as a general rule sufficient to lift them into 
high quantum states so that the motion of such nuclei can be described 
by classical mechtmics. At low temperatures all nuclei depart from the 
rules of classical mechanics, as sho^\'n by specific heats which fall below 
the value given by application of the principle of the equipartition of 
kinetic energy. For light nuclei, particularly those of hydrogen, even 
room temperature must be counted as low temperature, and classical 
behavior is attained only at several thou.sand degrees. 

Nevertheless, in discussing chemical reactions it has sufficed up to 
now to consider the motion of the nuclei as purely classical. The reasons 
are twofold: (1) In the reactions which do not proceed \vith too great a 
rate, large activation energies are involved which can be overcome only 
by those atoms which have an excess energy and therefore approach in 
their behavior the laws of classical mechanics; (2) for the great potential 
differences involved, and for the shapes of potential curves that occur, 
the classical and quantum laws do not deviate significantly from each 
other. In fact, the laws of quantum mechanics may easily cause a 
change of a factor two in the rate of a reaction, but no case is known in 
which a reaction that, owing to a high activation energy, ought not to 
proceed according to classical mechanics will proceed because of the 
quantum law^s. 

There is one effect, namely the tunnel effect, which, according to the 
views of some, causes an important quantum deviation in reaction 
velocities. The effect consists in a particle penetrating through a bar¬ 
rier, even if its energy is too small to do so in classical physics. The 
ultimate reason for this effect is the impossibility of localizing a particle 
in quantum mechanics without giving it high kinetic energy. 

The behavior of the proper function of the hydrogen atom in its 
fundamental state is closely related to the tunnel effect. Though the 
electron does not have enough energy to escape the nucleus, its wave 
function and, with it, its probability distribution extends toward infinity, 
of course in an exponentially decreasing w^ay. In chemical reactions 
the penetration of nuclei through barriers is not of practical importance 
because of the greater mass of the nuclei. The wave function of a 
nucleus mil penetrate much less deeply into a region where, according 
to classical mechanics, the nucleus should not be found. Among nuclei, 
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the proton having the smallest mass will have the greatest, chance of 
penetrating through a potential barrier. 

It is undoubtedly true that for an appropriate shape of the potential, 
the tunnel effect would become im])ortant; a very narrow and high 
barrier would be a case in point. There is, however, not a single cheini- 
cal reaction where the importance of the tunnel en'ect has been demon¬ 
strated vdth any certainty. 

4.3 NUCLEAR VIRRAIIOXS In stable m{)lecules, the nu<‘lear 
motion is usually confined to a narrow region around the eciuilibrinm 
positions of the nuclei. The vibrational amplitudes are in the range' 
0.1-0.01 A., and thus are small as compared to atomic and molecular 
radii. For these small amplitiulcs, Hooke’s law will hold, and the nuclei 
will perform, therefore, harmonic vibrations. Even at low temperat\iros 
the nuclei will not be localized strictly to their equilibrium positions; the 
lowest \dbrational quantum level lies higlier than the minimum of 
the potential energy. This residual energy or zero-point energy is 
again due to the fact that the nucleus cannot be strictly localiz<Hl at 
the point where the potential encrg,v is a minimum without its being 
given a high momentum and a high kinetic energy. 

The frequencies with which the nuclei can vibrate in a molecule can 
be found with the help of infrared spectra, the Raman effect, specific 
heats, and also absorption and fluorescence spcctia. These methods 
complement each other and frequently all must be used in onler to get 
a complete picture of the vibrations of a polyatomic molecule, although 
for a diatomic molecule any one of the methods may serve the 
purpose. 

Nuclear vibrations will not be simple for polyatomic molecules; in 
most vibrations all atoms of the molecule partieijjate to a greater or 
less extent, although some of the vibrations may be restiicted in the 
main to one group, sening as a practical spectroscopic indication of the 
presence of that group in the molecule. Careful analysis is needed to 
obtain the restoring forces acting on the nuclei from the observed fie- 
quencies; these restoring forces are a qualitative measure of the energy 
with w'hich that nucleus or atom is bound in the molecule; a great restor¬ 
ing force will in general correspond to a strong binding. 

4.4 THE ISOTOPE EFFECT If we consider the motion of the elec¬ 
trons in the field of the nuclei at rest, no difference will be obtained wiien 
a nucleus is replaced by one of its isotopes. Thus, the electronic states 
will remain the same after isotopic substitution, and the average forces 
which the electrons exert on the nuclei will not change either. It fol- 
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lows that isotopic substitution will not change the potential field in 
which the nuclei are moving. 

According to classical statistical mechanics, the kinetic energy follows 
the equipartition law, and the distribution of the nuclei in space is 
given by the Boltzmann law. The potentials being the same for isotopes, 
no difference should therefore aiise for statistical equilibrium among 

isotopes. 

Differences do arise, however, particularly apparent in the case .of the 
hydrogen isotopes. Such differences are pure quantum phenomena. 
That they arise piimarily for hydrogen is explained by the great per¬ 
centage difference in the masses of these isotopes and also by the small 
mass of the hydrogen atom so that quantum effects become particularly 
noticeable. 

The simplest and most important quantum effect of this kind is the 
zero-point energy. The potentials, and therefore restoring forces, being 
the same for hydrogen and deuterium, their vibrational frequencies will 

differ by a factor Thus the zero-point energies ^hv will be different, 
giving rise to differences in heats of reaction which amount as a rule to 
several hundred calories. The arguments just given are oversimplified 
because in many vibrations hydrogen atoms will not be the only ones 
that are moving; however, it gives a good qualitative and sometimes 
even quantitative idea of the chemical differences between the isotopes. 

At ^gh temperatures the difference in chemical equilibrium will tend 
towards zero since the motion of the nuclei Avill approach that pre¬ 
scribed by the classical laws. 

Reaction velocities \rill remain different, however, owing to the smaller 
average velocity of deuterium atoms at a given temperature. Apart 
from this classical difference, quantum differences in reaction velocity 
may be expected for the isotopes. In fact, comparison of reaction 
velocities of isotopes might become very helpful in detecting differences 
due to quantum theory and in particular in detecting the tunnel effect. 
However, the differences occurring for the equilibria for final and inter¬ 
mediate products frequently complicate the picture to such an extent 
that the elementary reaction-velocity differences cannot be isolated. 

In general, however, even hydrogen and deuterium do not differ 
greatly in any chemical reactions. This is the most direct experimental 
justification for neglecting quantum effects of the nuclear motion in a 
qualitative survey of chemical equilibria and chemical reactions. 

4.5 NUCLEAR POSITIONS Although nuclear vibrations fre¬ 
quently have an amplitude of as much as 0.1 A., the vibrations do not 
deviate much from the purely harmonic law. Thus the mean distances 
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of the nuclei will correspond closely to the equilil)riiim distances. Tliese 
average distances can be measured by two main metliods: 'I'he one is 
the diffraction of electrons or X rays, the other is investigation of mole<*- 
ular rotation in the spectra. 


The X-ray diffraction metliod is based on the fact that X rays, scat¬ 
tered by different atoms in a molecule or in a crystal, interbae with eacli 
other and that the interference depends on tlie distance Ix'twtaai the 
atoms. The fact that electrons (and other particles) have wave proper¬ 
ties makes it possible to use electrons instea<l of X rays. It can Ix' 
shoA\'n that, if a train of waves falls on a crystal, there will be in gcaicral 
no direction in which the scattering of all lattice cells gives rise to con¬ 


structive interference; one can find for every region in the crystal lattice 
another region such that the scattering by the two regions caiua^ls. 
Thus, in general, no scattering takes place, anti the original beam re¬ 
mains undisturbed except for processes which involve energ>' losses. If 
however, the wavelength and direction of the incident beam satisfy 
certain relations, there vill exist a direction in which the wave can be 


scattered by all the crystal cells so that the scattered radiations rtven- 
force rather than cancel each other. Thus sharj) interference maxima 
occur. From their positions one can derive the size and the micros(;oi»ic 
symmetry of the crystal cells. Sometimes this is sufficient for the 
determination of the position of the nuclei. This is the case if all nu(;lei 
lie in centers of sjunmetry, in intersections of symmetry axes, or in 
other points defined uniquely by the crystal symmetry. If this is not 
the case, the position of the atoms might still be obtained by a rather 
laborious process from the intensities of the interference maxima. 

The diffraction method can also be applied to molecules in the gaseous 
phase. Interference of the radiation scattered by the various atoms in 
the molecule gives rise to scattering in all directions with varying in¬ 
tensity, The sharpness of the interference maxima in crystals is due 
to the regularity of the crystal lattice and to its theoretically infinite 
extension. A finite assembly of scattering centers on the other hand 
always produces continuous scattering rather than discrete maxima. 
The angular distribution of the intensity of the scattered ladiation de¬ 
pends on the orientation of the molecule. To obtain the experimental 
intensity distribution one has to average over-all molecular orientations. 
In simple molecules it is possible to calculate from the observed broad 
interference maxima the interatomic distances. 


Both electron and X-ray interferences have been used in diffraction 
experiments on crystals and molecules. But for molecules it is much 
easier to work ^\^th electrons since they are scattered more strongly and 
necessitate only short exposures, whereas molecular diffraction experi- 
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rn ‘Tits with X rays are difficult on account of the small intensity. For 
crvstal analysis tiie use of X rays is perhaps preferable. Because of the 
smaller scattering of the X rays, they penetrate deeper into the crystal 
and give a truer picture of the body of the crystal. Electrons are apt to 
be deflected nearer to the surface, particularly if their velocity is rela^ 
tively low. Thus electron diffraction may be used to explore surface 
effects. X rays are scattered mainly by electrons rather than by nuclei; 
however, near any heavy nucleus there is a region of higher electron 
density; thus X rays scattered from these electrons will give a good 
indication of the nuclear position. 

In electron diffraction the electrons \nll have a perturbing influence, 
but the greatest amount of scattering is due to the strong coulomb field 

of the nucleus. 

Neither of these two methods can fix the position of hydrogen atoms 
with any accuracy; the electron density does not increase sufficiently in 
the neighborhood of the proton, and the hydrogen nucleus will also not 
deflect an incoming electron much more strongly than any one of the 
electrons in the molecule. 

Scattering due directly to nuclei can be obtained by using neutron 
beams rather than X rays or electrons. Practical results have been 
reached using directed beams of high intensity. Such beams can be 
obtained from piles producing atomic energJ^ When such a pile is 
working, a great density of neutrons is present in its interior. By use of 
appropriate shields and slits an intense neutron beam can be obtained. 
The neutrons must be slowed down by an appropriate number of colli¬ 
sions before they pass through the slits. This is necessary because 
only slow neutrons have long enough w^avelength to be useful in crys¬ 
tal interference experiments. With the help of neutron diffraction 
one may hope to determine the positions of the hydrogen nuclei in 
crystals and molecules. 

Nuclear positions may also be obtained by investigating molecular 
rotation. The investigation of rotational structures leads to a deter¬ 
mination of moments of inertia; these depend primarily on the nuclei 
rather than on the electrons. There is, moreover, no particular diffi¬ 
culty in obtaining the position of hydrogen atoms; thus rotational 
structures give as a general rule more accurate, more reliable, and in a 
way, more general results than diffraction experiments. However, the 
rotational structure can be investigated only in the gaseous state, and 
even there the method is practicable only for rather simple molecules. 
This method is discussed in greater detail in Chapter 10. 

With the help of the methods mentioned, it is, as a general rule, easy 
to determine the (average) nuclear positions mth an accuracy of 0.01 A. 
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A careful study of the vibrational spectra of molecules may lead to con 

elusions about the symmetry an.l the shape, but not the size of a mole 

cule. Qualitative results may be obtaine.l from the classical methods 

of stereochemistry which in the last decades have been supplemented 
by tlie study of dipole moments. 



5. ATOMS AND MOLECULES IN ELECTRIC 

FIELDS 


5.1 ATOMIC FIELDS AND MACROSCOPIC FIELDS The elec¬ 
tric charges of the constituents of matter give rise to strong electric 
fields which cause the chemical forces. The only reason why chemical 
laws are not simply reduced to electrostatics is that the electrons behave 
under the influence of these electric forces, not according to classical 
mechanics but according to quantum mechanics, and that they further¬ 
more show that peculiar behavior which we have described under the 
name of the Pauli pnnciple. In explaining chemical forces, it must be 
borne in mind that both the particles that produce the electric field and 
the particles on which the electric field acts behave according to quan¬ 
tum laws. A simpler application of the electrical structure of molecules 
will be treated in this chapter, namely, the interaction of atoms and 
molecules nith macroscopic electric fields, that is, Avith electric fields 
produced by the usual electrical apparatus rather than Avith the exceed¬ 
ingly strong fields of individual atoms and molecules. 

5.2 ATOMS IN HOMOGENEOUS FIELDS We will consider a 
molecule in an electric field \nth the nuclei in their equilibrium posi¬ 
tions; the effect of their vibration may be neglected. A definite orienta¬ 
tion of the molecule Avith regard to the electric field aaIII be assumed. 

The interaction energ}'" betAA'een molecule and electric field can then 
be obtained as foIloAvs: The value of the electric potential at the position 
of each nucleus aaiII be multiplied by the positive charge of that nucleus, 
and the sum aauII be taken. The contribution of the electrons is obtained 
by spreading out the electrons according to their probability distribu¬ 
tion as given by the absolute square of the AA^aA’^e function; the interac¬ 
tion of this continuous charge-density AAuth the external field is to be 
taken. 

This prescription does not mean that the electrons are actually spread 
out into a continuous cloud of negative charge. It only means that for 
the interaction of electrons and field the Aveighted average has to be 
taken as calculated AAith the help of the probabilities of distinct posi¬ 
tions Avhich the electron may occupy. 
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I'lci. 5.2(1). 


pI':rmani;nt dipoi.ks 

For the purpose of this ealeiilatiou (Ik' ei.M'fn.n <li^1ril),i(iou will he 
taken to be the same as tliat valid lor the molecule in (lie ah.-^eiiee of 
the electric field; this of course means that we disM-f^ard Ihe'di'.tortion 
of the electronic structure; that is. w(' iK'^leet polarizability. 'I'he 
effects due to polarizability are discussed later. 

If the electric field aotiiiK on (he molecule is liomojrpneous. a iiarticu- 
larly simple picture will be obtained. \V(‘ will first. <-onsider an isolated 
neutral atom. In this case the in(('rac(ion <*n<'rKy is zero; (Ik* reason for 
this is that the probability of finding;; (he electrons at points renuived 
from the nucleus by the vector rand the vector — r |s(‘(‘ 

Figure 5.2(1)] is always the same. \ow the mean 
value of the interaction of the oleetron and the homo¬ 
geneous field at the points r and —r is th(' same as 
the interaction which would be obtaiiu'd if the eh'c- 
tron were at the same position as tlie nucleus. 'I'ims 
the electronic charge effectively neutralizes the mieh'ar 
charge. A similar argument holds if many electrons 
have to be considered; in the corresponding argument all vectors drawn 
from the nucleus to the electrons have to be inverted, that is, rei)lac(‘(l 
by —r, simultaneously. Again tlio probabilities of tliese invcMted con¬ 
figurations be the same, and their mean action is e(iuivalent to all 
electrons being concentrated in the nucleus. 

An example of the zero interaction between an atom and the field will 
be furnished by the fundamental state of the hydrogen atom, where the 
electron is in an 5 state, and its charge distribution has s[)horical sym¬ 
metry. Even if an electron is in a p slate, its interaction will remain 
zero, since the square of the 4' function (giving the prol>al)ility distribu¬ 
tion) be symmetrical to the inversion as previously de-scriljcd. The 
only kind of exception that occurs is illustrated l)y Figure 2.11(2) where 
the main electronic charge is found to the right, or in Figure 2.11(3) 
where the main electronic charge is found to the left of the nucleus and 
can no longer be replaced by a charge at the same position as the nu¬ 
cleus. This occui-s, however, only if excited states are taken into account 
or if there is an accidental degeneracy between an s and a p state or 
between further states. There is no knowTi example of such degeneracy 
in the fundamental state of an atom. Therefore tiie interaction between 
a homogeneous electric field and an undistorted atom in its lowest state 
is zero. 


5.3 PERMANENT DIPOLES The interaction between a homo¬ 
geneous field and an undistorted molecule will vanish if the molecule has 
a sufficiently high symmetry. One can give as examples CS 2 , CCI4, 
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rv,Il6, and Calle- In other molecules, however, such as HCl, HgO, 
CfiHrici, and Cgllft, the effects of positive and negative charges will not 
cancel, and a finite interaction with the field Avill be obtained. It can 
be shown that such an interaction depends in the following way on the 
orientation of the molecule: It has a maximum value for a certain 
orientation of the molecule with regard to the electric field; this maxi¬ 
mum interaciion will remain unchanged if the molecule is rotated 
through any angle around an axis parallel to the electric field. If the 
molecule is rotated through an angle d around any axis perpendicular to 
the electric field, then the interaction is multiplied by cos 0. For 6 = 
180°, the interaction have changed sign. 

This behavior can be represented by rigidly attaching to the molecule 
an imaginary vector called its dipole moment; the length of this vector 
is given by the maximum interaction the molecule can have ^vith a unit 
electric field. The orientation of the vector has to be fixed in the mole¬ 
cule in such a way that the maximum interaction with the field is ob¬ 
tained when the vector is parallel to the field. 

The physical significance of the dipole moment is that it is a measure 
of the separation of the center of the positive charges from the center 
of the negative charges in the molecule. The easiest way to represent 
it is to locate an appropriate positive charge e and the corresponding 
negative charge —e at the distance I from each other; it is easy to verify 
that such a charge distribution will have just the required interaction 
with, the homogeneous field. It represents a dipole of the magnitude 
el = d; dE is equal to the maximum interaction energy between the 
dipole and an electric field E. The direction of the dipole moment is 
given by the line pointing from the negative towards the positive charge. 
In general, the interaction between the electric field and the dipole is 
—dE cos 6, where 6 is the angle between the directions of the dipole and 
the electric field. The minus sign is due to the fact that the energy of 
the dipole is a minimum when it points in the direction of the electric 
field. 

There still remains an arbitrariness, since the magnitude of the dipole 
moment determines only eZ, and not e and I separately. It is customary 
to define a pure dipole as the special case where e tends to <» and I tends 
to zero, so that their product remains constant. 

To represent the charge distribution in a molecule by the simple 
picture of a dipole is permissible only as long as an interaction with a 
homogeneous electric field is considered. For atomic dimensions every 
macroscopic field may be considered to be homogeneous, but the electric 
field originating in a neighboring molecule will in general be strongly 
inhomogeneous. In order to obtain the interaction with such molecular 
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fields, the dipole moment of the nmleeule is not snfn,.ienl, l,u, ,, ..mher 
moredetaded dcsenption of the eha.(re <listril,„ti„„ i„ , 

needed Unfortunately, it is very diflieul, to 

about t '<= ‘■'■'".f- d.str.hut.o„, (he .lip,.!,, l.ein^. (he 

only well-defined quantity whiid, ran be determine,! by direet expeii- 
merit. 

5.4 ORIENTATION OF DIPOLK.S IX AN orTsiDK FIFI D 

The most direct manifestation of dipoh' moments is (heir effect on (1 
dielectric constants of materials, due to the orientinjr 

trie field on the dipoles. Wo shall consider a volume of 1 ee. ,.,„'daini„‘,r 
an assembly of dipoles m an elcetrie field. 'I'he electric (iehl will t. v to 
orient all the dipoles, while the temperature motion will (end („ int,.," 
duce a random orientation of (he dipoles. AeeorclinK to tlie Bollzmami 
law, the relative number of molecules po.ssessinn poteulial euerav F is 
where k is the Boltzmann constant and has the value I 'W X 
10-'“ erg per degree. If we are interested in the relative number of 
dipoles at different angles to the direction of an electric fiehl we have 
to introduce for V the expre.ssion -lid cos 0 .so that we obtain /■'' <■"“" 

It is easily verified that for conditions obtainable in laboratories tlie 
exponent is small ♦ compared with unity. We can therefore write 

e - I + luU'OA0;kT 5.-l(l) 

We see that under experimental conditions there are onlv slightly moiv 
dipoles pointing toward the direction of tlie eleidrie field (cos 9 p,Mitivel 
than pointing away from the electric field (cos 9 negative). Tlie .slight 
preponderance of dipoles pointing in the direidion of the electric field 
Mill cause, in the assembly of molecules, a net dipole moment parallel 
to the electric field. This net dipole moment can he calculated by miil- 
tipljTng the contribution of each dipole at orientation 9 (which is 
d cos 9) by the number of molecules hax-ing that orientation and by 
averaging over-all orientations. One obtains 


Net dipole = Nd cos 9[1 + Ed cos 9/AT] 


= Nd cos 9 + NEd~ cos^ d/kT 


5.4(2) 


Here N is the total number of molecules in the unit volume considered. 

1 substitute for E the l.igh value of 10» volts per centimeter, It,at is 

5 X 10 E.S.U., for T, the value of 300° K., an<l for </ tlie value i0-‘’ E S F (eorre^ 
sponding to the rather large dipole moment produced liy approximately two clec- 
tronic charges at a distamx; of 1 A. from two corre-sponding positive cliarges), we 

obtain ^d/AT = 0,08. e /> "v 
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The horizontal lines above the symbols indicate the averaging process. 
In evaluating the average, all orientations in space have to be given 
equal weight since the fact that more molecules point in the direction 
ot the field than in the opposite direction has been already taken into 
account by the factor I -h Ed cos B/kT. In averaging over the first 
term, cos 0, we obtain zero; this is due to the perfectly random 
orientation of the molecules in the absence of an electric field. In the 
second term the average over cos^ 6 gives so that we obtain for the 
net polarization (that is, net dipole per cubic centimeter) ^NEd^/kT. 
The expression just obtained can be written in the form Nd where 
the average contribution of one molecule toward the net dipole 
moment is 



5.4(3) 


The expression for the average dipole d can be easily understood since 
it has to be proportional to the potential energy Ed of one dipole parallel 
to the electric field, to the contribution d towards the net dipole moment 
of one parallel dipole, and also inversely proportional to the tempera¬ 
ture T tending to introduce random orientation. 


5.5 DIELECTRIC MEDIA The fact that electric fields cause a 
net dipole \\'ithin media gives rise to what is called their properties as 
dielectrics. These properties are characterized by the dielectric con¬ 
stant K which we \\ill now define. 

In measuring the electric field Arithin a dielectric medium the detailed 
interaction of a test charge vith the dipoles of the medium is of impor¬ 
tance. Two simple cases may be distinguished. First, we shall make 
in the dielectric medium a cavity of oblong shape parallel to the 
direction of the electric force and measure the electric field in this 
cavity. The result of this measurement, when the length of the cavity 
is made great as compared to its two other dimensions, is called the elec¬ 
tric field E in the dielectric. Second, Ave consider a flat cavity with its 
two dimensions perpendicular to the electric field great as compared 
to its thickness parallel to the electric field. The electric field measured 
in such a cavity is called the electric displacement D of the dielectric. 
The dielectric constant K is then given by the ratio D/E. 

The reason for the difference between D and E is that, whenever a 
dielectric medium has a boundary perpendicular to the electric field, a 
surface charge Avill be present on that boundary. In the case of the flat 
cavity, these surface charges are close to the test charge within the 
cavity, whereas in the oblong cavity they are far away. Figure 6.5(1) 



DIELECTRIC MEDIA 


4‘) 

shows a dielectric (shaded) with a fiekl in (lie direction of llto arrow and 
a flat cavity having two parallel surfaces of area >S. \\'(> can (ind (lie 

surface density of the charge by considcaing a vohiine below llie ea\ ity 
of the same cross section ,S and IhickiK'ss L. In that voliinu* LS Uieie 
\\'ill be a total dipole ecjual to the net dipole per cubic centinu'ler, called 
the polarization /, times />*S. Some of tlie dipoles ot'HMited * by flu* 
field are shown in Figure 5.5(1). 'I'he <iipoles close (o the surface will 
give rise to an uncompensated average charge on IIk' suiface. In ordei 
to get a net dipole we niiglit take a iiositive-charge distribution 



Fig. 5.5(1). Dielectric, willi fu'ld ar.«l flat cavity. A few urient<-(l liipole tnoicculcs 

are .sliow n. 


LSP/l and a negative-charge distribution of the same size and displace 
them by a distance I from each other, A fraction I/L of the positivt? 
charge then will remain uncompensateti on the lower surface of the 
cavity shown in Figure 5.5{1); that is, we will have the total surface 
charge l/L-PLS/l = PS. Dividing by the surface we find that the 
surface density is P; that is, the surface density is ecpial to the net dipole 
induced within the matenal per cubic centimeter. In a similar manner 
we find that on the upper surface of the cavity there is a negative sur¬ 
face charge of density P. The positive test charge in the cavity will be 
repelled by the lownr surface and attracted by the uiiper surface so that 
it will experience a stronger force than in an oblong cavity parallel to 
the field in which the surface charges are not effective. Thus we find 
in general D > E and K > 1. 

In order to calculate the increase of field strength in the flat cavity 
due to the surface charges, we represent the electric field by lines of 
force. The lines of force are drawn parallel to the direction of the 

• For the purpose of the jirescnt argument, it makes no difference whether the 
dipoles are completely oriented as shown in the figure or whether tliere are a greater 
number of dipoles with a slight preference of orientation in the field direction as 
described in the previous section. 
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force and their number per square centimeter gives the strength ol 
th? electric forr^e. They are convenient, because, as can be shown, they 
arc coiilinuous lines having no beginning and no end except in regions 
where charges arc present; therefore, these lines will give an immediate 
picture not onl}' of the electric forces but also of the charge distribu¬ 
tions, the regions of positive charge being their source and the regions 
of negati^■e charge their termination. A simple example is the field 

produced by one positive charge e. The 
lines of force emanating from this charge are 
shown in Figure 5.5(2). The number of lines 
of force crossing any sphere of radius r drawn 

around the charge as center is -k 47rr^ = 47 re 

r ’ 

so that no sources for the lines need be 
assumed except at the position of the charge. 
We can generalize this result and say that 
any positive charge e is the source of 4^6 
force lines, whereas any negative charge 
is the termination of the same number of 
force lines. 

In Figure 5.5(3) the flat cavity perpendicular to the direction of the 
field is showTi again with the negative surface charges on the top of the 
cavity and the positive surface charges at the bottom. The additional 
field which these surface charges cause is represented by the force lines 



Fig. 5.5(2). Field produced 
by one positive charge. The 
field is represented by lines 
of force. 



Fig. 5.5(3). Flat cavity in electric field. The electric field produced by the surface 

charges is represented by lines of force. 


drawn from the positive to the negative charges. These force lines will 
be a set of parallel lines across the cavity having a more complicated 
form near the edges. Since the surface density is equal to P, the num¬ 
ber of force lines per square centimeter will be djrP, and the added elec¬ 
tric field due to the surface charges is 47rP. This added field represents 
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the difference between D arul A’, and we have therefore 


D - E = -Itt/ 


and 


D 

K = - 
E 


= 1 + 


l;r/ 

IT 


5.5(1) 


5.5(2) 



5.6 MEASUREMENT OF DnCLhX'TUIC UONSTAX'FS 'I'lie 

customary procedure for measuring tl>e dielectric constant is to intro¬ 
duce a dielectric medium between tlie plates of a capacitor and to meas¬ 
ure to what extent capacitaiu'e of the capacitor is chunked. In Fig¬ 
ure 5.6(1) a capacitor is shown witli its ])ositive plate /> *' and its negativt; 
plate p~. If the surface density of electricity of the plate is p, tlien in 
the absence of a dielectric medium in the capacitor, an electric fi(‘ld 
E - -iirp is produced between the i)lates. The cat)acitance of the 
capacitor is the charge on its plates pS (S = surface area of capacitor) 
divided by the potential, that is, by the work necessary to carry a unit 
positive charge from the negative 
plate to the positive plate. This work 
is the thickness of the cajiacitor L, 
times the electric field 47rp, so that 
we get for the capacitance p*V47rpL 
= S/-^TrL. 

If we now introduce a dielectric 
medium M [shown in Figure 5.0(1) 
by shading] into tlie capacitor, a 
negative surface charge of density 
47rP will appear opposite the jios- 
itive plate and a positive surface 
charge of the same density opposite the negative plate. In order to 
measure the potential across a capacitor, we have to move a charge 
along a cavity as shown in Figure 5.6(1). This ca\ity being parallel to 
the direction of the electric field, the force acting on the electric charge 
is E in the dielectric. E is caused by the charge densities both on the 
capacitor plates and on the surface of the dielectric and therefore is 
E = 47rp — 47rP, Now, according to eqiiation 5.5(1), (K — \)E = 
47rP; adding these two relations, we obtain KE = 47rp. The potential 

across the capacitor is therefore LE — L , and the capacitance of 


Cavity^ 

Fia. 5.6(1). The .shaiifd area n'p- 
rosents a <liol<’ctri(; incjliuiu. Thr 
charge (lcn.sity on tlic plates of tlio 
capacitor is partly compcn.'yitcd l)y 
.'^mailer charge densities of oj)posit<‘ 
sign on the adjacent surfaces of tl»e 

dielectric. 


ArrpL S 

the capacitor pS/— ~ -- — K 


K 


We see therefore that the capaci- 


K 47rL 

tance has become K times as great by the introduction of a medium of 
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dielectric constant K between its plates, and that the dielectric con¬ 
stant can be obtained by measuring the ratio of the capacitances. 


5.7 determination OF DIPOLE MOMENTS If the dielec¬ 
tric properties of a medium are caused by permanent dipoles, we shall 
have, according to the discussion in section 5.4, for the polarization 



and, for the dielectric constant, 





3 kT 


5.7(1) 


This formula for the dielectric constant will have to be corrected later 
since it does not take account of the fact that the dielectric constants of 
nondipole substances with d = Q have dielectric constants K differing 
from unity. Moreover, it is not tnje that the dielectric constants of 
dipole substances approach unity at very high temperatures, as would 
be indicated by our formula. The reason for these discrepancies is that 
we have considered the electronic structure of the molecules as rigid, 
thus neglecting their polarizability. The polarizability will give rise to 
a temperature-independent term in the dielectric-constant formula. 
Equation 5,7(1), therefore, represents the temperature dependence of 
the dielectric constant correctly. It may be added that the contribu¬ 
tion of the permanent dipoles to the dielectric constant is at room 
temperature greater than the contribution of the polarizability except, 
of course, for substances for which the dipole moment is rather small 

electrostatic unit). 

The temperature dependence of the dielectric constant of gases can 
be used to determine the dipole moment of the molecules in the gas. If 
one plots the dielectric constant against the reciprocal of the tempera¬ 
ture, a straight line is obtained, the slope of which, as can be seen from 

4:TrN 

Equation 5.7(1), is ——-r , so that d can be calculated readily. It may 

o fc 

be seen that, although this formula may give accurate values for rather 
large dipole moments, it is difficult to get a good determination of a small 
dipole moment or even to distinguish a small dipole moment from zero. 
If we compare, for instance, the rather large dipole moments 2 X 10“^® 
E.S.U. and 2.1 X 10“^^ E.S.U., the d^ values differ by 0.41 X 10“^®; 
on the other hand, if we compare d = 0 and d = 0.1 X 10~^® E.S.U., a 
difference of only 0.01 X 10“^® wiW be obtained for the d^ values. 

The determination of molecular dipole moments by measurements on 
gases is of course limited to substances with sufficiently high vapor 
pressures; no determination can be carried out in the liquid phase since 
the strong interaction of dipoles of neighboring molecules of the liquid 
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lead to more or less woll-dof'mod molecular complexi's. and mt'asun'- 
ments of dielectric constants will ^rive some avera-e value of the dipole 
moments of these complexes rather than the dipoh> nioincnis of ilu' 
molecules themselves. It is more feasible t,> obtain dipoh' moinenls by 
investigating the dielectric properties of di!ut(‘ solutions. It is impot- 
tant that the solvent should have no permanent dipoh* inomi'nl. 

Even in the dilute solutions, the int<‘raction of the solute nioh'cuh's 
with those of the solvent afl'ects the results. 'I'lie solvent may Ik* con¬ 
sidered as a dielectrie, and, as we have seen, the forces that act on 
charges in a dielectric depend on the shape of the cavity in which wi* 
place the charges. The shai>e of the cavity, however, will depend on the 
shape of the molecule. Moreover, the orientation of tin* molecule with 
regard to the electric field eau.ses the cavity for the saim* molecule to 
resemble sometimes the oblong cavity and sorm'times thi* flat cavity. 
The simplest and most frecpienfly adopted metliod is to taki* the axcrag- 
ing effect of the orientations on the type of cavity into account by using 
a spherical cavity. It can be shown that tin* field in a splu'rical cavity 
is lE + \D\ then, analogously to eciuation 5.7(1), the polarization 
due to the dissolved dipoles will be 


/2 1 \ 

\3 3 /34-r 


5.7(2) 


where N is the number of dipoles per cubi(! centinndi'r. The polariz¬ 
ability of the dissolved molecules has again been neglected. \V(? can 
[see equation 5.7(1)] set in sufficient ai)proximation for the polarization 
P, of the pure solvent, 

^(Ko - I) 

— 5.7(3) 


1\ = 


47r 


where Ko is the dielectric constant of the pure solvent. Introducing the 
total polarization P = Pg -f P.i, 


P = 


EjK - 1) 

dTT 


E(K - 1) 


47r 

which simplifies to 


/2 1 \N(P PfKo-l) 

= {-E + - KK ) -+- ^ 

\3 .3 / :ik T 47r 


5.7(4) 


or 


3(K - 1) N(I- _ 3fKo - 1) 

47r(K + 2) ” SkT 47r(K + 2) 

3(K - Ko) Nd- 

47r(K -h 2) “ ^ 


5.7(5) 


5.7(0) 
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If the polarisability of the solute molecules had been taken into account, 
a teniperatme-indcpeiident term would appear on the right-hand side 
of oquatioii 5.7(5). It is again possible to determine d by plotting 


K - Ko 
Jv + 2 


against \/T. 


Table 5.7(1) gives the dipole moments of chlorobenzene in different 


TABLE 5.7(1) 

Dipole Moments of Ciilouobenzene, Acetone, and Hydrochloric Acid 

Cyclo- 



Gas 

CcHu 

CsHfi 

CCI 4 

CS 2 hexane 

CelhCl 


1.6 

1.56 

1.56 

1.49 1.59 

CH 3 COCH 3 

2.84 

2.71 

2.71 

2.82 


HCI 

1.03 


1.28 

1.32 

1.32 


solvents as obtained by the method just described. The apparent 
agreement of the dipole moments determined in different solvents helps 
to justify the method. A similarly good agreement is found for acetone 
in the same table, and these values also agree mth the dipole moment 
as obtained from measurements in the gas. But for hydrochloric acid 
the dipole moment as obtained from measurements in the gas does not 
agree ^rith the values obtained from solutions. This is not too surpris¬ 
ing, since the theory of determination of dipole moments in dilute solu¬ 
tions involves rather crude approximations such as treating the solvent 
as a continuous medium and neglecting the influence of the shape of the 
solute molecule. Thus steric effects between the solute and solvent 
molecules are not taken into account, and dipole-moment determina¬ 
tions are strictly speaking exact only if carried out in the gaseous state. 
As the case of HCI shows, even agreement between values obtained -with 
different solvents is no guarantee for the correctness of the values. 

Another method of measuring dipole moments makes use of molecular 
beams. The deflection of a molecular beam in a strongly inhomogeneous 
electric field is studied. The reason for using an inhomogeneous electric 
field is that a homogeneous field does not deflect any uncharged mole¬ 
cule, since the repulsion and attraction acting on the positive and nega¬ 
tive charges, respectively, cancel. In an inhomogeneous electric field, 
however, the molecule vill be deflected if it possesses a dipole, since the 
positive and negative charges of the molecule ^^ill be under the influence 
of somewhat different electric-field intensities. 

Determinations of dipole moments by molecular-beam methods have 
the great advantage of being free from any uncertainty due to interac¬ 
tion between molecules. A more refined molecular-beam technique 
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makes use of resonance between rotation (or iJiecession) of dipoles and 
an oscillating electromagnetic field. This melbod is (•apal)le of great 
precision. Up to the present it has l)een eliiefly used to deteiniine 
magnetic dipoles. But it eventually may become the best way to obtain 
information about electric dipole moments. 

5,8 VALUES OF DIPOLE MOMENTS Measurements liave con¬ 
firmed the expectation that atoms have no permanent dij)ole moments. 
Likewise the dipole moments of diatomic molecules containing two 
atoms of the same kind are zero. This holds, even if tlie t wo atoms an- 
different isotopes, as would be expected (sec section 4.1). Diatomic 
molecules containing two different atoms have dipole moments, althougli 
in the case of such “non-polar molecules” as C'O and NO the moments 
are not easily distinguishable from the moment zcao. Dijjole moments 
of some polar molecules are contained in Table 5.8(1). 

TABLE 5.8(1) 

Dipole Moments of Diatomic Molecules in the Gaseous State 



E.S.U. (m X 10'^) 

nci 

1.03 

IIBr 

0.78 

III 

0.38 

Nal 

4.0 

KCl 

0.3 

KI 

6.8 


It may be seen that halogen hydrides have comparatively small 
dipoles which decrease with increasing atomic weight of the halogen. 
The dipole moment is much smaller than we would obtain by attach¬ 
ing a positive electronic charge to the hydrogen and a similar negative 
charge to the halogen. The small dipoles are to be actually expected, 
since the hydrogen ion which is a bare atomic nucleus is imbedded in 
the charged cloud of the negative ion and attracts the negativ^e charge 
of the strongly polarizable halogen ion. The alkali halides are more 
polar since the alkali ion retains inner shells of electrons and, according 
to the Pauli piinciple, cannot penetrate into the halogen ion. Neverthe¬ 
less the polarizability of the ions reduces the dipole moments. Even for 
the least polarizable of the molecules investigated (KCl) the dipole 
moment is only about half the value obtained if positive and negative 
electronic charges are attached to the alkali and the halogen. 

In triatomic molecules, dipole moments are important because they 
are used to obtain information about the shape of the molecule. Thus 
the absence of a dipole moment in CO 2 and CS 2 confirms the idea of a 
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symmetrical linear moleciile. On the other hand, the dipole moments 
of H 2 O, H 2 S, vSOs, and N 2 O show that these molecules are either non- 
symmetrical or nonlinear [see Table 5.8(2)]. In a similar way the dipole 
moments of ammonia, phosphine, and arsine show that these molecules 
cannot have a plane symmetrical configuration. Table 5.8(2) gives the 
dipole moments of some simpler polyatomic molecules. 

TABLE 6.8(2) 

Dipole Moments ok Some Simpler Polyatomic Molecules 



E.S.U. in X 10'8) 


E.S.U. (m X 10*8) 

N 20 

0.14 

PH 3 

0.55 

HCN 

2 .G 

Aslh 

0.15 

H 2 O 

1.79 

CH 3 CI 

1.97 

H 2 S 

0.93 

CH 2 CI 2 

1.59 

SO 2 

l.Gl 

CHCI 3 

0.95 

NH 3 

1.46 




5.9 VECTOR ADDITIVITY OF DIPOLES The dipole moments 
of more complicated molecules can be measured as a general rule only 
in the liquid state. A study of these moments has sho^vn that in many 
cases the net dipole moment of the molecule can be obtained as a vec¬ 
tor sum of dipoles attached to certain bonds within the molecule. The 
best examples of the operation of this rule are the disubstituted ben¬ 
zenes. If for instance the two substituents are in the para position, the 
dipole moment should be equal to the difference of dipole moments of 
the corresponding monosubstituted products. Thus p-chlornitroben- 
zene has a dipole moment 2.36 X 10"*® E.S.U., while nitrobenzene and 
chlorobenzene have dipole moments 3.8 X 10“*® and 1.55 X 10“*®, 
giving a difference 2.25 X 10“*® E.S.U. If the two substituents are the 
same, the para compound has, of course, a zero moment but the meta 
compound should have the same dipole moment as the monosubstituted 
product since the sum of two vectors of equal magnitude at an angle of 
120 ® has the same magnitude as either of the vectors. Table 6.9(1) 

TABLE 5.9(1) 

Dipole Moments of Monosubstituted and Metadisubstituted Benzene 
Derivatives in Electrostatic Units. Each Meta Derivative Contains 


only 

One Type of 

Substituent 


Mono 

Meta 

Chlor 

1.55 X 10-*8 

1.48 X 10“*8 

Brom 

1.52 X 10-*8 

1,50 X 10-*8 

lodo 

1.30 X 10-'8 

1.27 X 10"*® 

Nitro 

3.8 X 10-*8 

3.9 X 10“*® 
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gives the comparison between the mcta and mono oompouruls. In tii<‘ 
case of the ortho compounds vector addition j^ives a dipole tnomeni 
^/^ times as great as for the monosiibstituted product. TMv 5 t)f 2 ) 


TARLR 5.9(2) 


Weiohted Dipole Moments of Monosuhstitcted and Oitrnosmsi itcti d 
Benzene Dekivatives in Electkostatic Units. I-ach (hnno Di.uivativc 

Contains only One Type of .Sunsj i i i knt 



Mono 

Fluor 

2.42 X lO-"* 

Clilor 

2.08 X 10'‘s 

Brom 

2.63 X 10-*» 

lodo 

2.25 X 10-*« 

Nitro 

0.75 X 


Ortho 

2.3« X in 

2.2:) X 10- 
2.00 X 10 -'« 
1 .09 X 10- 
0.00 X 10" 


shows this comparison. It may bo seen th:it values for tlw' ortho .sub¬ 
stances are smaller than one would expect. Appaiently the closene.ss of 
the substituents caused a consideralile perturbation of the ehaige distri¬ 
bution. The vector-addition rule for dipole moments is signihcant lie- 
cause it shows to what extent physical properties of parts of molecules are 
independent of the other parts. It will be seen later that, in molecules 
containing systems of conjugated double bonds, relatively distant parts 
can influence each other, and thus it is surprising that even approximate 
additivity obtains. 

Another consequence of a rigorous rule of additivity would be that 
the dipole moments of all saturated hydrocarbons would be equal to 
zero. It follows from the tetrahedral direction of carbon valencies that 
the CH 3 group has the same dipole as the C-II bond and this together 
with, the zero dipole of the C-C bond shows that substitution of an H 
by CH 3 \vill not change the dipole moment. By such substitutions all 
hydrocarbons can be obtained from methane whicli has of course a zero 
dipole moment. That nearly all hydrocarljons actually have dipole 
moments too small to be measured need not be consitlered as a .striking 
confirmation of the additivity of dipoles. The absence of dipole mo¬ 
ments may be rather a consequence of a small polarity of the C-H bond. 


5.10 ELECTRONIC POLARIZABILITY We shall now investigate 
the influence of external electric fields on the motion of electrons; that 
is, we shall discuss the electronic polarizability. If an atom or a mole¬ 
cule is placed in an electric field, the electrons will be repelled by the 
electric field, and there \\'ill be a greater electron density on the side 
opposite the direction of the electric field. This effect is, however, 
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rather small as long as the perturbing electric field is small compared to 
the electric fields of electrons and nuclei within the molecule. There 
exists a close analog}^ between this situation and the orientation of 
dipoles in a Vv'eak field. In the latter example it was the temperature 
energy (kT) tliat prevented all dipoles from lining up in the direction of 
the field. In the case of the electronic polarizability it is the kinetic 
energy of the electrons that takes o\'er the role of the temperature energy. 

It may be recalled that electrons do not fall into the nuclei because a 
localization of the electron position near the nucleus would lead to an 
excessive kinetic energy. The actual distribution of electrons in atoms 
or molecules is a compromise between the tendency of the potential 
energy which favors localization of the electrons and the tendency of 
kinetic energy which fa\’ors small values of the momentum and, there¬ 
fore, according to the uncertainty principle works against localization. 
This compromise between strong forces and high kinetic energies can¬ 
not be greatly disturbed by weak external forces. The actual electronic 
dipole moment dc, induced in the molecule by the electric field E can be 
written in a form similar to the one we have obtained for the average 
value d [see equation 5.4(3)] in weak fields. To obtain de we must 

1 Ed^ 

replace in the formula, d = 3 permanent dipole moment d by 

the dipole moment which the electron and the nucleus would have at a 
distance of approximately one atomic radius a. We also replace kT by 
the average kinetic energy of the electrons which is roughly of the same 
magnitude as the ionization energy V of the molecule. Since these 
considerations are only approximate, numerical coefficients will be 
omitted, and we obtain 

Ee^a^ 

= —^ 5.10(1) 


The induced dipole moment of the molecule divided by the electric 
field E that caused it is called the polarizability a of the molecule. We 
thus obtain 


de eV 
E~ V 


5.10(2) 


In the formula for the net dipole moment per cubic centimeter P, we 
now must add the contribution of the polarizability to the contribution 
of the dipole moments, 



NEd^ 

NEol h- 

3 kT 


5.10(3) 
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Thus we obtain, for the dicleetrio constant, 



5.10(1) 


Since a is a positive quantity, tlu* dielectric constant will 
than unity even for nondipole substances and also for dipole 
at very high temperatures. 


be greater 
substances 


5.11 ANISOTROPIC POLARIZABILITY The rare gases and manv 

metallic vapors Consist of atoms, the electronic structure of which has 
spherical symmetry. For such atoms one may expect that the induced 
dipole moment will be parallel to the inducing electric field and that its 
magnitude will depend only on the strength of the electric field and not 


on its orientation. 

Molecules have a structure that is not spherically symmetrical so that 
one may expect different polarizabilities according to the orientation of 
the electric field relative to the molecule. Moreover, the induced dipole 
moment is not ahvays parallel to the inducing electric field but w ill tend 
to include the smallest angle with the direction of greatest polarizability. 
But it still is true that the induced dipole moment is a linear function of 
the inducing field and that it vanishes if the inducing field is zero. We 
may express this fact in terms of the components of the dipole moment 
dc and the electric field E along the co-ordinate axes, j, and z. 


— OlxxEx + OixyEy + CtxZ^Z 
dy = CtyxEx + OCyyEy + 5.11(1) 

^2 ~ OtzxEx + OLzyEy + Otx^E^ 


Here ofxz, otyy, etc., are constants which take the place of the simple 
polarizability a. For the components of de we write c/x, dy, c/j, and for 
the components of the electric field Ex, Ey, Ez. 

This representation, of course, changes in form if a new' set of co¬ 
ordinate axes is used. In the new' co-ordinate system both the com¬ 
ponents of the vectore and the values of the coefficients axx, etc., have 
new' values, but the new' values of the coefficients otxi, etc., are uniquely 
determined by the values of the coefficients in the original system and 
by the rotation of the co-ordinate axes. One considers the nine coeffi¬ 
cients as components of one quantity, the polarizability a, just as the 
three numbers dx, dy, and dz are components of d, the induced dipole 
moment. We may w'rite in a symbolical w'ay for the system of equations 

5.11(1), 


d — aE 


5.11(2) 



gQ ^'pQMS and molecules in electric fields 

In this equation d and E are vectors, and a is a quantity with nine com¬ 
ponents, the characteristic property of which is that they establish 
linear relationships among the components of two vectors. Quantities 
of this kind are called tensors. 

In the specific case of the polarizability tensor, all tensor components 
otxx, etc., are not independent. The relations, 

Otzy “ ^yx 

O^yz ” ^zy 6.11(3) 

OCzx — Ctxz 

exist as can be shown to follow from the idea that a molecule in an 
electric field possesses a definite electrostatic energy and a definite 
energy associated mth the distortion of the electronic structure in 
the electric field. We can also show that, if the relations 5.11(3) hold 
for one co-ordinate system, they must hold for all co-ordinate sys¬ 
tems. Thus these relations do not represent an accidental property 
of the tensor components but correspond to a property of the tensor 
itself. Tensors with this property are called symmetrical tensors be¬ 
cause the quadratic scheme, or, as it is called, matrix, of their com¬ 
ponents is symmetrical with regard to the main diagonal, shown in the 
matrix as a dotted line [see 5.11(4)]. 

CCxx 

V 

V 

N, 

CCyt 6.11(4) 

N. 

N, 

V. 

Symmetrical tensors have the simple property that if we choose a set 
of co-ordinates v, C in an appropriate way, then only the diagonal 
components are different from zero while the nondiagonal 

components vanish. The equations 5.11(1) assume in this 

particular co-ordinate system the simple form: 

dj} = oc^jj 5.11(6) 

The physical significance of these equations is that there are three 
orthogonal directions, f, fixed in the molecule, along which the 
induced moments are parallel to the inducing fields. The three axes 
are called the principal axes of polarizability. Polarizability is con- 
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ventionally represented by a triaxial ellipsoid with semiaxi.s \-aliies 
«{£. “it “rr along the three principal axes. 

It may be seen that, if two of these axes, for example and « are 
equal, the elUpsoid reduces to an ellip,soi<l of revolution, in the exmnple 
around the f axis. In this case any orthogonal axis perirendic ular to f 
may be chosen as principal axis, and an electric (ield irerpeiidicular to 
f will always induce an electric moment irarallel to itself. The polariza¬ 
bilities of diatomic molecules are as a rule ellipsoids of levolutioii. 'This 
holds also for molecules of lesser .symmetry .such as benzene; in fact it 

is clear that if an ellipsoid is to have hexagonal .S3’mmctry it must be an 
ellipsoid of revolution. 

If all three principal axes, oj;, a,„ a„, are ecpial, the polarizabilil v 
ellipsoid reduces to a sphere; then any direction can be considered as a 
principal axis. The induced dipole moment is always irarallel to the 
inducing field, and the polarizability in every direction is the same 
Not only atoms possess spherical polarizability; in molecules witli 
tetrahedral or octahedral symmetry, the polarizability must also possess 
tetrahedral or octahedral symmetry, and the only ellipsoid of that sym¬ 
metry is a sphere. Spherical polarizability is called isotroific, rvhereas 
the polarizability is called anisotropic if at least two of the principal 
axes are different. 

For the general case of an anisotropic polarizability the dielectric 
constant K can be obtained in a rough waj' by assuming that one third 
of the molecules are oriented with their f axes parallel to the electric 
field, one third with their r, axes and one third with their f axes parallel 
to this direction. Then the contribution to the polarization will be 


N 


N ^ N 

3 £■«{£, — — Ea;f 


5.11(G) 


respectively, and we obtain, 


T. ^ ^ N N(Pe 


5.11(7) 


and finally 


with 


1 P N (P 

-(K-l) = - = A^a + l_ 

47r E z kT 


5.11(8) 




3 


5.11(9) 



02 ATOMS AND MOLECULES IN ELECTRIC FIELDS 

It may be seen that equation 5.11(8) is the same as equation 5.10(4) if 
„ in the latter equation is replaced by the mean polarizabiUty 5. A 
more rigorous argument sho^^•s that equation 5.11(8) is correct m spite 
of the rough assumptions made. By measuring the dielectric constant 
of a gas we have a method of finding a for the molecules. The same 
holds for a liquid except that in a liquid the polarizabUities of neighbor¬ 
ing molecules influence each other. From measurements on a crystal in 
which the molecules are oriented, we may get more detailed information 
about the separate components of the polarizability (though again the 
effect of neighboring molecules on each other complicates the picture to 
some extent). In a crystal of sufficiently low symmetry it is not at all 
unusual to find very different dielectric constants along different direc- 

*'°For isolated molecules, that is, for a gas, direct experiments do not 
give us information beyond the value of a. A more compUcated ap¬ 
proach using scattering of light and other methods in optics discussed 
in Chapter 10 will give us information on the anisotropy of the polariza¬ 
bility. But even without further experiments, statements about the 
polarizability ellipsoid can be made using only symmetry properties of 
the molecule. Thus we have encountered ellipsoids of revolution for 
diatomic molecules and for benzene; another example would be ammonia. 
In molecules of lower symmetry such as HjO the polarizability ellipsoid 
will have three different axes, the directions of which are perpendicular 
to the molecular plane, parallel to the line joining the two hydrogen 
atoms and along the line bisecting the H-O-H angle. In fact, any axis 
of symmetry is a principal axis of the polarizability ellipsoid, and any 
plane of symmetry contains two axes of the ellipsoid. Thus, even for 
molecules of rather low sj-mmetry, information on the orientation of 
the polarizability ellipsoid vithin the molecule can be obtained from 
very general arguments. 


6. VAN DER WAALS ATIRACIION FORflES 


6.1 VAN DER WAAI^ FORCES AcoordinR to Rononil physiial 

chemical evidotioe, two atoms or molecules weakly attract each otlicr 
at distances of a few aiifpjtroms; at smaller distaiices when tlu* atoms 
*‘touch,” chcmical-hond formation may occur; in the case of saturalcd 
molecules, however, repulsion will result. 

The weak attraction at p;reat distances is called van <ler Waals attrac¬ 
tion, and the strong repulsion at small distances, the van der W'aals 
repulsion. We have Rained a roughly qualitative insight into the latter 
by pointing out its connection with the Pauli principle; in both it.s 
nature and magnitude it is similar to the forces of chemical-bond forma¬ 
tion. Therefore, the van der W''aals repulsion will conveniently be 
treated together \\'ith the chemical bond. 

The van der Waals attraction on the other hand is primarily an elec¬ 
trostatic phenomenon due to the dipole moment and polarizability of 
molecules. 


6.2 INTERACTION IBETW'EEN MOLECULES DUE TO DI¬ 
POLES AND POLARIZABILITIES. Dipole molecules produce 
strong electric fields which act on other molecules in the neighborhood- 
Uie molecular electric fields arc not homogeneous, and therefore their 
interaction \nth another molecule will depend on the detailed chaige 
distribution m the second molecule. Moreover, electric fields may eman¬ 
ate from a molecule even if its net dipole moment is zero. But for some¬ 
what greater distances the orienting effect of the field produced by the 

one dipole on the second dipole will be the strongest reason for interac¬ 
tion betw’een the two molecules. 

If the second molecule has no dipole moment or even if it is an atom 
and has a spherical charge distribution, it will, because of its polariza- 
bihty interact with the field emanating from the first molecule. W^e can 
go still further and consider two molecules without dipoles or e\'en two 
atoms with spherical charge distribution from which no electric fields 
s ould emanate. W'^e shall see that even in these cases polarizability 
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causes an interaction between the molecules. These effects of atomic 
fields mainly due to dipoles and polarizabilities cause the van der Waals 

attraction forces. i i 

Of these forces, the strongest ones are due, as a general rule, to the 

interactions between dipoles. Molecular polarizabiUty usually pro- 
duces smaller effects. 

6 3 DIPOLE-DIPOLE INTERACTION A dipole of magnitude 
^ 'y^l = produces at a distance r an electric field of the approximate 
magnitude d/r\ From this the interaction between two dipoles is 

readily obtained; the first dipole di produces a field Exa~,T being the 

distance between the two dipoles. The interaction of the second dipole 

da with this field gives rise to the interaction energy . This 

is actually the correct figure for the interaction of two dipoles alongside 
each other. For the two dipoles in a straight line the interaction will 
be doubled. Using for the dipole moments di and da the rather high 
values of 2 X 10“^® E.S.U. and for the distance the rather small value 
3 1., we obtain for the interaction energy of two dipoles alongside each 
other 1.5 X 10“^^ erg, which corresponds to 2.1 kcal. per mole; if the 
two dipoles are in a straight line, we obtain 4.2 kcal. for the interaction 
energy per mole. This is the right order of magnitude for the stronger 

kind of van der Waals forces. 


6.4 EFFECT OF TEMPERATURE The dipole-dipole interac¬ 
tion, as just described, is frequently smaller than the temperature 
energy kT) for weak dipoles this will be the case for all possible distances 
of approach. For the strongest dipoles it will also be so as soon as the 
distance becomes as much as about two molecular diameters. It is then 
no longer permissible to consider the second dipole occupying the most 
favorable position in the field of the first dipole and giving rise to an 
interaction energy dg^^i = didg/r^. The temperature ^vill in first 
g^ppj*Qxijji 3 ,tion give rise to uniform distribution of orientations for each 
dipole leading to an average interaction of zero between the two 
dipoles. 

The field Ei = di/r^ causes (see section 5.4), however, a preferential 
orientation of the second dipole ^2 and gives rise to an average dipole 
moment dz parallel to Ex and having the magnitude, 


— — 


1 Eid2^ 


3 kT 


6.4(1) 
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The interaction of this average dipole moment with the field will he 


. 1 

kT 


1 


3 kT/* 


h.K2) 


Thus we see tfiat, although the dipole-dipole van dor Waals ('tu'igv de¬ 
creases as (I//) in strong fields, it decreases much more rapidly (as 
(1/r®)] in weak fields. The individual molecules still have interact ion 
energies proportional to ± according to the relative ori('ntati()n 

of the interacting dipoles. It is, however, the average interaction (*ner[r\' 

, j 2 j 2 
1 Qi 0,2 

zldFr 


6 


wliicli will be of importance in \veak fields. 


6.5 POLAKIZABIIJTV-POLARIZABILITV INTKUAOTIOX In 

discussing the electronic polarizability (section 5.10), we have seen that 
the dipole due to the polarizability is analogous to the average dipole 
due to the orientation of a dipole molecule. Whereas in the latter case 
the temperature motion oj>[)oses the orientation of the molecules, in tlu' 
former case the kinetic energy of the electrons within the molecule pre¬ 
vents the nucleus-electron dipole from lining up with the electric field. 

Amplifying this analog\', the electronic polarizability will give rise to 
interactions between molecules similar to those obtained for dipole- 
dipole interaction in the case of weak fields. The analogy of the strong- 
field case does not arise since the interactions of the electronic dipoles 
of two different molecules are smaller than the zero-point energy of the 
electrons within the separate molecules, which replaces the kT of our 
previous consideration. To obtain the formula for the interaction of 
two molecules not possessing permanent dipole moments we have to 

. 1 d^2^ , , 

replace in ^ , di by a^e, d 2 b}^ a 2 e and 02 are the radii of the 

two atoms) and kT by V 2 ), the mean of the zero-point energies 

or ionization energies of the two molecules. Omitting again numerical 
coefficients, we obtain, for the interaction, 


(caiCG2)^ 
(Pi 4- V 2 )/ 


6.5(1) 


Since in this formula ai and 02 are not readily accessible to experiment, 

we express them with the help of the polarizabilities from formula 
5.10(2) and obtain 

(Xia2ViV2 


(Pi + V2 )/ 


6.5(2) 
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A more careful ci.lculation on the basis of quantum mechanics shows 
that this formula for interaction should be multiplied by a factor of f 
but even so, this coefficient is based on a roughly approximate atomic 
model, and\ts exact value Avould vary from case to case and is very 

difficult to determine. , . i . , . 

We see that the interaction potential due to the polanzabihty of two 

molecules will again decrease with (l/r*^). The reason for this interac¬ 
tion is that the electrons have a weak tendency to prefer configurations in 
the two molecules which make their interaction energy as low as possible.* 


6.G DIPOLE-POLARIZABILITY INTERACTION The interac¬ 
tion of the polarizabilities of two molecules has to be taken into account, 
whether or not the interacting molecules have dipoles. If, however, at 
least one of the interacting molecules has a permanent dipole, an addi¬ 
tional term arises from the interaction of this permanent dipole with the 
polarizability of the other molecule. If both interacting molecules have 
permanent dipoles, this interaction has to be taken into account both 

ways. 

According to the definition of polarizability, an electric field E induces 
the electronic dipole moment, 

de = OiE 6 . 6 ( 1 ) 

in the molecule. The interaction energy of the polarizability with the 
electric field is aE^/2. The reason we get tliis expression rather than 
Ede = aE^ is that the electronic dipole de has been created by the elec¬ 
tric field E and has been increasing along \yiih it as the field E has been 
increased. Therefore, the interaction between electric field and polariza¬ 
bility Avill be obtained by multiplying E by de/2, the latter being the 
mean value of the electronic dipole during its gradual increase from the 

initial value 0 to the final value de. 

The permanent dipole di of the first molecule causes an electric field 
E = di/r^ at a distance r in a direction perpendicular to the dipole; if 
at this distance there is located a second molecule of polarizability aa, 
there will be an interaction energy. 


«2 

2 




6 . 6 ( 2 ) 


If the second molecule is located at a distance r along the line of the 
dipole, then it will be under the influence of an electric field 2di/r^, and 
the dipole-polarizability interaction of the two molecules is 2 a 2 di^/T^. 

* The forces discussed above were first investigated by F. London. The expression 
“London forces” is often used to describe this interaction. 
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It can be shown that the average value of all <li[K)le-polanzal)ilify inter¬ 
actions at tlie distance r o\'('r all oiientafions of the dipole with regard 
to the line joining the two molecules is given by 

7 2 

Average dipol(^polarizabilitv interaction = ^ ~ (> Gf.'L) 

If the second molecule possesses a permanent dipole moment d., in its 

turn, wc shall have the further addition to the interaction 

energy. 

0.7 INTERACTION AT SMALI. DISTANCES All the formulas 

which have been given in this chapter are idealizations which can be 
used only as long as the molecules are sufficiently far a|)art. If tlu'y 
approach to a distance of one or two molecular diameters, it (a*as(*s to 
be permissible to replace the distribution of electricity in a molecule by 
a simple dipole; it then also becomes <]uestionable whether the changes 
of electronic motion can be adequately described by the simple idea of 
polarizabilit3^ 

Thus, for instance, carbon dioxide lias no dipcile moment but has 
piobably a stiong quadrupole moment with more positive <‘harge near 
the carbon and more negative charge near the oxygens. Two carbon 
dioxide molecules may interact at small distances as stronglv as two 

dipole molecules. This interaction will, however, decrease rapidly with 
increasing distance. 

Loi calculating interactions of big molecules at close apj)roach, it is 
frequently of great advantage not to consider dipole moments or polariz¬ 
abilities of the molecules as a whole, but rather to take into account 
dipole moments, polarizabilities, and possiblj'^ charges attached to the 
different atoms, groups, or regions of the molecule. Thus for the inter¬ 
action of a nitrobenzene and an aniline molecule it would be a great 
mistake to ignore the localization of dipole moments in the NOg and 
NHa groups on the periphery of the molecules. Dipole moments, 
charges, and great polarizabilities on the periphery facilitate close 
approach of these effective regions and give rise to particularly strong 
and directed van der Waals forces. 

One well-known example of strong and directed van der Waals forces 
IS the so-called hydrogen bond. A hydrogen atom lying on the pe¬ 
riphery of a molecule is apt to carry an excess positive charge, particu¬ 
larly if the hydrogen belongs to an OH or Nil group. This positive 
charge may strongly interact with a negatively charged region of 
another molecule or even with a negatively charged end of the same 
molecule bent back into the vicinity of the hydrogen atom. The nega- 
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tively charged end being rich in electronic charge is apt to have a con¬ 
siderable polarizability, and the interaction of the positive charge near 
the surface and the approaching polarizable region further increases 
the attraction. I'he interaction may become as great as 10 Kcal. per 
mole. The type of interaction is not intrinsically connected with 
h^'drogen atfims except for the fact that there are few other atoms, par- 
ticiilarlv in organic molecules, that are apt to lie on the surface of the 
molecule and carry a positive charge. 

Unfortunately, only the polarizability and dipole moment of the 
molecule as a whole are susceptible to direct measurement. A more 
detailed picture of the localization of these quantities in the molecule 
can be obtained only by indirect methods, particularly by comparing 
dipole moments and polarizabilities of different molecules, and by assum¬ 
ing that the dipole moment and polarizability can be obtained by add¬ 
ing up characteristic dipole moments and polarizabilities of groups or 
atoms. This kind of reasoning can give, of course, only limited preci¬ 
sion. Furthermore, the localization of the dipole moment, the distribu¬ 
tion of charge, and the replacement of polarizability by a more detailed 
picture become essential even for the separate groups in the molecule 
if accurate prediction of the interaction potentials at close approach is 
to be made. There is, however, no general method of finding out these 
properties of separate groups, so that predictions about van der Waals 
interaction for the most important case of close approach, for instance, 
liquids, are strictly qualitative. 

If we add to this picture the uncertainties and difficulties connected 
with the van der Waals repulsion which determines the distances of 
closest approach, it becomes evident that a theory of van der Waals 
forces can be used only as a method to correlate experimental results, 
rather than to predict these forces. 


6.8 ION INTERACTIONS Interaction of ions with each other and 
with neutral molecules is usually not included in van der Waals forces; 
however, we shall add some remarks about them, since the electric 
nature of the forces involved makes the forces and potentials very 
similar to those already discussed. 

The energy of interaction bet\veen two ions of charges Ci and €2 at the 
distance r, is The interaction energy of a charge Ci mth a dipole 

c ?2 is {eifr^)d 2 , the factor Ci/r^ being the field produced by the charge 
Cl at the position of the dipole. This charge-dipole interaction repre¬ 
sents the average interaction correctly only if it is big compared to the 

, , 1 ei%^ 

temperature energy kT. Otherwise, it has to be replaced by - • 


ION INTICnACTIONS 


The interaction energy between an electric charge and a molecule 
of polarizability aa is - . 

^ T 

The chemist deals with ions mostly when they are in solution. Their 
interaction energy with the solvent is known as the energy of solvation, 
a quantity which is of importance in ealeulating ionic eciuilibria. 'JVeat- 
ing the solvent as a dielectric medium, we obtain for tliis energy 


V K/ 2r 


G.8(l) 


where e is the charge on the ion and r is the distance of the solvent 
molecule. This formula can be understood by considering the electric 
energies necessary to concentrate an ionic charge c on the surface of a 
sphere of ladius Tq in vacuum and in a me<lium of dielectric constant 
K. The difference between these two energies is the amount by \\'hich 
the electric energy changes if the ion is brought into solution. An ion of 
the charge e may be built up by increasing its charge continuously from 
zero to c; if at one instant the charge is €, then on the surface of the 
ion the potential is c/ro, and it will require the work aU/rf^ to increase 
the charge by the amount de. If e is increased from 0 to e, the total 
electrical work is e /2ro. In a dielectric medium of dielectric constant 
X the infinitesimal work is ede/Xro, and the total electrical work e^/2Kr. 

These energies, of course, depend on the ionic radius r, whereas in the 
difference of energies, equation 6.8(1), we have used for r the minimum 
distance between an ion and a solvent molecule. We have done this 
since at distances smaller than r from the ion the influence of the solvent 
molecules on the electric energy is not fully developed. It is simplest 
to assume that the contribution to the electric energy at distances 
smaller than r is the same for vacuum and for the dielectric. 

Formula 6.8(1) has to be corrected for several reasons. First, if the 
ion is not spherical, the distance of closest approach is different in dif¬ 
ferent directions, and an appropriate average value has to be used. 
Second, if the solvent molecules are large, it will be preferable to use for 
r the closest distance of approach of the nearest atom in the solvent 
molecule, although this method too may be misleading if the polariza- 
bUity or dipole moment, and with it the main contribution of the solvent 
molecule to the dielectric constant, is located in a part of the solvent 
molecule which cannot make close contact \Wth the ion. This brings 
us to the final and most important objection. In the immediate neigh¬ 
borhood of the ion, it is, as a general rule, not permissible to simplify 
the interaction between solvent and ion by simply taking into account 
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the dielectric constant. This procedure assumes that the dipoles of the 
solvent behave in the same manner in the immediate neighborhood of 
the ion as they do under the influence of an external (macroscopic) field. 
In reality-, A^cry close to an ion the fields are strong and will cause in 
many cases a complete orientation of the dipoles Avhich practically 
never happens if an external field is applied. It is, therefore, best to 
take the interaction of the ion and the neighboring molecules individ¬ 


ually into account wlaereby attention has to be paid to the shape of the 
solvent molecules and the ion, to the distribution of electrons and 
polarizability in the solvent molecules, and to the interaction of the 
solvent molecules with each other. After the ion has been surrounded 
by a monomolecular layer, it is, as a general rule, safe to take the inter¬ 
action with the more distant solvent ions into account by using the 


formula 


(‘ - ry 


wherein for r Avill be substituted the radius of 


closest approach of an outside solvent molecule to the center of the 
complex consisting of the ion and the monomolecular layer. 

This more complex method of calculation gives, for dipole solvents, 
smaller heats of solvation than w^ould follow from the straightforward 
application of formula 6.8(1). In fact, formula 6.8(1) would give the 
right result if the average ion-dipole interaction were everywhere given 




1 ^2 


kTi 


A 


However, this interaction has to be replaced by 


wherever this latter expression is smaller than the former, that is, near 
the ions. Thus the straightforward application of the formula 



tends to overestimate 


the interaction of the ion with the 


neighboring dipoles. 

The effect of the solvent on the interaction of two distant ions can be 
again taken into account by using the dielectric constant. The interac¬ 
tion energy is eie 2 /rK. HaAung taken the dielectric constant into 
account, we have of course included the change of interaction between 
ions and solvent molecules due to the approach of the Uvo ions. At 
very close distances of two ions where no solvent molecules intervene, 
this formula becomes, of coui*se, inapplicable, and a detailed study of 
the interaction of ions and surrounding molecules has to be made. The 
interaction can be simplified by using dielectric constants only at great 
distances, that is, if many solvent molecules lie between the interact¬ 
ing ions. 



7. THE CHEMICAL BOND 


/.I NECESSARY APPROXIMATIONS <'lio.nioal-l,„,„| forma¬ 
tion means an essential rearransement of the oleetronie stnii-tnie. The 
problem of the behavior of many electrons all strongly interacting «ith 
each other and with the nuclei is so complicated that only very drastic 
simplifications will make a discussion and a calculation possible. 

As soon as a really good and simple ajipro.ximation could he found it 
would not be difficult, by a method of successive approximal ions,’to 
improxc it further; however, the method of successive apiiroximations 
has this characteristic property; If the first approximation is good the 
following approximation will be much better, and the next apino.x’ima- 
tion will be excellent. If the first aiiproximation is bad, no further 
approximation means an improvement or is worth the laiior. It is l)v 
no means certain that any of the general methods as yet proposed war¬ 
rants a calculation of further approximation, excejit in specific cases. 
Nor is it very probable that the “valence problem” will be solved by 
findmg approximations which are both simple and good; the most we 
can hope for is that the specific cases for which good calculations can be 
obtained may become somewhat more numerous. 

In the following, we shall give an outline of the chief simplifications 
that have been pro])osed. 


7.2 THE ATOMIC-FUNCTION METHOD The atomic-function 

approximation \\as the first attempt at a theory of valence. It was 

j 1* ii names arc frequently used 

to designate this method. According to this procedure, a molecule is 

represented in first appro.ximation by the unperturbed atomic functions 
with the atoms placed at appropriate distances from each other For 
the mner electrons, such as the electrons of the K shell in carbon this 
undoubtedly is a satisfactory procedure, since the energy of bond 
formation is too small to perturb these inner electrons. For the outer 
electrons, however, the approximation seems to be far from justified 
since the energy of bond formation and with it the interaction of elec¬ 
trons belonging to different molecules is of the same order of magnitude 
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as the energies of ^ electrons ■w’ithin an atom. Thus the neglected 
quantities are not toniall compared to the quantities which have been 
taken into account. This criticism must not, however, be taken as 
specific; it attaches to all methods so far proposed. 

The atomic-function method seems particularly apt for the calcula¬ 
tion of incipient reactions, that is, for the calculation of the case where 
the atoms are still far apart and are just starting to interact chemically. 
For these large distances the interaction energy is still small and may 

justly be treated as a perturbation. 

Even for large distances, however, the following difficulties are en¬ 
countered: (1) The electronic structures of the interacting atoms are 
frequently not kno™ with, high accuracy, and so the interaction cannot 
be calculated quantitatively. In a few exceptional cases, namely for 
the hydrogen atom, for the helium atom, and to a lesser extent for the 
alkali atoms, the proper functions of the atoms are known, and quan¬ 
titative preffictions for interactions at large distances are possible. 
(2) In most of the interesting cases, one of the interacting partners is 
itself a molecule. The only molecule for which we have a reasonably 
accurate proper function is the hydrogen molecule. Therefore, in¬ 
cipient electronic rearrangements at great distances—and with it the 
calculation of activation energies according to the atomic function 
method—seem to have a very limited applicability. 

7.3 VAN DER WAALS REPULSION The Heitler-London method 
has led, nevertheless, to an understanding of some very important 
properties of interacting atoms, molecules, and radicals. Frequently 
the first effect owing to the overlapping of the electron distributions 
AviU be a repulsion. We have mentioned earlier that this repulsion is 
due to the Pauli principle which makes it necessary for the electrons of 
two approaching atoms to get out of each other s way. The resulting 
force is the van der Waals repulsion. This repulsion will be the only 
strong force occurring if both reacting partners are nondegenerate, or if 
one reacting partner is nondegenerate and the other has a degeneracy 

owing to spin. 

The shape of the repulsion can be obtained for great distances. We 
have seen that in quantum mechanics electrons have a chance to get 
away from the atom, radical, or molecule to which they belong, the 
only limiting factor being that the greater the distance, the smaller the 
wave function, and also the smaller the chance that the electron is 
found at that distance. These extensions of the wave functions towards 
great radii cause the first overlapping of wave functions, and the first 
effects of van der Waals repulsion. 
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An example for the wave funetiori of one oleetron extending to ^rn-at 
distances has ]>een given for the hydrogen atom, d'he exi>ression given 
there, equation 2.1(5), can be written with the lielp of c(|uati<)n 2.l{;jy 




i/' = Cc 


7:m]) 


This formula remains valid for sy.stems otlier than hydrogen if one 
introduces a change taking into account tlie difTerence in the dithculty 
of extracting an electron from the atom, ra<lical, or molecule. 'I'lu' 
energy needed to extract an electron from the hydrogen atom is, accord¬ 
ing to equation 2.1 (4), 27r^mcV//^ If this energy is denoted as the ioni¬ 
zation energ.y, V, equation 7.3(1) can be rewritten 


v'8»2wir 

^ = Ce 



which is a reasonable approximation to ^ at large r vahies for all atoms, 
molecules, and ions, if the apjnopriate value for the ionization energy is 
used. Of course, although for hydrogen 1 and the constant C can be 
easily calculated, V has to be determined in the geneial case cxperinu*n- 
tally whereas C can l)c obtained only from calculations which are either 


difficult or crude. In fact, in the general case C is strictly speaking not 
a constant but a function which varies slowly compared to the exponen¬ 
tial factor. 


The expression 7.3(2) is valid only as an asymptotic expression for 

great distances r. Its particular weakness is that except for atoms it 

seems difficult to define accurately from which point r has to be mea.s- 

ured. A simple statement that w'e can make is that r may be taken as 

the distance from the nearest nucleus in the molecule. Sometimes it 

may be better to use the distance from the nucleus of the most electro¬ 
negative atom. 


Owing to the spread of electronic pi oper functions, two effects appear 
as atoms or molecules approach. First, when the wave functions of the 
tw'o molecules overlap, an electron of one molecule might get within the 
electronic cloud of the other molecule and into the attractive region of 
the nucleus of the second molecule. This is represented in the calcula¬ 
tions by the “coulomb integral.*' The second effect which is another 
consequence of the overlapping is due to the operation of the Pauli 
principle. It is represented in the calculation by the exchange integral. 
The coulomb integral causes attraction; the exchange integral for the 
case of nondegenerate interacting systems or for the case of spin de¬ 
generacy of only one partner causes repulsion. This repulsion outw'eighs 
the coulomb attraction. 
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AH the interactions mentioned \vill be proportional to the probability 
for the electron which is most easily ionized to penetrate into the struc¬ 
ture of the second reactant. This probability is . 

= 0^6 ' 7.3(3) 

Here we have to substitute for V the ionization energy of the most 
easily ionized molecule. In fact, the wave function of the molecule 
with the smallest ionization energy extends farthest and determines at 
large distances the overlapping of the wave functions. The expression 
7.3(3) shows that the van der Waals repulsion changes exponentially 
with the distance. If the minimum ionization energy is comparatively 
small, the van der Waals repulsion has a large range. As to its absolute 
magnitude, only rough estimates are possible; it seems to be preferable 
to determine it experimentally from the equilibrium distances of atoms 
or molecules, that is, from the point Avhere van der Waals attraction 
and repulsion forces balance. Again, as in the case of van der Waals 
attraction, the approximate formula which we are able to give for the 
van der Waals repulsion retains no more than a qualitative significance 
in the most interesting region of close approach. 

7.4 ATTRACTION IN THE HEITLER-LONDON MODEL If 
both the interacting groups have a spin degeneracy, or if at least one of 
them has a degeneracy depending on the orbital motion of the electrons, 
then, as the two groups approach, the degeneracy Avill at least partly be 
removed. By this, we mean that, instead of several states having the 
same energy, at least some of them will now have a different energy. In 
such cases Ave say that the degenerate levels are split. As a general rule, 
at least one of the new levels obtained Avill have a loAver energy than it 
had originally. That means attraction vnW result for this particular 

state. 

As a special example, aac shall cite the interaction of tAA’^o hydrogen 
atoms. This example has played a particularly important role in the 
development and discussion of the atomic-function method. The elec¬ 
trons in the hydrogen atom have a tAvofold degeneracy because of their 
spins. These spins can orient themselves in opposite directions, giving 
rise to a nondegenerate (singlet) state; on the other hand, they may line 
up in the same direction, giving rise to a threefold degenerate (triplet) 
state.* Heitler and London have shoAvn that the former state leads to 

* Nondegcncrate, twofold degenerate, threefold degenerate, etc., states are called 
singlet, doublet, triplet stales if the degeneracy is due to the electronic spin (see 
Section 11.4). 



11 + Il2 UKACTION 


attraction, the latter to repulsion. Moreover, tlio attraction has tlie 

right order of magnitude, tl.ough, aeeording to their rougli calculations 

It IS not in quantitative agreement ivith the energy of formation of lli,’ 
hydrogen inolecule. 

They furthermore showed that, if any two atoms have onlv spin <lc- 
pneracy, the lowest state which one obtains, that is, the one correspond¬ 
ing to the strongest attraction, will as a general rule he the one where 
the spins of tlic two atoms arc oriented in ojiposite directions 

One seeming objection that can be rai.sed against the atomic-function 
theory is that it predicts repulsion between some atoms whicli accord¬ 
ing to chemical ideas, possess valences ami actually form coiiMiounds. 
Thus the atoms of the alkaline-tvirfh imdals are nondegenerate in their 
fundamental state and should therefore repel each other. Hut not 
much eiicrg.y is necessary to reach a higher excited state of an alkaline- 
earth atom. If we forget about this relatively small excitation cnergv 
we obtain a degenerate state which is capable, according to Ibatlcr mui 
London, of giving rise to attractions. If, then, the work done bv ibis 
attraction becomes greater than the excitation cnergv which we liavc 
mnginally neglected, we shall have arriied al an acinallv stable state 
This can occur only at comparatively small ilistanccs where the work 
of attraction has become groat. At large .li.stanees the repnlsion due to 
the original nondegenorate state must predominate. This gives an 
explanation for activation energies which in its general features we 
believe to bo eorreet. If, however, for tlio actual bond formation more 
than the fundamental state of the reacting atoms must bo taken into 
account as has been tlie ea.se in tl.c example cited previously, tlie 

simplicity and with it tlie usefulness of tlie atomic function picture 
surfei's. ^ 


7.5 H + H 2 reaction An interesting application of the method 
here discussed is the treatment of the reaction H 2 -f- H —> H -f II. 

Ihe occurrence of such a reaction can be experimentally followed by 

the use of isotopes or by following the ortho-para hydrogen conversion 
under appropriate conditions. 

In the initial state, two hydrogen atoms form a molecule with the 
electron spins pointing in opposite directions and making up a singlet 
state; the third hydrogen atom is at a greater distance. In the final 
state, the second and third hydrogen atoms form the molecule in the 
singlet state, and the first hydrogen atom is far away. 

In the course of the reaction, a state or reaction complex has to be 
formed in which all three hydrogen atoms are close together. Of all 
such possibilities the one with the lowest energy has to be selei^ted. It 



76 


THE CHEMICAL BOND 


has been shown that i ’le lowest energy occurs when the three hydrogen 
atoms are on a straigh hne: 

^— • # < # 

1 2 3 

Wlien the third hydrogen atom approaches the second, the first will be 
pushed away. 

Both rough calculations and experiments show that the activated 
complex has an energy a few kilocalories higher than the initial or final 
state. These few kilocalories constitute the activation energy of the 
reaction. 

It is interesting to note that, according to the positive value of this 
activation energy, a hydrogen atom is repelled if it approaches a hydro¬ 
gen molecule. In fact, the hydrogen molecule acts initially in the same 
way as a closed shell, repelling any electronic structure that approaches 
it. That the hydrogen atom can most easily approach in the direction 
of the axis of the molecule is due to the fact that in this way the over¬ 
lapping of the electron clouds between hydrogen atom and hydrogen 
molecule is the least; in fact, such overlapping takes place primarily 
between the electron of the third hydrogen and the electron of the 
second hydrogen with which it is going to form a bond. If the hydrogen 
atom were to approach in the symmetry plane between the two atoms 
of the molecule, it w'ould overlap the electron cloud of the hydrogen 
molecule at the point w'here it is densest and, in doing so, would un¬ 
necessarily overlap the electron cloud of the first atom. 

These calculations have illustrated both the saturation character of 
valence forces as derived from the atomic-function method, and also 
the applicability of this method to calculate activation energies. For 
heavier atoms, how-ever, similar calculations become much more diffi¬ 
cult. For practical purposes several of the constants necessary for the 
calculation may be obtained with the help of analogy considerations and 
empirical data. 

7.6 MOLECULAR-ORBITAL METHOD In building up the states 
of atoms by successively adding electrons into certain orbits and obtain¬ 
ing the periodic system, we have assumed that the motion of the elec¬ 
trons can be considered as independent. More exactly, we have assumed 
that the electrons act on each other only by their average fields, and we 
furthermore assumed that this average field does not modify the spheri¬ 
cal symmetry of the field. The molecular-orbital method proceeds 
along similar lines. We shall consider first the wave functions of the 
separate electrons in the field of the nuclei; a correction must be made 
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on the nuclear field because of tlie presence of (he other electrons and 

the assumption is made that this ehaufres the (piantitativc^ features of 

the field, but not its symmetry. Finally, we shall have to .'onsider th<. 

order of electronic levels and the filling up of closed .shells, just as in (he 
atomic case. 

The main difference between the atomic and molecular eases is that 
for molecules we have a mueh lower .symmetrv. 'J'hus for diatomic 
molecules for which the molecular-orbital method has been workeil out 
in gieatest detail, instead of the spherical svmmetry of (he atoms onlv 
cylindrical symmetry appears. The same hohls for any linear mo’h.cule 
such as acetylene or hy.lrogen cyanide. For a nonlinear tiiatomic 
molecule only one or two planes of .symmetry remain, and for many 
other molecules no symmetry at all is left. 

An important consequence of the lack or lower degree of symmetry is 
that m the molecular case degeneracy will be absent or, at an,\- rate' of 
less importance than in atoms. We recall that degeneracy means tliat 
several electronic orbits or wave functions belong to the same energy 
Unless due to chance, such degeneracy will be caused by the s^mimetry 
of the problem, that is, by the fact that several orbits or'ivave functions 
though different m space, can be reduced to each other by reflections or 
rotations of the molecule and can therefore not be different in energy. 
Actually, in order to obtain degeneracy, a rather higli degree of si in- 
metry is required, such as, for instance, the cylindrical symmetry iif a 
diatomic molecule. Even tliis cylindrical symmetry is going to cau.se 
degeneracy which is not higher than twofold, whereas in the atomic 
case the p, d, f, etc., electrons have 3, 5, 7, etc.,-fold degeneracy. Fill- 
mg aU orbits of a degenerate set is equivalent to filling a closed shell. 
The result is that in molecules there is room for fewer electrons in a 
closed shell, and there are correspondingly more closed shells with 
srnaller energy differences between them. It is, liowevcr, just the great 
(Merence between the energies of consecutive closed shells on which 
the applicability of the independent electron picture hinges It may 
be remembered that the atomic-orbital method used in constructing 
the penodic system gave simple and clear-cut results only in those cases 
where the shell, being filled up, was lying much lower than any other 
electronic state. If two states of different kind have comparable ener- 
pes, the more complicated situation of the transition elements is ob- 
tamed; because of the denser spacing of closed shells, this kind of a 
complication will be a rule rather than an e.xception in the molecular- 
orbital method. A further complication arises from the facts that a 
new variable, namely, the nuclear distance, is introduced, and that the 
order of consecutive closed shells might be different for different nuclear 
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separations. These reasons explain the difference in practical use of 
atomic- and molecular-orbital methods. The former is the generally 
a. '^oted start’ - point for the theory of atomic physics, particularly 
atomic spectra; rne latter, though very useful in some cases, can only 
be considered as one of the ways to tackle the problem of molecular 

struct ui*© 

In comparing the molecular-orbital method ^rith the atomic-function 
method, we find that the former is more adapted to give a description 
of the molecule in its stable state in which at least some of the electrons 
are under the influence of both nuclei; in the atomic-function method, 
on the otlicr hand, the emphasis lies on the formation of the molecule 

from separate atoms. 

Another practical difference between the two methods is the greater 
flexibility of the molecular-orbital method; this flexibility is obtained by 
starting from semiempirical wave functions and energy levels instead of 
using calculations throughout. Thus, information as to the behavior 
of molecular orbits is frequently obtained by interpolating between the 
two cases of infinite nuclear separation and zero nuclear separation, 
these cases being knovm from atomic spectra. Also the results can be 
checked and the assumptions corrected by comparison wdth the spectra 
of diatomic molecules. The success of the method in the hands of its 
originators, Hund and Mulliken, was due to constant guidance by em¬ 
pirical data. The spectra of molecules of the first row of the periodic 
table have been particularly thoroughly discussed. 

The molecular-orbital method recognizes and, in fact, overemphasizes 
the fluctuation of the probabihty of charge distribution in molecules. 
In the Heitler-London method each electron belongs to one definite 
atom; in the Hund-Mulliken method the electrons are in first approri- 
mation free to move throughout the molecule. This means that ionic 
states are used wth the same weight in building up molecules as atomic 
states. Of course, the independence of the motion of the electrons is 
rather strongly restricted even in the Hund-Mulliken method by the 
exclusion principle which always guarantees that no more electrons 
can be present near an atom than the closed shell, which is being filled 
up in that atom, can hold. Thus, at least for saturated molecules, the 
atomic-function and molecular-orbital approximations lead to less diver¬ 
gent results than would perhaps be expected. 

7.7 THE TUNNEL EFFECT Greater Nuclear Separation.—^We 
first shall have to consider the orbit or rather the wave function of an 
electron in the field of two similar atomic nuclei: for example, two hydr(^ 
gen nuclei. This wave function wll depend on the distance of the nuclei, 
and it mil be necessary to investigate the effect of this distance. 
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Let us suppose that the distance is very Rieat compared to the radius 
of the hydrogen atom, an<l let us ask then Imw a systenr consi.stii.g of 
two such nuclei and one electron will behave. Evidently the electron 
Mill be attached to one or the other nucleus, .so that we have a hvdroaen 
atom and a hydrogen ion. In Figure 7.7(l)rl the electron has been 
attached to nucleus 1, the proper function being that of the hydrogen 
atom. In Figure 7.7(1)/I, it is similarly at tached to nucleus 2. ' 

Now neither of these two states represents, strictly stieaking a sta 
tionary state. The wave function in rl overlaps the wave fniuition in 
B. Ihcrcfore, the electron may assume DObitions at whicli it cannot be 



o 
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Fio. 7.7(1). 


to OIK* of the nuclei. 


decided whether it belongs to nucleus 1 or nucleus 2. It can be actually 
shown that, if we start with the electron in the state shown in A it will 
after some time go o^•cr into the state li. If the tivo nuclei 1 and 2 are 
very far from each other, the statements just made imply a rather sur- 
pnsing result. We start with a liydrogen atom at one point and a 
hydrogen ion at a point one centimeter away, and later we find that the 
electron has escaped from the hydrogen atom, leaving a hydrogen ion 
behind, and has attached itself to the former hydrogen ion, transform- 
mg It now into a hydrogen atom. In order to do so, the electron must 
through the region of high potential energy between the nuclei 
where, according to classical ideas, the electron can never be found. 
Actually, even according to quantum mechanics, the electron is found 
between the two nuclei only with a ^'ery small probability at any given 
time. Nevertheless, after sufficient time has pa.sscd, the electron will 
be found with a probability practically equal to unity near the second 
nucleus. The name for this effect, the tunnel effect, is based on the 

picture that the electron has leaked through the potential barrier that 
exists between the t^^'o nuclei. 

The apparent absurdity of this fact is greatly reduced if some actual 
numbers are considered. A calculation of the time in which the transi- 
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tion of the electron 
formula, 


is completed can be made, using the approximate 



7.7(1) 


where r is the distance of the two nuclei and a (0.53 A.) is the radius of 
the hydrogen atom. If the distance of the two atoms is about 1 A., the 
time the electron will take to go over to the other nucleus is approxi¬ 
mately 10”^^ sec.; at a distance 10"^ cm., the time necessary will be 
one second; at a distance of 2 X 10“^ cm., the time will be approxi¬ 
mately equal to the age of the earth. The time that is necessary for 

an electron to get to a proton at a distance of one centimeter will be 
^0164,000.000 ggg Qj. j0i64.ooo.ooo the difference between the two 

statements being much smaller than the error in the physical constants 
from which we calculate the exponents. 


7.8 MOLECULAR-ORBITAL FUNCTIONS FOR THE H 2 + ION 
The actual proper functions for the stationary states of the H 2 '^ ion 
(for which the probability distribution of the electron does not change 




Fig. 7.8(1). Diagram of the proper functions for the lowest bonding state (A) and 

the lowest antibonding state {B) of the H 2 *^ ion. 


with time) are obtained by adding and by subtracting the two proper 
functions, A and B, shown in Figure 7.7(1). Thus we obtain Figures 

7.8(1)A and B. 

In each of these states the electron is with the probability 0.5 at 
nucleus 1 and ^vith the probability 0.5 at nucleus 2. If the nuclei are 
very far apart, the proper function will stay very close to zero over a 
long distance between the nuclei; however, for the state represented by 
A in Figure 7.8(1), the proper function never actually becomes zero, 
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wherea. for B in Figure 7.8(1), the proper function vanishe.s or l.as a 
node m the plane of symmetry between the two nuclei. In 

point of this plane is represented, namely, the point bisecting the ! 
tance between nucleus 1 and nucleus 2 

The difference of energy between the states represented by A and 
Bm Figure 7.8(1) becomes very small for great separation of tlfe 1 
If however, the nuc ci come closer together, the ditleren,.e in e etv 
,vdl become appreciable; tins is so for two reasons acting in the arne 




i 'it"*' ... 

mid-point between the nuclei in the an.ibonding .stale W bu't nm™!:::;’:! ll.c' 

bonding State (/I). 

direction: (1) In A there is a greater chance for the electron to be be¬ 
tween the two nuclei where the potential energy is relatively low thL 

fun the stpiare of the ^ 

function that IS, the probability of finding the electron at various 

n ■’u‘"u"® ^2) The kinetic energy of 

the electron mil be all the greater, the shorter the wavelength ofthe 

wave function. Now Figure 7.8(1)B with the node in the center o he 

F Sre 7 8 (i 4’ both ’ . ^ ® t°g<^ther in 

deSitv in the’r "■^''elength and an absence of electron 

£e rTgure 7 Lsif ° T? Potential energies becomes very apparent 

|see Figure 7.8(3)]. The curve marked ^ shows that the wave function 

behaves like a short wave while the curve exhibits the low probabilitv 

If we finally bring the two nuclei to coincidence, then we actuallv 
obtam a twofold charge which acts on the electron iL the slmetay t 
the nucleus of the helium atom. The wave function shown in figure 
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7 8(1)A goes over into the wave function Is, that is the lowest state of 
the helium atom. The wave function sho^vn in Figure 7.8(2)B will, 
however, have a node passing through the helium nucleus; it will be, 
therefore, a 2p function. The energy difference between these two is 
kno\vn to be 40 volts. For actual nuclear distances occurring in mole¬ 
cules, of course, no such great energy differences -svill be obtained for 
the states shown in Figure 7.8(1)A and B. It may be said, however, 
that it is the incipient promotion of a Is electron (fundamental state) of 
a hydrogen atom into a 2p electron of a heUum atom that causes the 
energy difference between the actual states represented in A and B. 



Fig 7 8(3). Wave function (curve and probability density (curve for the 
antibonding state of the ion with the nuclei close together. 


The energy difference of the two wave functions represented in Fig¬ 
ure 7.8(1) is closely related to the time necessary for the tunnel effect. 
The consideration is the same as has been given for the superposition 
of a Is and 2p state of a hydrogen atom. This is explained in the next 

paragraph. 

7.9 ENERGY DIFFERENCE AND TIME IN THE TUNNEL 
EFFECT We designate the proper function sho^\^l in Figure 7.8(1)A 
by ypa and the corresponding energy by Ea] similarly, the function and 
energy for Figure 7.8(1)B by and The time-dependent ^ func¬ 
tions will then be 

2iriEot 

^ae ^ 


2iriEbt 

* 


According to our general statements, we may superpose these two func¬ 
tions; that is, we may multiply by any constants and add. We choose 



TirxMOJ, Ki'i-IXT 


83 


botli constants as unify and obtain 

= c '' 


/ Ka'X 

\4'<i + 'i'bc 


) 


For the timcj = 0 the cxiavssion rcdun^s to -f- ^b nbi<'li, as is seen 
from iMgurc /.8(n, is the function represented in Figure 7.7(1).!; that. 
IS, for t = 0 tlie electron will be on the lir.st nu<-leus. 

Ihe superposition of V'., and ^/, has thus <-oncentrated the electrons 

on the first proton and has effected a localization of the electron into a 

smaller region than would be obtained l)v either or To that 

etTect, however, botli and have to be u.sed, which me/u.s that we 

can localize the electron more exactly by sa<*ri(icinK our knowh-dge of 

whether it is in the (|uantum state corresponding to or in the (luan- 
tum state corresponding to \pf,. 

Jlf Hiangos with time rapidly, owing to ll,e factor 

e * , but this does not influence tlie prohahilitv distribution of th<. 
electron. Ihe slowly changing factor c " will influence the 


probability <lisfribution. At the time i = - 

4 

ponent has the value, 


2 ( 7^6 - ICJ 


th(‘ latti 


r ex- 


2iri{E(, - K„) -' 


2fA7, - E„) 


— TTi 


is 


and c" = -1, Thus the expression in the bracket in e(|uation 7.0(1) 
will have ehangcl after a ti.ne, f = , to which 

gives the function sliown in Figure 7.7(1)/F (hat is / = 

.1 *■ . . ' - Ea) 

the time necessary for the electron to get from the first nucleus to the 

second. It may be seen that in twice that time t = - - - fl,p 

’ E(^ — En ’ 

electron is found again near the fii-st nucleus and that it will continue 
to oscillate between the two states with that period. This oscillation 
however, does not correspond to a stationary state but rather to a 
transition between the two stationary states with the energies E„ and 
Eb. Indeed, the frequency which must be radiated in such a tranJition 

Eb — Ea . A ’ 

^ ~ Ji ’ reciprocal of the period t = - - - which we 

have just calculated. It may be noticed that, if the two hydrogen 
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nuclei are separated, the energj^ difference — Ea becomes small at 
the same rate as the time necessary for the tunnel effect increases. 

With the help of the expression 7.9(1) it is possible to follow the 
change of the wave function during the time interval between 

i = 0 and t == ---this time interval the wave function 

2(Eb — Ea) 

will be different from zero near both the first and second nuclei. The 
wave function near nucleus 1, and ndth it the probability of finding the 
electron near nucleus 1, decreases steadily. The wave function and 



t 


Fia 7.9(1). Curves A and B show the probabilities of finding the electron 

on the first and second nucleus, respectively, as a function of time. 


probability at the second nucleus increase correspondingly. In the 

following time interval from t = 2(£^b — £*7) ^ — Ea 

ess is reversed. The probabilities of finding the electron on the first and 

second nuclei are illustrated in Figure /.9(1). 

If the two nuclei are far apart, the probability of finding the electron 
at the one or the other nucleus adds up at all times to almost exactly 
unity. The probability of finding the electron for instance midway 
between the two nuclei becomes very small though not exactly equal to 
zero. Thus we cannot say that the electron moved from one nucleus to 
the other on anything like an orbit, but rather we Avill have to picture 
the probability function of the electron as leaking from one nucleus over 
to the other through a region in which the probability density is small. 
The smaller the probability density in the intervening region, the slower 

^vill be the leakage. 

7.10 HYDROGEN MOLECULE We now proceed to consider the 
hydrogen molecule, consisting of two nuclei and two electrons. The 
lowest state be obtained if both electrons are put into the symmetri¬ 
cal ypa function shown in Figure 7.8(l)i4. The energy of such a state 
will be lower than that of two separate hydrogen atoms, because the 
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energy of the smooth V'-* function is lower than that of the atomic proper 

functions. A ciuantitati\’e calculation of the binding energy remains 

very laborious, however, particularly because of the interaction of the 
two electrons. 

Since \\c luive put two electrons info the sanu' state, we must assume 

that their spins are oi)p(>sile and that we have a singlet state. 'I'his 

agrees with the statement made in connection with the atomic-function 
method. 

There exists, however, an important difTerence Ixdwivn the two 

methods. In the atomic-functio!i method each atom had one electron 

to start with, and tlie fact that each of these electrons can get over to 

the neigl.boring atom has been treated as a perlurl)ation In the 

molecular-orbital method eacli *>leetron can move in first aijproximalicm 

freely within the molecule. The fact that the electrons repel each other 

and therefore try to avoid being at the sanu‘ atom may be taken into 
account later as a perturbation. 

For small distances and probably for the e(]uilibrium distance of 
hydrogen the molecular-orbital method is the Ix-tter approximation; 
for gicat distances, however, the atomic-function method is bi'tter 
being adapted specially for this ca.se. If the molecular-orbital methcxi 
were applied to distant atoms, we would be led to the result that the 
probabdity of the pre.'^ence of an electron ni'ar a nucleus is independent 
of the question whether an electron is already there; thus we include in 
the description of the two hydrogen atoms the ionic case where both 
electrons are on the same hydrogen; for great di.stances this is evitlently 
a very poor approximation to the lowest state. 

7.11 PIe 2 ‘^ AVe con.sider two helium nuclei and three electrons, that is, 
a system carrying, as a whole, one positive charge. Two of the electrons 
can be put into the same low states which have been filled in the hydro¬ 
gen molecule. The third electron will have to be put into the state 
shown in Figure 7.8(1)/^, for which there is a node in the syinmctrv 
plane between tlie two nuclei. The two first electrons cause an attrac¬ 
tion; the energ)^ of the last electron, houever, will be raised when the 
two nuclei approach so that it will cause a repulsion. The first two 
electrons are, therefore, called bonding electrons, and the third an anti¬ 
bonding electron. He 2 '^ is known in spectroscopy and is a stable mole¬ 
cule, though its binding energy seems to be smaller than that of the 
hydrogen molecule. The equilibrium distance is 1.09 A. which is greater 
than the distance of the protons in H 2 (0.75 A.). The greater equilibrium 

distance and the smaller binding energy are due to the presence of the 
antibonding electron. 
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7.12 THE He 2 MOLECULE In the He 2 molecule, consisting of two 
nuclei and four electrons, two electrons can be put into the bonding 
state and two into the antibonding state. Without more detailed calcu- 

'^ns we cannot say whether attraction or repulsion ^vill result. The 

(nic-function method, however, shows the presence of repulsion at 
large distances, and general empirical evidence excludes the existence of 

a He 2 molecule.* 

We have here the first example of a general empirical rule. If the 
number of bonding electrons is equal to or smaller than the number of 
antibonding electrons, repulsion will be obtained, whereas attraction is 
expected if the number of bonding electrons is greater. 

With the four electrons in He 2 we have completely filled the two 
states, represented in Figures 7.8(1)A and B, which have been derived 
from the Is atomic orbits. Because of this circumstance it may be 
seen that for the He 2 molecule the molecular-orbital method vnW give a 
reasonable electron distribution even for a great interatomic distance. 
In fact, for great distances no electron can be in a state other than Is 
near one of the nuclei, these being the only atomic orbits that have 
been used to make up the molecular orbits. On the other hand, a con¬ 
sequent quantum-mechanical treatment of the Pauli principle prevents, 
in any one of the approximations used, the appearance of more than two 
electrons in the same state, therefore, the only state at which we can 
arrive for great interatomic distances is a state with two Is electrons 
near each of the heUum atoms. This is a great convenience for the fol¬ 
lowing discussion. If we pass to hea^ier atoms containing more elec¬ 
trons, it will make no difference w'hether we treat the Is electrons by 
the molecular-orbital method or simply distribute them into the K shells 
of the nuclei; in fact, for heavy atoms the interatomic distance will 
ahvays be great compared to the radius of the A shell, so that for the 
Is electrons we are practically always in the case of great interatomic 
distances, all approximations leading to the same result: complete K 
shells wdth practically no interaction. 

7.13 Lia AND Be 2 We have seen that in the periodic system the 2s 
electrons are being filled in after the Is electrons. From the 2s atomic 
orbits we can construct bonding and antibonding states in the same 
w^ay as from the Is orbits for hydrogen and helium. The only difference 
is that in the case of the 2s electron there is a spherical node around the 
nucleus which is absent for the Is electron. This, however, does not 
affect the ways in wdiich the Avave functions of the two atoms can be 

* He 2 molecules in the gas are merely bound by very weak van dcr Waals forces 
oMng to the interaction of polarizabilities as discussed in Chapter 6. 
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combined nor (lie type of bindins or repellinfr forces Ibid resnif.. Tims 
the IJ 2 molecule may be described in a similar wav to the If, molecule 
There is one difference in a (,uanlitative respect, d'he wave function 
of lithium is spread out over a Kieater di.stance than that of hydroRen- 
therefore, the averaRe potential eneiRies will be smaller for the 2-.’ 
electron of lithium than for the l.s- electron of hvdioReu. fhrause of 
the Rreater waveleuRth and smaller momentum involved Ihe .same In,Ids 
for the average kinetic energi(>s. Thus, for LU a great,.,- e(|uilib,ium 
distance and a smaller binding will be found than for llj. 

For Be 2 rejmlsion has to be expected because of the analogy with 

He 2 . Because of the jmssihle influence of Ihe 2p state which (hies not 

lie much higher than the 2.s- state, it might, however, happen that at 

smaller distances attraction and formation of a stable molecule will 
occur. 

Experimentally the Bio molecule has a bimiing energy of 1 M elec¬ 
tron volts which is indee,!^ smaller than the -4.1.', electron-volt binding of 
H 2 . The distance_; 2.li7 A., of Ihe Li m„-lei in Bi 2 is (luite great com¬ 
pared to the 0.,5 A. distance of Ihe iirolons in JB. A Bco molecule has 
SO far not been obt^erved. 


7.14 MOLECUBAB ORBITS OBTAIXED FROM p I-ddOOTROXS 

After beryllium, the p states of the atoms are filled up in the periodic 

system. There are thr('e deg(.nerate p slates, each of which has a jilane 
node passing through the nuclcMis. 

Out of each one of the.se p states we can obtain two molecular .states 
by taking two corresponding p .states in two neighboring atoms and 
adding or subtracting them. Thus we may take a p function in both 
nuclei uith nodes perpendicular to the molecular axis and take the .sum 
or the difference. The resulting wave functions will have cylindrical 
symmetry around the axis. If the nuclei arc brought closer together, 
the position of the nodes will change; thus the 2p nodes will cease to lx! 
plane and will no longer pass exactly through the nuclei, but the wave 
function will retain its cylindrical symmetry, and, if by subtracting the 
two states (antibonding state) we haye jiroduced a node in the plane of 
symmetry, this node will remain in tliis plane of s.ymraetry. Wa\ e func¬ 
tions irith cylindrical symmetry are called <t functions. In a <r state the 
electron has no angular momentum around the molecular axis. This 
statement is analogous to that made earlier about s states in which the 
electron did not have an angular momentum around any axis. All 
states that have been discussed for H., Hej, Bi,, and Be, were ^ states; 
in fact, states built from s states are necessarilj- a states, whereas, if we 
combine p states, which themselves possess an angular momentum, we 
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hr V get <j states only if the angular momentum has no component 
. 1 ' »nd the molecular axis. 

Out of a p state we may also obtain states called tt states having an 
angular momentum equal to /i/27r around the molecular axis. These 
TT states are obtained by taking p states of the two atoms with a node 
passing through both nuclei. These p states can then be added or sub¬ 
tracted, giving bonding or antibonding states. The bonding tt states 
^\t 11 have one node through the two nuclei; the antibonding r states 
%\-ill have in addition a second node in the plane of symmetry between 
the nuclei. For any tt state there are two independent degenerate pos¬ 
sibilities; one degenerate function transforms into the other by rotating 
its node, which passes through the nuclei, by 90° around the molecular 
axis. A similar situation has been discussed for p states where three 
independent possibilities have been found, each of which has a node 
passing through the nucleus. 

The reason for the presence of two degenerate t states may be de¬ 
scribed in an alternate way; The electron may rotate clockwise or 
counterclockwise around the molecular axis. 

7.15 B, C, N, O, F, Ne We have consti-ucted six molecular states out 
of the three p states, a bonding <r state, an antibonding <r state, two de¬ 
generate bonding p states, and two degenerate antibonding p states. 
Each of these states can hold two electrons, and these 12 electrons are 
filled in, in sequence from B 2 to Nco, inclusive. We shall expect that 
the first six electrons will go into the three bonding states brining about 
an increasingly strong binding. Thus, the molecules B 2 and C 2 should 
be stable and are indeed observed spectroscopically. That they are not 
common molecules is probably due to the fact that these elements have 
very stable solid forms. The most stable molecule in the series should 
be N 2 vnth three pairs of bonding electrons. Its stability is borne out 
by its high binding energy, small internuclear distance, liigh vibrational 
frequency, and general chemical behavior. In fact, the electrons in its 
structure occupy low lying states and can be excited only by relatively 
high energy quanta. Thus the behavior of the electron cloud will be 
similar to that of a rare gas. C 2 and B 2 having fewer bonding electrons 
have smaller binding energies, greater nuclear distances, and smaller 
vibrational frequencies. From nitrogen to neon, antibonding electrons 
are added; in the sequence O 2 , F 2 , Ne 2 , the binding energies and vibra¬ 
tional frequencies decrease, and the interatomic distances increase in a 
regular manner. In fact, for Ne 2 the binding energy has become zero 
and the distance infinite, further supporting the rule that no binding 
results if the number of bonding and antibonding electrons is equal. 
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In Table 7.15(1) tlio known binding oncrKics, inforatomie (li.sfancos 
and vibrational frequencies are Riven for the nioleciile.s li., (o F.. -ukI f,',r 
some of the positive molecular ions. In the last, columu' the .linVreiico 
of the number of boiKliiiR and aiiliboiidinR eli-ctroiis is friveii 

The role of the antibondinR electrons can be illu'stralcd nicelv bv 
considering the O, ion. Onlinarily the positive ion of a di.-doinic mole¬ 
cule has a suiallcr bindiiiK and greater internuelear distance tlein 
the neutral molecule; thus, in the case of .Y, and X.+, the internuelear 


TAHLI': 7.15(1) 



Binding 

Interatomic 


Energv in 

Di.'^tiince 

Molecule 

Eleetnni Volts 

in A. Units 

Bo 

3.() • 

1.51) 

C 2 

5.5* 

1.31 

N 2 + 

(). 35 

1.11 

No 

7.3S 

1.09 

O 0 + 

6.4S 

1.14 

O 2 

5.082 

1.20 

F 2 

3 * 

1.3* 


• Uncertain 


\ iliruf ional 

l''rct|u«TicN‘ 

in Si-c. ' 

3.15 X lO’’’ 
-1.92 X lO'-'’ 
X lO'-i 
7.08 X lO'-"* 
5.03 X 10'-'* 
•1.71 X in'-'' 
3.1* X 10'3 


DifTcrenco 

Hctwcfn 
XuinluT of 
HoiiiliiiK anti 

IJccI rolls 
2 
‘1 
5 
0 
5 
4 
2 


distances are 1.00 .I and 1.11 .1., respectively. On the other hand, in the 
case of O 2 and O 2 , the intonuiclear distances are 1.2 V and 1 14 A 
respect^ely. The e.vplanation, of course, i.s that 0,+ ‘is bound more 
firmly because it has fewer antibondin^ electrons. 

More detailed investigation shows that in the series from N, to Ne, 

the antibondmg ^ electrons were Idled in first; there are two antibond- 

mg TT states capable of holding four electrons; in o.xj’gen only two of 

these are filled m The fact that only two out of four equivalent state.s 

are full accounts for some particular properties of oxygen. Thus if the 

Heitler-London method is applied to leaction partners, one of which is 

O 2 , the latter may react like an unsaturated atom since there are free 

places in its outer shell. The paramagnetism of o.xygen can be traced 
to the same cause. 


7.16 DIATOMIC MOLECULES WITH DIFFERENT ATOMS 

If m a diatonaic molecule the nuclei have charges differing by one or 
two units as for instance in NO or CO, it may be still permissible to 
desenbe the molecule m a reasonable approximation with the same 
electronic-wave functions as are used for a molecule with identical 
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atoms. The difference in nuclear charges will then cause polarity which, 
however, will be greatly diminished by the distortion of the original 
clectronic-wavc functions. In Table T.lG(l) internuclear distances, 




TABLE 

7.16(1) 


Difference 



Inter¬ 


Dipole 

between 


Binding 

atomic 


Moment 

Numbers of 


Energy in 

Di.stancc 

Vibrational 

in 

Bonding and 


Electron 

in 

Frequency 

Electronic 

Antibonding 

Molecule 

\'olts 

A. Units 

in Sec.~^ 

Charge X A. 

Electrons 

BeO 

5.8 

1.33 

4.46 X 10^® 


4 

BO 

Unknown 

1.20 

5.66 X 10’® 

• • • « # 

5 

CO-*- 

Unknown 

1.11 

6.63 X 10’® 


5 

CO 

9.G 

1.13 

6.51 X 10’® 

0.023 

6 


(unc(‘rtain) 


5.72 X 10’® 



NO 

5.3 

1.15 

0.021 , 

5 

CN 

6.7 

1.17 

6.21 X 10’® 


5 

vibrational 

frequencies, 

dissociation energies, 

and, in two cases, the 


dipole moments are given for a few of these almost completely homopo- 
lar molecules. The smallness of the dipole moments * shows how com¬ 
pletely the difference in nuclear charges has been compensated by the 
distortion of the electronic cloud. The internuclear distances and vibra¬ 
tional frequencies are rather similar to the corresponding constants for 
molecules or molecular ions, having the same number of electrons but 
containing two identical nuclei [see Table 7.15(1)]. This shows that the 
distortion of the electronic cloud previously mentioned does not change 
the main properties of the electronic orbits. Dissociation energies be¬ 
have in a less regular manner, but this is easily understood. Although 
the molecular orbits for the two cases under comparison are analogous, 
the orbits for the dissociation products are not. 

In contrast to these nearly homopolar molecules, the ionic picture 
■^■ill be preferable in those cases in which the energy of the electron is 
considerably different, according as it is attached to one atom of the 
other. Then the wave functions for molecular orbits do not correspond 
to electrons found with equal probability near either one of the two 
nuclei, but rather to states in which the electron is attached to the one 
atom and to other states in which the electron is attached to the other 
atom. According to tliis picture, lithium fluoride may safely be regarded 
as Li+F" in first approximation. The Li"’" ion vdll, of course, attract 
the electrons of the highly polarizable F" ions, diminishing the dipole 

* The dipole moment of HCl is nboiit ten times as great. 
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moment and causing the cicclion stnu-tuiv to api>roach f<, a siitr!,t 
extent the homoi)olar eharaeter. 

Intel-mediate cases betueen tl.o lietei„|,„la,- and Imnmpnlar imnds 
can be represented m the i.mleenlar-mbital inellm.l l,v ebnosinir a-n-e 
functions in wlneli the eha-fron may l,e found near any one of the tuo 
atoms, but the amplitude of tlie wave function near the one atom is 
greater than the amplitude near the other, and therefore the proinbili 
ties of finding the eleetron near one or the other atom are dilfe'renl 
Thus we sec that a eontimioiis transition is possible between the hetero' 
polar and homopolar bon.l, these being the extremi- eases .•orrespoi„li,ur 
respectively, to eipial and to completely oiie-.sided density ilistributions.' 

i.lt POIAAIOMIC. M()IJ-,(TLK,S The Ilund Miilliken method 
has been applied to polyatomic molecules. t\e proceed by coiislnictimr 
electronic-orbital functions for the whole molecule, using a linear coi.r 
bination of tlie electron jiroper functions in the single atoms.' 'l-hcrse 
orbits arc then filled successively \vi(h electrons 

It is, as a general rule, simpler to treat polyatomic molecules by the 
yalcnce-orbital method which we .slndl discuss in the following section 
That holds particularly for saturated molecules; for un.saturared mole' 
cules It is often useful to employ a mixed proi-ediire describing the more 
firmly bound electrons by the yalence-orbital method and the more 
loosely bound (for example, double-bond) electrons by the molecular- 
orbital method. 1 his corresponds to the chemical intuition th.lt the 
latter electrons can move with a certain freedom over more extended 
parts of the molecule or even the whole molecule. 

7.18 THE VALKXCE-OHRITAE METHOD Both the atomio- 
fiinction method and the molecular-orbital method take as their start¬ 
ing point a very clear-cut jihvsical idea, namely the motion of the elec¬ 
tron, in the atom on one hand, and in the molecule on the other hand 
A third possibility is to connect certain atomic orbits directly with the 
valence bond, that is, with a chemical rather than a physical conceiit • 
this method is closely related to the ideas of G. X. Lewis. The method 
has the advantage of being ixirticularli- adapted to chemical language 
and being thus able to reformulate and generalize the results of eliem- 
istrj^ inthout the addition of more extraneous material than is neces¬ 
sary for obtaining new results. On the other hand, the method has the 

obnous disadvantage of postulating rather than proving the existence 
of the chemical bond. 

In the valence-orbital method, a wave function will l:»e co-ordinated 
to each valence bond; this wave function will then be filled with two 
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electrons of opposite spins (electron pair of Lewis). One qualitative 
consequence of this picture is a greater stability of molecules Avith an 
e^•en number of electrons; in fact, only very few stable molecules are 
knouii in which the total number of electrons is odd. The only good 
example among the more common molecules is NO; the molecules NO 2 
and (CVJI.OsO have a tendency to associate, and CIO 2 is explosive.* 

The simplest case is again the molecule H 2 - Here the valence-orbital 
method is identical with the molecular-orbital method. By adding 
the atomic proper functions, a <t state is constmeted which is now called 
a valence-orbital function rather than a molecular-orbital function. 
The essential difference between the two methods becomes apparent 
onl}' for polyatomic molecules. Thus, in CoHe a valence-orbital function 
for the C-C bond is obtained by adding proper functions of the two 
carbons; valence-orbital functions for C H bonds are constructed from 
the corresponding carbon and hydrogen wave functions. Thus each 
valence-orbital function is filled by an electron shared by two neighbor¬ 
ing atoms. In the molecular-orbital method, on the other hand, each 
electronic orbit would extend over the whole molecule. The polarity 
of a bond may be represented by using the wave function of one atom 
vith a greater coefficient than that of the other, so that the electrons 
wiW spend more time near the first atom. 

One essential restriction in applying these simple rules is contained 
in the Pauli principle; if the filling of one valence-orbital function by 
electrons is not to interfere ■\\ith the presence of electrons in another 
valence-orbital function, these proper functions must be orthogonal to 
each other. Since wave functions of the same atom may be used in 
making up several different orbital functions (compare C 2 H 6 ), care 
must be taken that the orbital functions so constiaicted should fulfill 
the requirement of orthogonality. It has been shown by Slater and 
Pauling that in this way the valence-orbital method leads with neces¬ 
sity to the concept of directed valences. These conclusions will be best 
explained by using a number of examples. 


7,19 DIRECTED VALENCE IN H 2 O AND NHg In the oxygen 
atom the orbits Is and 2s are filled by four electrons. The three 2p 
orbits are approximated by the functions, 

xe--'”, ye-'''-, ze""'" 

They have been denoted by (2x), (2y), and (2z). The three 2p orbits 

* More exceptions to the rule are found among molecules containing transition 
elements. The unpaired electron is then in nn inner shell and does not affect strongly 
the behavior of the molecule. 



DIRI-XTED VArxXCK IX n,0 AXI) Ml., ... 

contain altogether four more ol(‘<-(rons. 'rinw .o 

functions must hold two atomic eloctrous 

shall, for the Siikc of defuiiteness, let (2r) lu. fl..o r .• . 

longer available for the formation of n valence-,irbit'','l"b! 'r ' ‘tI'" 
functions (2,/) ami (2^). lunvever, can be , 1 ' " 

valences. We start with the (2,v, fn.u ti'.n nh , h ' 

ability densities in the ±.v .lireetion and has a node''i',i’ ('lT''‘ro 'I"’'" 

We shall add to that function an atomie-wave function , f' I 

such a w.ay that the functions shouM overlap as nn„.h as posllbr";;!; 

s nail thereby obtain a smooth fum-tion with.. lergv hav ,1 

Its maximum m he regions o high negativ,. potential ..magi To g," 
the greatest overlajiping it is lu>st to locale (|„, ^ 

,i„„ .»d .Vi,I, ii ,1.0 h. ......I, 

Ti, v.tav«,i,ih,i i„„ .„ 

oxygen electrons ami the hvdrogcn (‘Ic<'lrou ' 

Once a hydrogen atom is pla.-e.l i,, one of thes.. .liivctions, ai.,1 the 
valence-orb.t.al function ma,h. up from the hialrogen function an, 

(2,Hwnction is filled with two ele,.Irons, the (2,) fun,.tio„ is no long - 
avaihable for valence formation. Though other fum-tions can b,. „ 

stiaicted m which 21 / is strongly r,.pre.se„,.„, _ 

perpose 2,) and the hydrog,.n fum-tion with opposite signs) sin-li fu 
t.ons will have an antibomhng chara<-t,.r ami haul t„ r,.pulion Tl , ' 
a hydrogen approaching from the ,|ire,.,i,.u will be mpell,;,, ,si e,! 

It nail overlap strongdy a wave function alremly fille.i with two eh-Or i s 
Iherefore a second hydrogen can be boiiml only by intera,-tion with t 
(2z) unction winch as yet contains only one oxvgen eh-ctron T e 
smoothest ladenco-orbital function can be forme.rfrom the hv,lrog 
atomic function and from (2^) if the .se.-oml hy.lrogen atom is locat "l 
Jong the plus or minus ^ direction. Thus !)0° is oblaincl for the stable 

ttrtheTwo O hV’ <''"''>b'-ality of the functions 

tha the tiio 0-H bomls teml to be perpemli,-ular; but the ‘■orthog- 

onahty of functions has nothing to do with the concept of jmi-pendicu- 

lar lines in space. In fact, it will be shown later that for tlm carb.in 

valences the orthogonality leads to tetrahedral amdes 

The (2,/) proper function as well as the fum-tiontf the hv.hogen atom 
sdiiated on the y axis have ci-|in,lrical symmetry around the ,/ axis 

call this oij.tal a a function. However, the influence of the other 
hj'drogen atom will destroy the strict cylindrical svinmelrv, ami the a 
notation therefore has to be taken in an appr,.ximate sense' 

As soon as a cr valence orbital is filled by an electron pair, it acts like 
a complete shell; in particular, it will repcil other filled valence orbitals 
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Thus the two O—II bonds will tend to spread, making, as a result, an 
angle greater than 90°. This tendency is enhanced by the polar char¬ 
acter of the O—H bonds since the positive ends of the dipoles repel 
each other. That the II-O-H angle does not spread out to 180° is due 
to the fact that the H-0 orbital function must be pictured as effectively 
extending beyond the oxygen atom; for instance, the probability- 
density of the ^'alence orbital containing the {2y) function has a maxi¬ 
mum on the side turned towards the hydrogen atom and a smaller 
maximum on the opposite side. The observed H-O-H angle is actually 
105°. 

The valence angles in ammonia can be explained in a similar way. 
Nitrogen has two electrons in Is, two electrons in 2s, and three electrons 
in 2p states. The three 2p states can thus be used for the formation of 
valence-orbital functions. Arguments exactly analogous to those used 
for H 2 O lead to three mutually perpendicular N—H bonds; the repul¬ 
sion between bonds and electrostatic action ^^'iIl again increase the 
angle, the observed angle being 108°. The molecular ion OH 3 + which 
occurs in solutions of acids in water is isoelectronic vnth. NH 3 . It is 
very probable that the electrons fill similar orbits in the two molecules; 
the only difference between and NH 3 is that the central oxygen 

carries one more charge than the central nitrogen. As a consequence 
all electronic orbits ^\'ill be draAm towards the oxj^gen in OHs"*", and a 
greater average charge AAill be left near the hydrogen atoms; however, 
each of the hydrogens vriW carry the same increased average charge, and 
none of them can be designated simply as an ion. 

It is difficult to predict which aaiII be greater, the H-O-H angle in 
OHs"*" or the H-N-H angle in NH 3 . The stronger charge of the hydro¬ 
gen in 0 H 3 '^ Avould tend to increase the angle. On the other hand, the 
valence orbits in OHs"*" contain the O atomic functions to a greater 
extent than the NH 3 orbits contain the N functions; the tendency of the 
valence angles to be perpendicular is due to the contribution of the 
central-atomic function to the valence-orbital function, and for this 
reason Ave AA^ould expect more nearly 90° valence angle in OHs"*". The 
tAvo influences mentioned tend to cancel. 

' There is a special reason for interest in the OH 3 "*" valence angle. If 
this angle happens to be close to the tetrahedral angle like that of NH 3 
and H2O, then OHa"*" Avould fit easily into the essentially tetrahedral 
structure of AA'ater. 

7.20 HYBRIDIZED FUNCTIONS In the examples discussed 
up to now, an atomic function occupied by one electron in one reaction 
partner has been combined AAuth an atomic function occupied by one 
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electron m other reaction partner („ f„n„ a valence-orl.ital func¬ 
tion. In the folloivins e.xainples, some atomic fimctions uill have to he 
changoc before they can l,e iiseil for the formation of tl.c valence- 
orb, al functioms. 1 lie simple.st examples uheie this nccssitv ans,.s 
„.-o beryllium compoumis. It may he reca.. that n<;:,nUn^ to th,. 

atomic-function met 1 . 0.1 heryllium is a salm,,.,.,! atom ai.,1 Ua.omes 
reactive only if it IS exci((*(l. 

For a theoretical .li.yai.ssion the mole,.,.!,, heryllium hv.lri.le will he 
most suitable. 1 ho .•he.m..al .stability „f this molecule is uma..f.i., 
and nothing is knou n oxper.mei.tally about its shap.. .\cv... thcless it' 



Fio. 7.20(1). Diagniiuinalic reprosontafion of '2s and 
and horizontal shading indinitcs po.-itivo and negative 


2/j wave fnnelion.s. Vertical 
vahie.s of the wave function. 


will be useful for the sake of illustration, to prciict its .shape with the 
help of the model here discussed. 'I'lie conclusions at u Inch u e are goiiiL. 
to arrive may be at once generalizt'd to cover the beryllium halides. 

Beryllium has two electrons in the l.s- and two in the 2,v state thus 
forming a configuration analogous to that of a closed shell Xo electrons 
are available for the formation of valence orbitals; if, however an elec¬ 
tron IS transferred from a 2s' to a 2p state, tivo electrons become avail¬ 
able for the formation of two bonds. Since the excitation energt- is 
small and tl.e binding energy may be considerable, a stable molecule 
will probably result. For the ,mrpose of x-alence formation wo must 
therefore deal with a 26- and a 2/i electron. For instance, we may use 

the electron in the (2x) orbit. The wave functions are indicated in 
Figure 7.20(1). 

Hydrogen proper functions might be combined with an}' one of these 
states. However, a stronger binding can be iirodueed if first new orthog¬ 
onal combinations, namely, (2s) -f- (2x),and (2.s) - (2.!:), are introduced. 
These new functions are illustrated in Figure 7.20(2). The now proper 
functions have the adx-antage that each of them extends most strongly 
m a certain direction (as drawn in the figure, (2s) -f- (2x) extends far- 
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ther to the right, (2.5) — (2.t) extends farther to the left), producing in 
that direction a particularly high probability density. If the hydrogen 
function is introduced in that region of highest probability density and 
added to the respective function, a most strong overlapping, the smooth¬ 
est valc'nce orbital with the minimum energy, and the maximum binding, 
is obtained. The two vah'nce directions corresponding to (2s) + (2a:) 
and (2s) — (2.r) are in opposite directions, the -\-x and —x directions. 
Tiierefore, it should be expected that the H-Be-H angle mil be 180°. 




Fia. 7.20(2). Superpositions of 2s and 2p functions appropriate to the formation of 

valence orbitals. 

It may be noticed that in beryllium we have constructed two wave 
functions, the one having a strong maximum in the ~\-x, the other in 
the —X direction in contradistinction to the 0—H bond where we had 
one {2y) wave function with equal maxima in the -\-y and —y direc¬ 
tions. Correspondingly, beryllium can form bonds mth two hydrogens 
located along the -j-x and —x, whereas the 2y electron of oxygen can 
bind only one hydrogen located along the -\-y or the —y axes. In order 
to construct the valence orbitals in BeH 2 , we have superposed the 2p 
and 2s wave functions just as though they were degenerate. This is 
justified, as has been stated, if the original energy difference between 
the s and p wave functions is small compai'ed with the gain in energy 
due to the strength of the bond to be formed. The process of superpos¬ 
ing the two atomic wave functions of slightly different energies in order 
to obtain a wave function particularly adapted to strong bond forma¬ 
tion is called hybridization. 

The radical CH 2 differs essentially from BeH 2 in that two more elec¬ 
trons are present on the central atom. In the carbon atom the orbits 
Is and 2s are filled each by two electrons; the remaining two electrons 
must be distributed on the 2p orbits, (2x*), (2^), and (22). Using the 
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proper functions of tl.o two l,y,lro«..n cl..,.Irons, wo now consfnn i 
two valence orbits for n.stanee, one fro,,, tl„. w„v,. f,„„.,io„ of,, |,v,|, , 

gen atom situated on the . axis and Ihe f,„„.,ion ,2.r,, a„d the oihe,. 
from the wave function of a hv.lroovn atom Mtn-,tr..! , • 

thefunc..ion ( 2 ,). Each of these valence oibils'inav .hen'i: i';::/';; 
two electrons; we thus obtain a ,„ol,.e„l<. eonslnn-te,! in a wav I ha, i 

vep'sindla.^toIEO,,heonlydi,re,aa,.a.bei,,g,,,n,to 

cule two mld.tioual (unsha,e,l) ..lections a,e found in ' 

function of the oxvf^cn atom. “ 

It is, howpy, by no nnaans ,a.,tai„ that the ( „ , , 

angle somewhat givater than !)()» as the ,„evio„s dise„.s,.,o„ uonid s,,;' 
gest. A dll p-on angle is obtained if hvbiidized f,„„.,io„s a„. „,sed , 
,s possible that hyluKlized wave functions .-omposi.d of .v and ,, w.ve 
unctions can give a so much gieater binding ..„e,-gy as i„s, ',|,e 

hybridization. It has b...... pointed out in ..onnecion wi, 1,'l.crvllin.n 

hydride that .superpo.sition of the (2,v) wav., function and th,. (o,., w.ve 
function gives a grinder maximum of th.. wav,. f,„„.tio„ in 

tion and ,nth it a stn-nge,- bin.ling than would l,av.. bee,, obtained nith 
either the 2v or the 2.r orbit. '1 l,<.,.,.fo,.e. it is possil,|e that it is .eti- 
cally more favorable to bmld the CIE mol,...,,!,. i„ a wav that is a,n,io- 
gous to beryllium hy.lrule with two ad.litional ,n„.s|,,„.e,|, <.|e,.,,.o„s in 
the still unused p wave functions (2,//) (2e) of il,., ea,|,o„ 

Whereas in CIIj hybri.lization was a j>o,s.sil,i|itv, in CIl, it se,.,ns to 

be very probable If wo want to l.uil.l up ('11,. we ..ammt start from 

carbon .nth only two Sections in 2p stal,.s; in .su..h a ,.arl,oi, atom o„lv 

wo valence orbits could be forme,1. In m.le,. f,,,.,., at h.ast on.. 

bond, It will be necessary to pi.imole on,, of ,1... 2.s. ,.|,.,.ti.ons into ■, ■>,, 

orbit It then seems highly p.-obable that an a.Iditional hvini.liza'ti.n, 

would lower the energy by strei.Kth..i,ii,K the bon,Is whi,.h a,-,- going to 

be formed. It will be most favorable to ..onst.-uct ,b,ee valei,,.,. o.-bits 

which overlap as little and di.-erge as g.eatly as jmssible. The tluee 
orbits, 
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can be shomi to satisfy these conditions. All of them have their 
una in the xy plane, the first along the x direction, the second an.l ilifid 
mcludmg angles of 120“ with that direction and with each other. 'I'hev 
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are constructed in such a way that the functions are orthogonal to each 
other (though of course the directions of valences are not). We can 
\ onfy this for instance by multiplying the first two functions and inte¬ 
grating. 

/[vi ^ ^ 

-R -/§ 

+J (2r)(2!/} 

The last three integrals vanish since the functions (2x), (2y), and ( 25 ) 
are mutuall}'' orthogonal. Owing to normalization, 

J {2sf = J {2xf = 1 

and thus the foregoing sum of five integrals gives zero, shelving that 
the functions which we have chosen are indeed orthogonal. 

We have constructed so far three valence orbits lying in the xy plane 
and pointing in directions which include 120 ° angles with each other. 
The three orbits will hold six electrons of the CH 3 molecule. With two 
electrons in the K shell (Is orbit), one electron is left over which occupies 
the pz orbit. This orbit has a node in the xy plane; that is the electron 
is either above or below the plane of the three valences but never in 
the plane itself. Thus a symmetrical plane structure of the CH 3 mole¬ 
cule is likely. An unshared electron will be present; the probability of 
it being found on either side of the molecular plane is equal. 

The only effect that may counteract to some extent the tendency of 
forming a plane structure is the repulsion between the unshared electron 
and the electrons which fill the three valence orbits. A slightly bent 
structure is possible if the last atomic function ( 2 z) participates in the 
hybridization. This would give rise to a flat pyramid structure which 
would bring the electrons in the valence orbits closer together and may 
give rise to slightly weaker overlapping between carbon- and hydrogen- 
atomic functions. The unshared electron would be found with a greater 
probability in the direction pointing away from the apex of the flat GHj 
pyramid. Whether the smaller interaction of this electron with the rest 
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of the molecule will stabilise the out-of-ph.„e .sl.uctu.o can probably be 
decided only by spcctroseoi)ic ovi(](‘nce. 

In the case of methane the valcucc-orbit n.clhod has been usd lo 
reinterpret the oldest stcroocbcm..-al concept, (bat of (ho (.■(rahcdral 

states, that is in (2^, (2.) (2.), and ,2^). Any set of ortho::, 

combinations may be used instead of these four .states, and the mo 
appropriate linear comhina- ' 


tion will be the one in wliich 
the electron orbits avoid each 
other to the greatest possible 
extent. Four linear combina¬ 
tions of this kind are: 

i[(2t,') + (2x) + {2y) + (2«)] 
i[(2s) + (2J-) - (2y) - (22)1 

i[(22) - (2x) + (2ij) - (22)1 

i[(26') - (2x) - (2,j) + (22)1 

In these four wave functions 
the electron density is chiefly 
concentrated along lines in 
space, pointing towards cor¬ 
ners of a tetrahedronas shown 
in Figure 7.20(3). The most 
stable configuration will be 
obtained therefore for meth¬ 
ane if the hydrogens are at 
the corners of a tetrahedron, 
so that a maximum over- 
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I ... • jij u men 

tho uavc funclirtn-s (1), (2), (3), a„,j (.*, 
tfxl assunu! their niiixinium values. The fij'iire 
shows the orientation of these direetioti.s with 
n^peet to the z, ,/. an.I ^ eo-<,r,linale axes. 
Ihc cube has l>een drawn lo help in visualizinjr 
the directions in space of (I). (2), (3) and (4). 


lapping of the hydrogen electrons with the corre-sponding carbon electro,is 
becomes possible. Any C-II dipoles that may be present will further 
stabilize the tetrahedral configuration. 

The foregoing considerations on CTI^ may be easily generalized to 
cover saturated organic molecules, since the second electron in any of 
these orbits may be furnished bj- a carbon. o.xyge.i, nitrogen, or similar 
atom, just as easily as by a hydrogen atom. Similarly, the \'alcnce 

vu ^ u nitrogen will remain roughly the same if in H 2 O and 

AHg hydrogen is replaced by other substituents. Thus we ha^-e*'intcr- 

preted the elements of stereochemistry in terms of electronic orbits 
^ithm the molecules. 
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7.21 VALENCE ORBITS IN DOUBLE AND TRIPLE BONDS 
The valeiKx>orl)ital method led to an understanding of valence angles 
in saturated molecules. In unsaturated molecules it \vill be necessary 
to explain both the valence angles and the fact that the double- and 
triple-bond electrons are bound less strongly than the single-bond 

electrons. 

In the conventional description of the carbon-carbon double bond, 
the valences participating in the double bond fix a plane in the molecule 
so that the remaining bonds will have no free rotation. In addition, 
a strain is introduced, pulling the double-bond valences closer together. 
Inasmuch as the valence bonds repel each other, and, since more room 
is available now for the remaining two bonds, it is expected that their 
angle be somewhat larger than the tetrahedron angle. 

These chemical terms can be formulated in the valence-orbital 
method by considering in what way two carbon atoms have to be brought 
together if we want two pairs of electron orbits of the carbons to overlap 
as strongly as possible. The most favorable position \viU be one in 
which the line joining the two carbons will bisect the angle of the two 
valences on each carbon. The valences to be joined cannot point then 
towards each other in a straight line. Consequently, the overlapping 
and the energy per bond ndll be smaller in the double bond than it 
would be in the single bond. This decrease of energy has been inter¬ 
preted in chemistry as due to the strain. 

Actually the most convenient linear combinations will be different in 
the case of the double bond from those which we obtained for methane. 
To begin with, we may uSe ^\'ithout introducing any actual change the 
sum and difference of the proper functions belonging to the valence 
orbits of the double bond. This in effect is merely a change in represen¬ 
tation. This can be seen in the follo^\^ng way. The valence-orbital 
function representing the first single bond between the two carbons can 
be denoted by i/'i; the valence-orbital function for the second bond 
which differs from the first only in direction we call V' 2 - If we fill up 
these two orbits with two electrons,* 1 and 2, we obtain, according to 
the general formulation of the Pauli principle, 

V'i(l) ^ 2 ( 2 ) “ ^ 2 ( 1 ) ’/'i(2) 

Introducing the sum and the difference of the original orbital functions, 

* Taking spin into account, \vc sliould fill the two orbits w-ith two electron pairs. 
This would merely complicate the following treatment, but it would leave the result 
unchanged. We shall proceed in the following argument to disregard spin and fill 
each orbit with one electron. 
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we have 


[lA(l) + ^(■( 2 )] and ■— [^( 1 ) _ ,^( 2 )] 


The factors 1/V^ have Ijcen introdncod to normalize the new fiinetion 
that is, to insure that the intoKial of their s,|uare.s will still frive unilv’ 
Filling each of the new orl.its with an electron ami writing the whole 
function to conform with the Pauli principle, we get 

^ - ^ 2 ( 1 )] [rpi(2) + ^ 2 ( 2 )] 




After performing the multiplications, we find that this is identical witl 
the original expression, 


</'i(l)h(2) - 

A greater binding energy will be contributed by the sum + J, 
which gives a proper function with a .naximu.u along the double-bond 
direction; the difference, on the other hand, will have a node 

perpendicular to the plane of the double bond and therefore passing 
through the other substituents that are bound to the carbon atom 
This valence orbit will be the typical double-bond orbit with electrons 
above or below the node but never in plane with the other substituents 
It is this orbit that can be made responsible for the rigidity of the double 
bond with regard to rotation. It also vill contribute rather greatly to 

the polarizabUity of a molecule, since its electrons are spread out over 
great distances and are not bound very strongly. 

We may expect to improve the valence orl>its by making them more 
similar to those discussed for the Clh radical. In fact, both in the CIU 
radical and in a double-bond molecule an orbit has been considered 
which is antisymmetrical to the plane of the carbon and its substituents. 
The only difference is that for CH 3 only one electron is in that orbit 
whereas in the double-bond there are two. Using the analog>^ of CH 3 * 
we may expect that the single bonds and the double bond are arranged 
in a plane and that all valence angles have the value of 120°. The sym¬ 
metry ^yhich caused the angles to be exactly equal to 120 ° is, of course 
absent in ethylene. But it is plausible to assume angles greater than 
the tetrahedral angle, since this result follows both from the original 
chemical concept and also from a qualitative discussion of valence orbits 
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Spectroscopic evidence actually indicates that both the H-C-H and 
angles are equal to 120°. Electron diffraction experiments, on 
the ^her hand, lead to the result that if both H atoms in the CH2 group 
are replaced by the methyl group, the CH3-C-CH3 angle is 111°. 
Although both of these facts are in agreement \Wth the conclusions of 
the previous theoretical discussion, it is difficult to understand why a 
smaller valence angle is obtained in the case of the methyl substitution. 
Repulsion of the methyl groups would lead us to expect the opposite 

result. 

Other double bonds such as carbon-nitrogen, carbon-oxygen, nitro¬ 
gen-nitrogen, and nitrogen-oxygen (nitroso compounds) can be de¬ 
scribed similarly to the carbon-carbon double bond. Comparing, for 
instance, C=C unth C=N, the only difference is this: On the nitrogen 
atom Avill be found (in addition to the electrons which participate in 
the double bond) a pair of unshared electrons and a pair of electrons 
belonging to a single bond; on the carbon will be found two pairs of 

electrons participating in single bonds. 

When a bonding electron pair is thus replaced by an unshared electron 

pair, the orbit of the electron pair will be drawm closer into the atom. 
To compare, for instance, carbon and nitrogen, the bonding pair on 
carbon has been obtained by hybridization of s and p functions and 
combination with the w'ave function of the other partner in the bond. 
Not only w ill the unshared electron pair of the nitrogen atom occupy 
pure nitrogen functions but in addition it will be best to place the un¬ 
shared pair into the 2s orbits which are closest to the nitrogen nucleus. 
This leaves, as w'e have seen, the 2p orbits available for the valences of 
the nitrogen. These orbits include right angles rather than tetrahedral 
angles with each other, and thus there will be less strain associated with 
a double bond if a nitrogen atom is at one end of it. Similar considera¬ 
tions apply to C=0 and N=0 double bonds where two unshared elec¬ 
tron pairs are present on the oxygen atom. Lack of free rotation in a 
molecule containing a C=N or N=N double bond is, of course, to be 

expected. 

The only double bond in this series that differs essentially from the 
rest is that in the O 2 molecule. Since on O 2 there are no further substitu¬ 
ents, there is nothing in the molecule that w'ould fix the plane in which 
the node of the double-bond function shall lie. Thus the possibility 
arises that the two double-bond electrons occupy double-bond orbits 
wdth different nodal planes. This actually is energetically favorable, 
because in this way the tw^o double-bond electrons -will have a greater 
average distance from each other, and a smaller coulomb repulsion Avill 
be obtained. The electrons being in different orbits may have parallel 
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spins; in fact, tlic Kroun.l state of oxygen is a triplet, and oxyaen is 
paramagnetic m contrast to all other douhle-hond substances ' 

In the classical stereochemical picture of the carbou-iaubou triule 
bond, we obtain a binding energy much hxss than three times the single 
bond, since tlie natural direction of three valenees eannot all simultam. 
onsly coincide with the line joining the carbon alums. 'I'lie smallest 
stress will be obtained if the remaining valence of the carbons lies 
the confirmation of the line. 

The same results are obtained in tbe \alenee-orbital method if we 
try- to arrange a maximum ovialapping of three pairs of orbits of Ihi^ 
two carbon atoms. This will be attaine.1 by lilting togetber the bases 
of the two tetrahedra formed by the four vahaiia' orbits Tbe foiirtb 
valence orbit will then point in the lairria-l direct ion. 'riie emagv will 
be less than that of three single bonds, Ixaaiiise the ovialapping of the 

orbits is le.ss complete than in the case where the orbits iioint towards 
each other. 

Instead of the three valence orbits ineluding angles with the f’-C 

axis, linear combinations may be used similar to tho.se discussial for 

the double bond. One of the.se linear combinations has eyiindrieai 

symmetry around the C-C axis and corre.sponds to a full-strength 

single bond. The second linear (aimbination has a node (lassing through 

the two carbon atoms; the two electrons in that orbit have similar 

properties to those of double-bond electrons; in particular, they are 

spread out more strongly, contribute less to the binding energy ami 

have a strong polarizability. The third orbit al.so has a node through 

the two carbons, and this node is pcrixmdieular to the node of the .second 

orbit. The electrons in this orbit again have double-bond properties 

Since there are two perpendicular nodes, the triple bond does not define 

any particular plane as the double bond does. In fact, it can lie shown 

that, apart from their being perpendicular to each other, the direction 

of the two nodes around the C-C axes can be chosen in an arbitrary way 

and that the resulting wax’e function of the triide bond has cx'limlrical 

sjTimietry. The situation is similar to that found for the neon atom: 

although neon contains p electrons with nodes through the nucleus, the 

composite xvave function of the whole atom has nevertheless spherical 
symmetry. 

The carbon-nitrogen triple bond and the nitrogen-nitrogen triple 
bond do not dift'er esscntiall}'^ in their electronic structure from the 
carbon-carbon triple bond. In replacing a carbon by a nitrogen, the 
main effect is that a bonding electron pair is converted into an unshared 
electron pair which will occupy the 25 orbit in the nitrogen atom. The 
nitrogen parts of the triple-bond orbits will then be supplied by the 
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three 2p oil^its. We shall expect that the strain on these perpendicular 
2p orbits will be less than was the strain on the hybridized carbon orbits 
which inchuled tetrahedral angles with each other. This helps to ex¬ 
plain the great stability of N 2 . 

7.22 COMBINED VALENCE-ORBITAL AND MOLECULAR- 
OPJMTAL METHOD In desciibing systems of conjugated double 
bonds it proves useful to apply the valence-orbital method to all elec- 


H 



Fig. 7.22(1). System consisting of two conjugated double bonds, butadiene. 

Numerals 1, 2, 3, and 4 denote positions of carbon atoms. 

trons \\iih. the exception of the double-bond electrons. The latter have 
even in the simplest double-bond compounds more extended orbits, 
and it seems reasonable therefore to use an approximation in which 
these electrons are allowed to move over a greater part of the molecule. 
Such an approximation is given by the molecular-orbital method. 

We shall first consider two conjugated double bonds and assume that 
the four carbons, as well as all atoms attached to them, lie in a plane. 
In Figure 7.22(1) all substituents on the carbons designated as 1, 2, 3, 
and 4 have been chosen as hydrogens, and the lines joining the atoms 
indicate pairs of bonding electrons. All valence angles in the plane are 
120 ° for the same reason that has been discussed in the example of 
ethylene. Only the single bonds are dra^^^l in the figure. According 
to the valence-orbital method, two additional electron pairs should be 
present. The wave functions of these electrons should have a node in 
the plane of the molecule. According to the chemical formula one elec- 
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tron pair should be attached to the first aiul second carbon, and tl,e 
other pair to the third and fourth carhon atoms 

We shall now try to distribute these Iasi four electrons into orbils 
composed of the states on the four carbons still nnfille,! by the sincle 
bond electrons. These vacant states are ,, slates will, fbeir nod<.s in 
the plane of the molecule. One low slate of Ibis bind can be obtaine,! 
by adding the four p states on the four carbon atoms; thus a wave 'fune 
tion is obtained which has no node except tin, one in lh,l the 

molecule. This molecular orbit can hold two ele,-lions- for I hi- two ,-<■ 




,°o f Schematic repre.sentalien of two lowest molecular orbitals compose,I 
of 2p states of four carbon atoms. 1 be four carbon atones a.-,- .shown as lyioK on a 
straight Ime, ami the nodes of the 2p electrons lie in a plan,- containing U.at lim-. 
The ordinate gives the amphtu.lo of the ^ function along a line (.aralh-l to th,- axis 

passing through the carbon atoms. 


maimng electrons we have to construct an orbit wliich is orthogonal to 
the one just described and whieli contains as few nodes as possible. 
Such an orbit is obtained by superposing the wave functions on the 
carbons 1 and 2 tvith the same sign and subtracting from tliis the super¬ 
position of the wave functions on 3 and 4. The two lowest orbits which 
have now been constructed are schematically represented in Figure 

7.22(2). In this figure, the fact that the four carbon atoms do not lie 
on a straight line * has been disregarded. 

In the lowest orbit represented in Figure 7.22(2)^, the original wave 
functions have been superposed in such a way that the envelope of the 
resulting wave has no node within the molecule. The wave function of 
the next higher enerp level sIioto in Figure 7.22{2)B corresponds to a 
superposition in which the envelope lias one node between the atoms 
2 and 3. T^vo orbits with still higher energies can be constructed from 

• The arrangement of the carbon atoms on a straight line is, of course, not realistic. 
But the final result of the discussion is not influenced by this arrangement. 
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the p functions shown in Figure 7.22(3), in which the envelope has two 
nodes and three, respectively; these higher orbits remain empty. 

has been pointed out in the discussion of the molecular-orbital 
method that a molecular-orbital function mthout a node between two 
nuclei tends to draw the two nuclei together, whereas, if a node is found 
between two nuclei, they are pushed apart (bonding and antibonding 
properties). From Figure 7.22(2) it is clear that the atom pairs 1,2 and 
3,4 aie dra\Mi together by the influence of both filled molecular orbits. 




Fig. 7.22(3). Schematic representation of two highest molecular orbitals composed 
of 2p states of four carbon atoms. The four carbon atoms are .shown as lying on a 
straight line, and the nodes of the 2p electrons lie in a plane containing that line. 
The ordinate gives the amplitude of the function along a line parallel to the axis 

passing through the carbon atoms. 

The distance between 2 and 3, on the other hand, would be diminished 
by the action of the functions shown in Figure 7.22(2)A but would be 
increased by the effect of the functions shown in Figure 7.22(2)B. Thus 
the distances 1,2 and 3,4 become shorter than the distance 2,3 in agree¬ 
ment with the simple double-bond picture which places the double 

bonds between the pairs 1,2 and 3,4. 

Although the conclusions so far merely confirm expectations based on 
stereochemistry and on the valence-orbital method, the picture now 
being used suggests two more properties of a pair of conjugated double 
bonds. First it may be expected that the nodes of the four 2p orbits 
help to stabilize a common plane in which all four carbon atoms will lie. 
This statement is not contained in classical stereochemistry or in the 
valence-orbital picture, since in these presentations free rotation around 
the 2,3 link should be expected. The molecular-orbital method, how¬ 
ever, merely su^ests and does not prove the stability of such a plane. 
In fact, although the wave function sho\\Ti in Figure 7.22(2)A helps tc 
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Stabilize the plane, tlio wave fnnefi,,,, r,.presented in bde,,,,. 7 . 
cancels at least part of this oflVct. ^ ' 

The second property of eonjn.nded do.d.le bonds wbieh is 
descrtbed by moleenlar-or ntal tnn,.tions is I be ease with win, !, a ' i ■ 
of conjugated double bonds .s eonverted into one double bond beh 
theatoms2and 3. Ibe wave tunetion shown in hi,,,,,. 7.22,2) I dille 
from a double-bond wave function between the atoms u ■, 
that it extends further toward the en.ls of the moleenle ‘ If new ' l" 
stituents are linked to the .mrbons I and I, room is ereatd fo ^ 

electrons m the valence-orbital functions of the newlv forme,I 1 
These electrons will be supplied from the w ive fiim.ii' 1 ■ 

T ''P e f'l / around the atoms I and 1 wdl 

then be filled by sitigled.on. electrons, and the Pauli priiiei„|e w 

exclude the electrons filling the stales shown in Pifriire 7 | r 

the neigbborhooil of atoms 1 and 1 . 'I'lie orbit will shrink to“ironlin''ii'v 
double-boiul function around atoms 1 ainl i ' 

The considerations just di.seiisseil can be'easily generalized to cover 
the ease o a chan, of 2 n carbon atoms linked altermitelv bv iloiible 
and single bonds. We shall assume again that all the carbon atoms .in I 
the atoms attached to t hem lie in a plane, aiul we shall const met moiee- 
u ar orbits from the carbon ,, wave fuii(.tions with nodes in t h,. moleeiihir 
plane. 2 ii such wave functions can b(. (.oustmeted, the lowe-t h-ixine 
no node except the one in the molecular plane, ami the next having one 
additional node in the middle of the chain. We ean ,,roe,.ed in this 
manner, to the orbit of liighe.st energy with 2 « - 1 additional nodes 
that IS, one node between eyi.ry two neighboring carbon at oms. (Jf the 
2,1 o-bi the ,1 lowest will be filled by the 2 ,. electrons which remain 
available if the single-bond valence orbits are filled with an electron ir.ir 
each. The molecular wave function so obtained is analogous to the 
wave function for a pair of conjugated double bonds, and the essenti'd 
conclusions which ean be derived from the picture are also similar It 
must be observed, hoivcver, that molecular orbitals of the kind here 
described will be interrupted whenever one carbon atom in the cleiiii is 
linked to all its neighbors by single-bond electrons. After the energeti 
cally lower single-bond levels are filled, no additional free orbit is avail¬ 
able on such a carbon atom, and this carbon atom will lie as a potential 
barrier across the path of the otherwise more freely mo\-ing double-bond 
electrons. Thus we see that conjugation will be interrupted as soon as 
two double bonds are separated by two (or more) single-bond links. 

A particularly interesting example of conjugation is found in aromatic 
compounds. We shall discuss here only the simplest cases. namel\. 
those of plane carbon rings with 2n members containing alteriiatim. 
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single and doulde bonds between them. These ring systems have been 
dis^ ^^ocd l>y Jlufkel and by Pauling from the point of view of wave 


me- anics. 

'i'ho lowest wav(i function will be obtained from the “double-bond"’ 
p carbon cU'ctrons by adding the p functions of all carbon atoms. 
Higher orbits are constructed by multiplying the wave function of the 
hh carbon atom i>y sin ttW/h and adding, {k is any integer which char¬ 
acterizes the orbit and which assumes values from 1 to n.) It may be 
noticed that, if we follow tlie chain around, the first carbon atom is 
identical with the (2ri + 1) carbon atom. Correspondingly, the multi¬ 
plying factor for the first atom is sin irk/n; for the 2n + 1 atom it is 
sin [nk{2n -h l)/n] = sin [2ivk + (irk/n)]) that is, the factors multiply¬ 
ing the wave functions of the first and (n + 1) atoms are the same. 
More functions can be constructed by multiplying with cos M/n and 
adding. Here k is an integer with the values from 0 to n - 1. If = 0, 
the multiplying factor is one on every atom, and we obtain the simple 
sum which, as has been mentioned before, corresponds to the lowest 
energy. We now have n functions containing sine factors and n con¬ 
taining cosine factors. Altogether we have 2n functions, and it will be 
necessary to fill the n lowest of these with 2n available electrons. 

Now we can show that a function containing sine factors corresponds 
to the same energy as a function containing cosine factors, if the k value 
appearing in the sine and cosine is the same. For instance the ener^ 
corresponding to the factors sin 7rfc/n and cos 7rfc/n is the same. This 
means that there exists a twofold degeneracy which actually is caused 
by the ring symmetry of our model. This twofold degeneracy is similar 
to that occuriing for tt electrons in diatomic molecules, in which case 
the degeneracy was caused by the cylindrical symmetry. We have 
described that degeneracy as due to the two possible rotational direc¬ 
tions of the TT electrons around the molecular axis. In an analogous 
manner the twofold degeneracy in our present ring model can be ascribed 
to the two possible directions in which the mobile p electrons can move 
around the ring. For the lowest state, /c = 0, the motion can be said 
to have a zero velocity, and consequently no degeneracy is expected. 
Actually the fc = 0 case does not occur among the sine functions but 


only among the cosine functions. 

The lowest Avave function can hold two electrons. The next energy 
is obtained for A; = 1; here we have a twofold degeneracy, and four elec¬ 
trons can be placed. The same holds for higher functions. It may be 
seen that if the ring contains four membei*s, and, if there are therefore 
four electrons available, these will fiU the lowest level with /c = 0 and 
also fiU half of the available states for A: = 1. Thus such a molecule is 
analogous to an atom in the middle of the periodic system, the outer- 



COMBINED VALENCE- AND MOLIXTI.AIt-OIililTAI, MKTIKlI) i,,-) 
most electronic shell beins pnrfially if, „„ (he other ban,I we 

sufc trimTe shells- whh kl () ami /!'= '' 

.all have a closed shell and it ... ,o a 

Tins closed shell may be t.sed to aeeouot for the s,,eeial staiahtv f 
benzene. It mu.st be borne m nnnd that, if a closed shell eoofoos o, .,, 
electrons, then .t is probable that the next ex,at,,,! 

rather high above the elo.se.l shell, wla-r.-as, if sh,.||s ,.,m(ai„ o.dv hm' 
electrons, such shell.s will have to follow cIom.Iv om ea, h o(h<r \ 
this reason we may expect that more eiiergv will l„. nee,h.,l’lo'‘,'.x,.i,, 
benzene mth its four electrons in the outermost ,1 om.,I diell (h o, li 
excite a smiple double bond or an op,.,, chain of .■on.iuga,,.,l .loubi,. bomi’ 
.ath two electrons the last orbit. Thu.s th,. eh.,.(rom.. ,.oul,gu,a„on 
of benzene is more diffieiilt to change; that is, b, is |,-s reactiv,- 
It may be easily seen that the statements about four ami six',,.,,1,,a, 
nngs can be generalized to e,n-er larg...- rings. I„ an . ighl-i-arbon riim 
the A = 0 level would be lillcl with two ,.|ectrons and Ih,. /,■ = | |,.vri 
with four electrons, and there «.,nM remain onlv (.,, ,.|e,.,rons f,,, the 
k = 2 level which would thus be only parllv (ill,.d. We expe,.( the,-,, 
fore that an e.ght-earbon ring with four eonjugat,.,! double bonds would 
have a rather unsaturated eharacter. On the other hami in a ten- 
carbon ring the ten “double-bond electrons'’ just sulliic to lill’the /,- = () 
k = 1, and k = 2 levels, and a greater (h-gree of saturation is therefoi,’ 
possible. In general 4, 8, 12, etc., carbon rings will be more unsaturated 
than 6, 10, 14, etc., carbon rings. We also woulil expect on the b'lsis 
of the molecular-orbital method, that rings with a low,'.,- number of 
members are more saturated beeau.se we limi that for insfmee iu 
benzene, the full k = 1 and empty k = 2 lev<.|s hav a greater eue’rgv 

difference than the full k = 2 and empty /,- = 3 levels in a ten-membere'd 
ring. 


Just as in the double-bond and the eonjiigated-double-bond systems 
aU valence angles in the plane of the molecule tend to have the value of 
120°; therefore in a four-membered ring with two double bonds great 
strains are inexdtable, and this will contribute to the instability of such 
a ring. In benzene no strains are present; an eight-carbon ring, on the 
other hand, cannot be set up in a jilane without considerable strain. 
We can construct larger carbon rings without strain if some of the 
(^-C angles are turned toward the insitle and some toward the out¬ 
side of the molecule. Two such rather simple molecules are sho.n in 
Figure 7.22(4). Each of the carbon atoms has a siib.stituent attached. 
In the molecule shou-n in Figure 7.22(4)rl the siib.stituents on the car¬ 
bons 1, 5, and 9 must be for steric reasons in the 1, 5, 9 triangle. If there 
is any possibility of realizing this, it will be b\' putting a trivalent sub- 
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stitueiit into the middle of this triangle. A ring such as shown in 
Figure 7 22(4)/l would be rather unsaturated on account of its 12 mem¬ 
bers In a ring svich as shonm in Figure 7.22(4)5 steric effects would 
again limit the possibilities for substituents on the carbons 1, 4, 8, and 
11* We would expect this 14-member ring to have greater stability, 

and it is therefore perhaps more likely that it can be prepared chemically. 

The electronic structure of the 

familiar polycyclic compounds can 
also be described by a molecular 
skeleton consisting of single-bond 
electrons and a number of double¬ 
bond electrons roaming over the 
whole molecule. In most of the 
compounds not containing side 
chains the number of the more 
mobile electrons is equal to the 
number of carbons. The mathe¬ 
matical description of their wave 
functions is, however, more involved since the double-bond electrons 
no longer follow simple cyclic paths. We may simplify the description 
of these compounds by focusing attention on the longest cyclic path 
that is possible in the molecule. Thus in naphthalene we may consider 
all the double-bond electrons moving in an outer ten-membered ring 
along the carbon atoms numbered 1, 2, 3, 4, 10, 5, 6, 7, 8, 9, and we 




Fig. 7.22(4). 


Benzeno-like rings with¬ 
out strain. 



may disregard the possibility of the common single bond jommg 9 and 
10 becoming a double bond; or we may consider in pyrene the cycle 1, 
2 3 12 4, 5, 13, G, 7, 8, 14, 9, 10, 11. The carbon atoms numbered 



15 and 16 would then play the role of substituents, and they would 
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have to be joined by a double bond so tliat they would liave just enough 
valences left to take care of the free valences on II, 12 l.'{ and I I 
Applying a similar procedure to the knowti polvev.di.’ .•ompoin'ids we 
find that the outermost ey.de has 2 + la memheis: that is, the outer¬ 
most cycle is always a riuR of the kind that w.' have h.nnd to he 
particularly stable. 

An interesting example of this rule is i)eryleiie in which we find an 



outer 18-mombcrecl ring 1, 2, 3, 15, 4, 5, 0, 10, 17, 7, 8, 0, 18, 10, 11, 12. 
13, 14. But by placing bonds into alternate links of tliis ring the va¬ 
lences of tlie carbons 20 and 19 cannot be satisfied. The same diflieulty 
is encountered if we assign to the outer ring 18 double-bond electrons. 
This perhaps accounts for the greater ease with which the electronic 
structure of perylene can be excited, giving rise to the yellow color of 
the compound. Thus our explanation of the fact that rings witii 8, 12, 
etc,, members are not found is not fully satisfactory, since onr proce{luie 
made it necessary to fix double-bond positions in an arbitrarv wav and 
in the case of perylene it made a valence picture in the ordinary sense 
impossible. 


7.23 ELECTRON MOBILITY IX CONJUGATED SYSTEMS The 

great mobility of double-bond electrons in molecules containing con¬ 
jugated double bonds gives rise to the great polarizability of such 
molecules. As should be expected, the polarizability is particularly 
great if the electric field is applied along the molecular plane or in the 
case of an open zigzag chain along the chain direction. For ring com¬ 
pounds such as benzene and naphthalene a peculiar magnetic effect is 
also to be expected. It has been shown by London that the mobility 
of electrons around a ring gives rise to strong diamagnetism along an 
axis perpendicular to the ring plane. Application of a magnetic field 
along the axis causes a change of the velocity of rotation of the electrons 
around the ring, accompanied by an increase of total energy. There¬ 
fore, the plane of the ring tends to avoid being perpendicular to the 
magnetic field. As an example we niaj'^ quote naphthalene. In this 
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molecule a magnetic field perpendicular to the plane will induce an 
approximately three times greater magnetic moment than a field which 
lies in the molecular plane. That is, the diamagnetic susceptibility is 
about three times smaller for a magnetic field in the molecular plane 
than for a field perpendicular to the molecular plane. 

Further e\’idence for the mobility of the double-bond electrons is the 
change of reactivity on a rather distant carbon in benzene if appropriate 
substituents arc introduced into the ring. Thus in aniline further sub¬ 
stitution occurs preferably on the carbons in the ortho and para posi¬ 
tions while nitrobenzene directs the next substituent into the meta posi¬ 
tion. This behaAdor contrasts the more usual rule that ease of 
substitution on a group ^rithin a molecule depends primarily on the 
properties of that group and is modified mostly by immediately adjacent 

substituents. 

7.24 RESONANCE In discussing the ion OH 3 + we mentioned that 
the positive charge is with ecpial probability on any one of the three 
hydrogens. This can be expressed by writing three structures for H 3 O+, 

H 

O 

/ 

H H+ 

with one zero valent H"*" ion and one saturated H2O molecule. We can 
represent each of these structures by a wave function and consider the 
real wave function of as a sum of the three wave functions. Actu¬ 

ally we have mentioned earlier that, if several wave functions have the 
same or similar energies, then by superposing these wave functions in 
an appropriate way we may succeed in lowering the energy. This is 
due to the fact that in the linear combination the wave function of the 
electron may possess a greater wavelength and thus a lower kinetic 
energy while at the same time the wave function attains higher ampli¬ 
tudes in regions of lower potential energy. In a crude general maimer 
of speaking, the advantage of such linear combinations can be seen in 
the tendency of the electron to spread over as big a region as is con¬ 
sistent -with a fairly low value of the potential energy. The procedure to 
approximate the correct wave function of a molecule by superimposing 
wave functions that represent familiar chemical structures has proved 
particularly useful since it permits the chemist to apply the symbolic 
language of quantum theory and still use his own customary expres* 
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sions. Thus we use mutually cxclusivp clicmical i 

by the plurality of formulas an incroascd s(al>i!itv 'I'l.; • • 

has been called resonance between eliemieal stnietiMe-< 

It would perhaps appear tluit the wave lunelioii „f'n o i- 
imated by the resonance method is rathei- dilTeivm froe.'n, 
tion obtained from the vaienee-orl.ital method. \et„.dlv t'he''l' ir 
is not so great. Comparing Nib, and ()ll., i i„ (|i,>'vd ' ' "i 

„.ethod we expect that the added charge on Oxygen 
lence orbits so much closer to that atom that, piactic div the u l i r 
positb^e charge appears on the hydrogens, the charge of each of ,1,'' 
tons bemg compensated to only a fraction of two thirds he .1, i , 
in the valence orbits around them. In any one of the Ihr": si ml l;:: 
that has been used, va ence orbits reach ont and practicallv nenir 
two of the protons while the electron pair that ought to hind the "l 
proton remains unshared on the oxygen atom. In snperpodng the wave 
functions which belong to the three structures we obtain a state wh'e • 
the orbit of each electron pair employed in the binding of a hidro.n... 
consists two-thirds part of a valence orbit and one-third of an nnsh,,;.,! 
orbit. This mixture re.scmbles a valence orbit whi.d, has be,.,! drawn 
ill somewhat toward the o.xygen. 'I’hongh a similarili- bidwiaai the'two 
methods has been thus established, there is this dilTerence between 
them. In the valence-orbital descriiitUm of each of the v derna- 

orbits is polarized independently of the others; that is no phase rela 
tions between the electrons of ditferent valence orbits are taken into 
account. In the resonance method, on the other hand the valence 
electrons binding a proton are unpolarizcd as soon as any of the other 
two electron pairs is in the unshared state. It is not'fpiitc certain 
whether this sensitive interrelation between the electron iiairs docs not 
overemphasize the phase relations which actnall>' ha\ e to exist 
The valence angles on OH3+ are obtained from the resonance method 
quite simply; stability will be expected if every II-O-Il angle in the 
molecule is not very different from the H-O-II angle in IljO; in this 
way aU three resonating structures contain an II^O with a but little 
distorted H-O-H valence angle. Assuming a value of about 105 ° for 
the H2O angle, we obtain a pyramidal configuration for II3O+ giving a 
geometrical arrangement closely resembling that of NII 3 . 

The usefulness of the resonance method has been jiroved through 
many appheations. We shall restrict ourselves here to a few examines.* 
Resonance occurs in aU the anions of all the S3’mmetrical oxygen acids; 

•For a more detailed discussion see L. Pauling, Nature of the Chemical Bond, 
Comeli Umversity Press, 1940. 
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thus the CO3 ion can be written as a superposition of the formulae 



the 0~ ion being univalent since it is isoelectronic ^^'ith fluorine. The 
structure of the nitro group can be written with the help of a tetravalent 
(isoelectronic with carbon) and a monovalent 0“, as a superposi¬ 
tion of 

and —N+f 



This presentation also accounts for the strong dipole moment of the 
group. 

The ideas of resonance may be applied even if the resonating states 
do not have exactly equal energies. For instance, a resonance between 
the forms, 

N =0 N= 0 + 

/ and 

Cl cr 


has been proposed for the NOCl molecule. The second more unusual 
formula is justifiable on the basis of the electron affinity of Cl and on 
the basis of the increase of the NO binding when this molecule is ionized. 
^Vhereas in the symmetrical cases we must as a general rule superpose 
the wave functions vith the same amplitudes, in the example given 
last, the coefficients in the superposition depend on detailed calcula¬ 
tions which in practice cannot be carried out. 

In the last example we have used wave functions in the superposition 
which themselves belong to slightly different energies. We may extend 
this procedure and use an increasing number of wave functions partly 
belonging to very high energy levels to obtain an approximation to the 
correct wave function of the lowest state. It can, of course, be shown 
quite generally that, even if the original wave functions have been very 
poor approximations, correct wave functions may be obtained by super¬ 
posing a sufficient number of the original poor functions. However, it 
is technically hopeless to find even approximately correct coefficients in 
such a complicated case. The resonance method is useful only if the 
original wave functions have been good approximations, and in this case 
it suffices to superpose a few wave functions of equal or nearly equal 
energies. 

The resonance method has been applied to describe the wave func¬ 
tions of diatomic molecules such as H2. We can, for instance, describe 




I 15 


the H2 wave function by a supo, positi<,„ i„ „ 
hydrogen atom and other fimetions wlicic botli , .1 . "" 

nucleus while the other proton is bare, II * jj- 'iV 
are poor when the two nuclei are as close l(’,i;eth,,,- '""s 

be hi the stable II2 molecule. It scem.s thcrclore I Icp lo,''\ i'"' 
of the other diatomic iiiolecuic.s the lesouauce melh „l I' 
any great advantage in simplicity or acciu-icv 
molecular-orbital method. Although the re.sonau'ce u'iet'ir'I 

haps more apt to utilize choniical intuition then., I 1 •''<'''ius per- 

proved. ,„.,c nr«ii,i. „„j I,';, .. 

diatomic molecules with each other and will, fi ' ‘>1 

molecules in their ground state. For the elect ionic Tt"'T" " 

molecules, on the other hand, the resonance method otr " 

useful description. a very 

One condition for rcsonanee to be effeetive is 11,.,i „ i , ■ 
figurations of the two resonating struetures mu t ''lU- 

Resonance is possible praetieally only for two slates whl,' tV'^' ■ 

figuration of the atomic iiuelei. Now if the ennilil ' '< ■"•iiue rou- 

for the two resonating struetures dhl^r to ' 

.„.lc energy el :,t ,„.i 

by .he dt.Prtl.„ .,e,.„„y ,„„p„ 

tions coincide, llie energy thus lost will olT.set the gain in sla A i 
which resonance can give ri.se; if, however, the two eipiilibriui,; 
ions do not differ strongly, we can ehoo.se an ii.lerinediate eon ig m 

““ .....-. 

As an e.vample for a small differenee in equilibrium eoiifiguratioii we 
may consider the resonance m the_earboxyl group uhere tlm two stnic- 


O 

tures R—C'y and R— 

0- ^0 


resonate. 


The C—0 and C’ 


=() 


equiUbrium distances (1.4 1 and 1.2 .1.) may be roughly estimated from 

the distances m alcohols and ketones, resiiectiveh-; the differenee is not 
very great. ' ^ 

Another class of examples in which resonance is probablv prei-ented 
by too great a difference of the equilibrium eoufigurations etnsists 
compounds containing a hydrogen bridge. The two structures 


H 


/0-H 0. 

< V 


0 II—0 


H 


H-0. 

H~cf \ 

^0—H 0^ 


C—PI 


and 
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mighi he expected to resonate, but the distance in the 0-H group is 
about 1.0 A. wliile the distance between H and the oxygen atom to 
wliich it is not bound can be estimated from the structure of ice as 
about 1.8 A.* The difference of the two distances is probably too great 
to pei-mit resonance. The fact that bimolecular association with a 
binding energy of 14 kcal. is found must probably be interpreted as 
coulomb attraction and polarization effects acting between the hydro¬ 
gen of one molecule and the oxygen of the other. The energy per 
hydrogen bridge, that is, half the association energy, actually does not 
differ much from the energy of the hydrogen bridge in water which we 
have explained in terms of van der Waals forces. 

An example in which resonance is made definitely impossible by too 
great a change in configuration is the keto-enol isomerism. The 
hydrogen must move through a distance of more than 1 A. if the trans¬ 
formation from the keto form to the enol form is to take place; conse¬ 
quently the keto and enol fonns exist as separate chemical entities. 
This contrasts with the situation found in resonance where pure S 3 Tn- 
bolic superposition of two structures is used to describe a single definite 
electronic configuration of a certain molecule. 

As has been mentioned, we will expect in case of resonance an equi¬ 
librium configuration that is intermediate between the configurations 
of the two resonating structures. As an example confirming this rule, 
we may consider methyl nitrite in which the observed N-0 distance 
lies between the distances expected for N'^=0 and —0“ bonds. 

(The ion N"*" is expected to behave in a way similar to the isoelectronic 
C atom; 0“ will behave like an F atom.) 




+ /O 

CH3-N^ 


O j 


N +=0 
1.13 A. 


N+—O- 
1.36 A. 


N-0 distance observed 

1.21 A. 


7.25 RESONANCE DESCRIPTION OF CONJUGATED SYS¬ 
TEMS For an open chain of conjugated double bonds, the chemical 
formula which belongs to the lowest energy is the usual one having 
alternate single and double bonds. Other forms of higher energy are 
obtained if charges on carbons or unshared single electrons on carbons 

♦ In the case of dimerized formic acid, this distance seems to be actually smnlloT 
by about 0.1 A. 
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are pcrimtted. Thus for butadieue the followiuK formulae n,av be 
considered: 


(а) 

(б) 
W 
W 


CIb,=CII-cit=C||, 

-rir,-(Tr=ci[-cn,'- 

cir2-rir=('ii -ciu 

I I ■ 


In the fonnidae (6) and (c) the C" ion and ,he (;+ ion can be considered 

tnvalent They are actually isoelectronic wi.l, „i„,,«en and boro 

respectively In (d) there is a single unshared electron in each of the 

terminal carbon atoms I he resonance as shown by the fornudae i 

effec ive only if the cqu.hbnnm configuration of butadiene approxim , 

close y the equilibrium configuration of eaid. of the four forlns •phi ' 

possible only if all carbons lie in a plane; resonance seems therefore to 
favor a coplanar structuro. 

A much greater effect of resonance may be expected in benzene since 
at least two resonating structures, namely, the twin Kekulc formulae 
belong to the same energy This accounts in the resonance dcsiaiptim, 
for the fact that benzene is much more stable than other unsaturated 
molecules or open conjugated systems. Actually the heat of combus- 
lon of benzene IS 39 kcal. lower than the crude value which would fol¬ 
low from he additivity of bond energic.s. This discrepan.w can it 
decreased by onb^20 kcal. on account of the presence of throe coiijm 
gated double bonds, ami it has been projiosed that the remaining dif¬ 
ference IS due to the peculiar and strong resonance in benzene, ihit 
the quantitative part of this argument suffers someivhat from the piircK' 
empirical nature and the caidene.ss of the bond additivitv rule. On the 
qualitative side It is highly .satisfying that both K'ekiile structures are 
needed to describe the electronic structure of benzene 

There is no immediate and simple reason ivhy the resonance method 
should predict greater stability of 0, 10, 14, etc., membered rings than 
or 4, 8, 1^2, etc., membered rings (if necessary strains in some of these 

a respect the results of the resonance 

method does not correspond exactly to the results of the method de- 

Resonance between the two Kekule structures does not suffice to 
explain the ortho-para-directing influence of some benzene substituents 
and the meta-directing influence of others. For this purpose further 
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resonating structures must be introduced such as 


H 

H 


+C 

/ \ 

\ 

HC CH 

HC CH 

II II 

1 II 

lie CH 

HC CH 

\ / 

\ / 

c- 

C 

H 

H 

Although structures with ions in the ortho or para position are possi¬ 
ble without deviating further from usual chemical rules, there is no 
simple structure vdth two ions, positive and negative, in the meta posi¬ 
tion. This correctly indicates a parallel behavior of the para and ortho 

positions. 


Resonance with ionic contributions such as just mentioned has fre- 

quently been discussed in connection 

with more extended structures. 

The resonance in paranitrophenol is 
neously four double bonds. 

established by shifting simulta- 

H 

H 

/ 

-f/ 

0 

0 

c 

c 

/ \ 

/ \ 

HC CH 

II 1 

HC CH 

11 1 

HC CH 

HC CH 

\ 

\ / 

C 

C 

N+ 

N+ 

^ \ 

/ \ 

0 0” 

-0 0- 


However, resonance is always weak if there are only very few electron 
configurations for which both resonating wave functions are appreciably 
different from zero. In fact, resonance is due to the overlapping of 
wave functions. Such overlapping is feeble if there is a great difference 
between the two resonating structures. Resonance in such cases \vill 
primarily proceed through intermediate ionic structures. We can 
always find such intermediate structures in which overlapping of the 
wave functions is considerable. In the preceding example the following 
series of structures can be used: 
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or another series; 
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On the other hand, the intermediate ionic structures may have consid¬ 
erably higher energies and may, for that reason, be less available part¬ 
ners in the resonance. 

Through the introduction of these ionic states, the electrons obtain 
greater mobilit}' in tlic resonance picture. Accordingly, they behave 
more closely in the same way as was found in the modified molecular- 
oibital approximation (section 7.22). This may be considered as a 
special example of the general statement that the results obtained by 
different approximations converge when approximations are pushed far 
enough. 

In the more complicated heteroc 5 mIic and carbocyclic rings, the 
number of resonating structures is considerable, even if Ave disregard 
ionic structures. For example, in anthracene we get contributions from 
the following structures: 


H H H “ 


r H H H “1 

C C C 


C c c 

^ \ /' \ ^ \ 


\ \ \ 

HC C C CH 


HC C C CH 

1 1 1 II 


1 1 II 1 

HC C C CH 


HC C C CH 

\ \ \ / 


\ \ \ 

c c c 


c c c 

H H H _ 


H H H _ 

r H H H 1 


H H H -| 

c c c 


C C C 

\ \ \ 


/ \ \ \ 

HC C C CH 


HC C C CH 

1 II 1 1 


II 1 1 1 

HC C C CH 

1 

1 

HC C C CH 

\ / \ /' \ ^ 


\ \ \ 

C c c 


C C C 

H H H _ 


H H H 


Perhaps one of the most complicated resonance situations is found in a 
carbon plane of graphite. Some of the structures for a limited part of 
the plane are shown in Figure 7.25(1). 

Stability of some radicals may be explained by the great number of 
resonances which the removal of one atom makes possible. Thus if 
ionic structures are disregarded, the KekuM resonances are the only 
ones possible in hexaphenylethane, whereas in triphenylmethyl the 
following structures are possible: 
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If we again disregard Kckult'' rosonaru-cs, the first of these sfruetnres will 
still stand for thiee different possibilities, and tlu* second struetiirc ean 
be realized in six ways. A tendeney for the ring and its substitnents to 





Fia. 7.25(1). Resonating valence structures in the planes of graphite. 


lie in a plane is a consequence of the resonance picture. In this respect 
there is a definite deviation from older stereochemical ideas. If, for 
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instance, the hydroxyl hydrogen of phenol lies in the plane of the ring 
the following additional resonating structures can be written: 


IT 

H 

H 



+/ 

0 

0 

0 

|| 

II 

II 

c 

c 

c 

-/ \ 

/ \ 

/ \- 

Hc: CH 

HC CH 

HC CH 

1 II 

II II 

II 1 

HC CH 

HC CH 

HC CH 


\ / 

\ ^ 

C 

c- 

C 

H 

H 

H 


If, on the other hand, the hydroxyl hydrogen does not lie in the plane 
of the ring, these structures would become impossible, since they would 
violate the rule that if two atoms are joined by a double bond all their 
substituents must lie in one plane. The coplanar position of the hy¬ 
droxyl hydrogen seems to be borne out by the infrared spectra of sub¬ 
stituted benzenes. 

7.26 BINDING BY ELECTRON HOLES In discussing the alkali 
halide molecules we found an example of one type of binding by electron 
holes. If one of the two reaction partners has a loosely bound electron 
while the other partner has a closed shell except for a vacant electron 
orbit, then the loose electron will fill the vacant orbit. The resulting 
electrostatic attraction between the ions holds the molecule together. 
A different, homopolar, binding by electron holes is obtained when two 
atoms with vacant orbits, for instance, two halogen atoms, react with 
each other. 

To understand the homopolar action of the holes, we must bear in 
mind that filling of the vacant electron orbits of the reactants would 
lead to a particularly stable electron configuration. We shall use this 
closed-shell configuration as a standard of energy and judge the strength 
of binding by estimating how much energy is released when the missing 
electron orbits are filled. It mil be an indication of chemical stability 
if the molecule releases less energy than the two separated atoms would. 
In other words, electron holes lead to a homopolar bond if the electron 
orbits of the holes have a higher energy in the molecule than in the 
separated atoms. The electron holes mil thus have to “occupy” states 
which we have called antibonding, which of course means the same thing 
as saying that as many of the electrons present as possible have to be 
put into bonding states. For the particular case of F 2 , the highest 
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molecular-orbital function is an anlibon.IiuK state obtained from v 

states of the separate atoms. Tlie two liole.s in the I’., molecule are l.oth 

in tins <r state. For an antil.ondinR orbit the wave ainplitu.le in fh<- 

resion between the two atom.s is small, wlaaeas the amplitude is larae 

on the outside parts of the atoms. Thus (he ... will be founil with 

the smallest probability between the atoms, which aKain is merclv a 

repetition of our earlier rule that in honiopolar bindii.K as niaiiv e'lc<‘ 

trons as possible are locat.al between the atoms. Similar statement.s 
liold for tlie other halogen rnoleeules. 

It may be noticed that holes behave, in Reneral, in an opposite wav 
to electrons, seekiiiK to ocaipy the liiKhe.st rath,a- than the lowest orbits 
An electric held draws them in the oi.posite direction to electrons and 
in this ^vay tluO' behave as though they were ,a,rryinK positive .■harK<.s 
In fact, If the closed shell is consi,lere,l as a basic neutral structure tlieir 
presence does eau.se a positive ehaiKe. liy usinR the simplifid enuamt 
of positively charRed holes, the behavior of haloRcn atoms mav be ,lis- 
cussed also in other than chemhad respects. Thus in the theorv of the 
halogen spectra it is permis.sible to a certain approximation to dis.aiss 
the motion of one positively charge,I hole rather than the .seven electrons 
111 the outermost shell. The anah.gy with the iiositive charge is how 
ever, not perfect because the hole tends to oceupv the state with the 
highest kinetic energy which a po.sitively charged electron woukl not ,1,,’ 
It IS interesting to note in this eonneetion that the appli,-ation of the 
idea of holes in relativistic quantum mechanics has led to a theoretic il 
prediction of the positron. In this curious application .spa,'e is con¬ 
sidered filled up with a continuous infinity of electrons in n,-gative 
energy states. The existence of these states follows from relativistic 
theory, but they have never been obsen ed. The state of .space in u hi,-h 
all the energy levels are filleil up eorresponds to a closed atomic shell. 
The electrons filling the negative .states are assumed to be unobservable. 
If any of the electrons in these negative states is missing, this becomes 
noticeable as a positron. Owing to the peculiar properties of negative 
energy levels in relativistic theory, this positron behai-es in cx-erx- resp,wt 
as a positively charged electron. In particular, it differs from our posi¬ 
tive holes in that it tends to occupy low kinetie-energv states But the 
positron retains the property of a hole in one respect. '\Mien it meets an 
electron, both the electron and positron may disappear, their energy 
being transformed into radiation. This process is a perfect analogue to an 
electron being captured by a rare-gas atom with a vacant orbit; the 
positron has played the role of the vacant orbit. This positron theory 
^^^th its infinite number of unobservable electrons may seem unsatis¬ 
factory, and it may be actually replaced In' a theory that places elec- 
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trons and positrons on an equal footing. But the ‘^hole theory” shows 
how close the similarity is between the positron and the vacant place of 
an electron in an atom, and it is interesting to observe the influence 
which our ideas of the known structure of matter had on the theory of 
elementary particles. 


8. FORCES IN I'llE 



8.1 INTRODUCTION In troafinR tho .solid.s wo .shall have to apply 
the concept of atomic forces to a groat variety of strncturos In ni 'ny 
cases the forces are not very difloront from those encountered in mol¬ 
ecules. We shall start by a rough cla.s.sifieation of the forces acting 
ivithin soUds and then proceed by considering a few examines of the 
great variety of structures to which these forces can gii-e rise Follow 
ing that, we shaU treat the more common types of forces which have 
been described in previous chapters in connection with inner- and inter 
molecular forces acting within the solid. We shall emphasize hou ever 
the problems which specifically arise in the discussion of the solid state’ 
A more detailed discussion mil have to be reserved for tho metallic 
state which has no strict analogue in molecular structure. It will be 
shorni that starting from the theory of the metallic state we may re¬ 
interpret all forces occurring in solids. As a final application we shall 
treat surface phenomena. 


We shall not discuss the problem of liquids. The forces operating in 
liquids are to a great extent similar to the forces in solids. The essential 
difference is that the thermal agitation has destroyed the long-range 
order that may have existed in the solid and that it has greatly facilitated 
the exchange of molecules, thus decreasing the viscosity and producing a 
fluid. The questions connected vith liquids thus concern statistical be^ 
havior rather than elementary forces or structures, and lie therefore 
outside the scope of this book. 


The important question of the extent to which a solid is ordered will 
receive only occasional brief references. The degree of ordering dis¬ 
tinguishes, in its extremes, crystals from amorphous substances, but 
there are many intermediate steps where the appearance is crystalline, 
and yet a certain element of disorder is present. Tliis complex of ques¬ 
tions too is essentially of a statistical nature, and we shall refer to it 

only where it has some bearing on the nature of forces governing the 
solid structure. 
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8.2 FORCES ACTING WITHIN SOLIDS SoUds have often been 
called giant molecules. There are a few solids for which this description 
is entirely appropriate. Perhaps the best example is diamond in which 
each carbon atom is bound by four homopolar single bonds to four 
neighboring carbon atoms and where, proceeding along bonds, any 
carbon atom can be reached from any other carbon atom in the lattice. 
There are, however, many solids in which the nature of the forces differ 
considerably from those usually associated with the idea of a chexnical 
bond. In heteropolar crystals such as the alkali halides, probably a 
greater contribution to the binding is made by simple coulomb poten¬ 
tials acting bet\veen the ions than in any molecules. In fact, polarizabil¬ 
ity of the ions within molecules tends to equalize charges and reduces 
polarity, whereas, in ionic crystals in which the ions are symmetrically 
surrounded by other ions, the resulting polarizing forces are much 
smaller. 

A much greater qualitative difference exists between the weakly 
bound solids such as those obtained at low temperature by condensa¬ 
tion of the rare gases and the ordinary chemical structures. In these 
weakly bound crystals, the attraction is due to van der Waals forces. 
The class of van der Waals solids is in fact quite comprehensive and 
includes the solids composed of molecules. For instance, solid nitrogen 
or solid iodine and also solid benzene and other hydrocarbons are repre¬ 
sentatives of this class. Their only analogue among proper molecules 
are weakly associated dimers or polymers in the gaseous phase which 
are usually not called molecules in the stricter sense of the word. 

A further most important class of solids comprises the metals. We 
shall see that their properties differ very markedly from the properties 
of saturated molecules. Unsaturated molecules and radicals have some 
properties in common with metals, but the metals have so many unique 
characteristics that an analogy with any molecule is incomplete. 

The discussion of solids is further complicated by the fact that the 
demarcation lines among the four kinds of solids just mentioned are 
none too sharp. Thus solids such as ice in which the main binding forces 
are dipoles constitute a smooth transition between the most weakly 
bound van der Waals solids and the ionic structures. Polarization in 
ionic solids gives rise to a transition of tliis crystal type into the ho¬ 
mopolar structures. In fact, there is no quite clearly defined rule how 
many electrons shall be ascribed to one atom or ion and how many to 
another and w'e shall see later that the same crystal may be interpreted 
as homopolar or as heteropolar. Finally closely packed structures of 
any kind can go over almost imperceptibly into semiconductors and 
finally into metals. 
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In addition it is po.sil,l,. that sovond typos of aro p.osont in 

the same eiyvstal. Ihroa.ls or sl.oots of alon.s mav ho hohl toKchhor hy 

homopolar forces, whereas the intoraotion of these hi^f^er units is of tl,e 

van der Waals type Polar strn,.tores n.ay alternate with less p„lar 

bindings, and even the fom-s eharaeteristie of metals mav he most pro 

noiineed between some atoms, whereas in the eohesion of other'at ,ms 
metallic properties play a lesser role. 

In some respects, however, the study of solids is simpler than that of 
molecules. Iirst, purely geometri.al considerations of arrammments 
of a onrs in space are more easily determined in .soli,Is and inde,.,l 
be obtained more readily by X rays ami by el,.,.!ron .liffraction Sec¬ 
ond, metallic conductivity gives ,lire..t ami important information about 
the behavior of electrons ni metals. FinaMy, nuu.ros.-opie prop.aiies 

such as cleirvage planes, hardness, or melting points, give direct hint's 
as to the microscopic structures. 

8,3 VAPOR PRR.SSI RIvS AXI) MFI/nxc POIXTS OF SOf IDS 

As has been mentioned, the phy.si,.al projK.rth.s of soli.ls are vm v ch'.selv 
related to the ty,,e of forces operating in them. Two properties of these 
forces arc important: (1) their strength ami (2) their directe.l or un’ 
directed nature. Evidently, small forces are connected with a hieh 
vapor pressure as is the case in the van der Vaals solids. In addition 
we will expect that van der Vaals forces are gri-ater betiveen heuier 
atoms and bigger molecules; this regularity has been known for a'lonir 
time and can be illustrated by the vajior iire.ssures in the .solid state of 
the rare gases, halogens, or the scries of hydrocarbons, 'rhc'more 
tightly bound solids have a much lower vaiior pressure. It is interest¬ 
ing to notice the lowering in vapor jne.ssure which follows the polymeri¬ 
zation of organic compounds and the formation of plastics. 

The directed nature of forces innuences the melting point more than 
the vapor pressure. The typically homopolar comiiounds like diamond 
have strictl}' directed valence angles, and correspondingly their melting 
points are sometimes so high that they are outside the range of con¬ 
venient physical observation. In ionic lattices the forces merely re<iuire 
that there shall be a great number of oppositely charged ions close to 
each other while the similarly charged ions are kept as far apart as 
possible. Although these requirements arc sufficient to staliilize cr\ stal 
structures, they do not make the angular relations so rigid as to make 
melting practically impossible. In metals we find frequently a tendency 
for a great number of nearest neighboi-s, resulting in close-packed struc¬ 
tures with not too rigidly fixed angles and comparatively low melting 
points. 
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8.4 SHEETLIKE STRUCTURES As has been mentioned already, 
alternation of stronger and weaker forces within certain crystals can be 
inferred from macroscopic physical properties. Perhaps the best exam¬ 


ple is that of graphite where the 
atoms in plane sheets can be repre¬ 
sented [Figure 7.25(1)] as one big 
unsaturated molecule. The different 
possible configurations of the con¬ 
jugated double bonds give rise to 
the same kind of resonance phe¬ 
nomena as has been discussed in 
the examples of the closely anal¬ 
ogous organic compounds. In 
these, the double-bond electrons 
could be represented as wandering 
all over the molecule, and this 
analogy suggests that the binding 
contributed by the double-bond elec¬ 
trons in the planes of graphite is 
essentially a binding by free elec¬ 
trons, that is, a metallic binding. 
This consideration is borne out by 



Fig. 8.4(1). Plan of a single sheet in 
the black phosphorus crystal. (See also 
Struclurbericht, Vol. Ill, page 6, 1937.) 



Fig. 8.4(2). Diagram showing the 
structure of muscovite mica, 
(OH) 2 lCAl 2 (SijAl)Oio. 


the metallic conductivity of graphite. The separate sheets in graphite are 
held together by much weaker forces, as shown by the exceedingly easy 
cleavage of the crystal. Actually the valence picture can be satisfied 
within one plane, and we wiW not be far off in saying that graphite con¬ 
sists of metallic and therefore exceedingly highly polarizable sheet 
molecules held together essentially by van der Waals forces which for 
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big polarizable molecules are quite considerable but yet inferior to the 
strong forces operating within tlie sheets. 

Another example of a sheetlike structure is found in black pliosphorus 
in which the atoms are arranRed in staRRcrcd sheets as shouii in I'iR- 
ure 8.4(1). The circles marked A rcprc.scnt atoms sliRlitly above those 
marked B slightly below, the average plane of the sheet. lOach' atom 
has thi-ee neighbors satisfying the three \alcncic,s of iihosphorus 'I'i,,. 
staggered nature of the sheets is due to the fact that in phosphorus as 
in nitrogen, the valence angle is smaller than 120°. Separate sheds are 
held together by van der Waals forces. This simple jiicture is somev hat 
complicated by the fact that black iihosphorus does pos.sess an electric 
conductivity. Black pho.sphorus and graphite are examples of sheets 
within which homopolar bonds are the greate.st .stabilizing factors with 
various tendencies of the electrons toward free metallic motion. 

A sheetlike structure is even more strikinglv exhibited by the extiaior 
behavior of the crystal in the case of the mica.s. But in the micas the 
structures become a little more complicated. One “simple” structure 
that of muscovite is shouai in Figure 8.4(2). In this case the sheets 
themselves have complex structures; the binding betueen the sheets as 
well as within them is of ionic character but the different ionic radii and 
charges insure an easier cleavage near the univalent alkali ions. In 
other micas the electrical neutralization within each layer is more per¬ 
fect, and the interactions between layers are due only to multijiole and 
polarization forces characteristic of van der Waals attractions. 

8.5 THREADLIKE STRUCTURES We have just seen that some 
crystals far from constituting a homogeneous latticework can be nat¬ 
urally subdivided into sheets. In a few crystals, the natural subunits 
are one-dimensional structures or threads which in turn are held to¬ 
gether by weaker forces. We may consider sulfur as one example. 

In the ordinary rhombic sulfur one finds ringlike Sg molecules in 
which each suEur atom is linked to two neighbors; the valence angle of 
105° causes the ring to be puckered. On 
being heated to about 200° C., sulfur 
becomes a very viscous liquid in which 
the rings have opened up, and the ends 
unite to form long chains. The long 
chains impeding each other’s motion 
explain the high viscosity. If this liquid 

is now cooled, amorphous sulfur is obtained which still consists of long 
chains in a disorderly arrangement. Amorphous sulfur has rubber-like 
qualities. On stretcliing, chains which originally were bending around 



Fig. 8.5(1). Sulfur chaiiLs in 
stretched plastic sulfur. 
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in a random fashion assume the more orderly structure shown in Fig¬ 
ure 8.5(1). The sulfur chains Avhile retaining the valence angle follow 
in general straight lines. This more orderly arrangement causes sulfur 
to crystallize under high tension, a further peculiarity in which it resem¬ 
bles rubber. Somewhat similar crystalline structures are found for 

selenium and tellurium in which 
chains with each atom bound to 
two neighbors spiral round parallel 
axes, Figure 8.5(2). 

Among the silicates there are also 
found threadlike arrangements of 
strongly bound groups. Thus in 
pyroxene minerals, for example, 
CaMg(Si 03 ) 2 , chains of SiOi tetrad 

Fig. 8.5(3). Chain of tetrahedra in a 
pyroxene mineral. 


hedra are found in which two neighboring tetrahedra always share one 
oxygen. One such chain is showm in Figure 8.5(3). The chains carry a 
total negative charge and are bound together by positive calcium and 
magnesium ions placed between them. Many of these silicate-containing 
chains show macroscopically a fibrous structure. 

8.6 VAN DER WAALS SOLIDS In the last two sections we have 
seen how the difference in the nature of forces has brought about within 
the solids extensive substructures the presence of which manifests itself 
in the macroscopic properties of the body. There is a much larger class 
of solids in wliich the difference in strength of the forces causes finite 
spatial groups to exist as subunits. These groups can then be called 
molecules in a more strict sense. 

The character of these solids is determined by the fact that with the 
use of relatively little energy they can be decomposed into smaller units. 
We shall treat in this section the case where tliis decomposition requires 
a minimum energy. This will be so if no dipoles are attached to the 
constituent molecules and the forces discussed in section 6.5 are respon¬ 
sible for holding the solid together. 



Fig. 8.5(2). Diagram showing the 
structure of selenium. The spiral 
chains extend indefinitely tlirough 
the crystal in the vertical direction. 
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^ong the general properties of tl„. van ,ier Waals solids v,. have 

just mentioned is the small energy of siihlinialion. The fact that the 

van der ^^aaLs interaetum between two nomlij.o,,. molecules does no 

affect m first approximation their interaction with a third molecule 

means that there is no endency towards the formation of bigger group! 

containing several mo eiailes. Further, these van der Waals fores 

depend on direction only when the interacting molecules are not spheri'- 

cal and only insofar as these molecules tend to get into close c, iita,-t 

and par icnlarb' tend o bring their polarizable parts as close to-mther 

as possible^ This wil re.sult in closely p.acked .structures, and the 

absence of d.roetmnal forces gives rise to easily deformable .solids with 
low melting points. 

The simplest crJ^stals of this type are ..1 by solidifving the rare 

gases We shall leaye out of coii.si.leration here helium, in which the 

very low van der Waals biii<hiig energy and the small mass of the lielium 

atom make It neces.sary to take quantum effects into account when 

discussing the positions and motions of the helium nuclei This 

makes helium a uniiiue substance. The motion of all oth,.r nuclei 

in physico-chemical processes can always be described by classical 

theory in reasonable approximation and mo.st often in' excellent 
approximation. 

In crystals of neon, argon, krypton, and xenon the atoms are arranged 

in the way in which spheres can be ,lacked together mo.st tightiv I'ach 

atom has 12 nearest neighbors. The m<.|ting points rise regularly with 

increasing atomic weight as would be expei ted from the greater polari- 
zability m the heavier atoms. 

But the agreement between expectation and experience <loes not 

extend to the finer details of the crystal stnidure. We shall give a de 

tailed discussion of a structure in order to illustrate the difficiilties 

which anse if one attempts to explain quantitativelv even the simnlest 
of the cr 3 ^stals. 

The actual arrangement of atoms is that of cubic clo.se packing. This 
stni^cture can be described in terms of hexagonal sheets of atoms one 
such sheet being shown in the Figure 8.0(1). The circles with the nu¬ 
meral 1 in their centers represent the atoms of a sheet. A .second similar 
sheet is placed on top of the first, with the atomic centers situated aljovc 
the points designated by the numerals 2. Thus each atom of the second 
sheet A\ill touch three atoms of the fii-st. The sheet lying above the 
second sheet wiW have its atoms vertically above the numbers 3 in the 
figure so that each atom of tliis sheet will again touch three atoms of the 
previous sheet. The atoms of the fourth sheet lie vertically above the 
atoms of the first and from there on the structure repeats itself. Thus 
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each atom is surrounded by 12 other atoms, 6 from its own plane, 3 from 
the plane above, and 3 from the plane below. 

\ second close-packed structure of spheres is kno\vn which differs 
1 .'om the one observed in rare-gas crystals, namely, the hexagonal close- 
packed structure. This structure contains sheets similar to the cubic 
close-packed structure. The atoms in the first and second sheets have 
actually the same position as in the cubic close-packed arrangement 
But the atoms of the third sheet do not lie perpendicularly above the 



Fig. 8 .6(1). Diagiam of cubic close-packed structure, 
cate atoms in successive crystalline planes. Starting 


structure repeats itself. 



Numerals 1, 2, and 3 indi- 
from plane number 4, the 


positions designated by the number 3 in Figure 8.6(1); they lie per¬ 
pendicularly over the atoms of the first layer. Thus the layers alter¬ 
nate between the positions 1 and 2 rather than alternating cyclically 
among the positions 1, 2, and 3. 

The number of nearest neighbors is the same in the he.\agonal and 
cubic close-packed arrangements. If the lattice energy is considered as 
the sum of interactions between neighboring atoms, no difference is 
obtained for the energies of the two arrangements. It is then of interest 
to ask why the rare-gas crystals have cubic rather than hexagonal arrange- 

We might suspect that the cubic close-packed arrangement is stabil¬ 
ized by interaction between second and perhaps further neighbors. 
Though the van der Waals potential decreases with the sixth power of 
the distance, the great number of farther atoms could possibly malra 
their influence significant. But if the sum of interaction potentials 
among all pairs of atoms is taken, it is found that the lattice energies 
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for the hexagonal and cubic arrangements dilTer by less than one thou¬ 
sandth of their value, and whatever dilTerenee exists would tend to 
stabilize the hexagonal rather than the cubic lattice, 't he small value 
of the ditference between the energi<‘s of the two ariangements would 
lead us to expect that a random mixture of the two lattice arrangements 
would result with a la\-er of typ<> 2 or 3 following laj-er I, a layca- of type 
3 or 1 following 2, and a layer of typo 


1 or 2 following 3, without any rela¬ 
tion to the further removed lavers. 

% 

It seems that in order to explain 
the stability of the cubic lattice it is 
necessary to assume that the forces 
within the crystal arc not strictly 
additive; tliat is, the interaction be¬ 
tween any two atoms is infliuaiced 
to some extent by the configuration 
of other atoms. It is most likely 
that the bulk of the lattice energy is 
due to simple additive forces acting 
between pairs of atoms. In fact, 
the lattice energy can be estimated 
satisfactorily on this basis using 
the experimentally known constants 
for the rare-gas atoms and the for¬ 



l'i<}. 8.0(2). I'lu* structure? of hca- 
zcnc. 1 lu“ .''luulcd tJiolcculc.s arc? di.s- 
plnccd vertically relative to the 
othcis tliroutih oni'-lialf the licislit 
of the unit cell. 


mula for the van der Waals potential 


given in section 6.5. But the actual structure of tiie solid cannot be 
obtained w'ithout taking into account the presumably small iionadditive 
corrections which have to be applied to these potentials. That the 
actual structure of a solid depends on a delicate balance of energies is a 
rather common occurrence and explains the polymorphisms, that is, 

changes of structure at certain temperatures and inessures, that are so 
frequently observed. 


Though the van der Waals forces are generally speaking nondirected, 
they nevertheless can produce somewhat complicated crystal arrange¬ 
ments if the molecules to be packed are nonspherical. The structure of 
benzene w^hich may serve as an example is shown in Figure 8.6(2). The 
groups of three circles represent three C-H groups of a benzene ring 
whose plane is at right angles to the plane of the paper. The other three 
C—H groups are immediately underneath. The shaded molecules are 
displaced vertically with respect to the unshaded ones. Thus the crystal 
consists of alternating planes represented by the shaded and the non- 
shaded part of the figure. 
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The interatomic distances between atoms within a molecule are as 
a general rule, somewhat greater in a van der Waals solid than in the 
corresponding gas. As an example we may mention iodine. The dis¬ 
tance between two iodine atoms of the molecule is 2.65 A. in the gas 
whereas the distance in the solid is 2.70 A. Great distortion of distances 
within molecules signifies, of course, a tendency to depart from the pure 
molecular lattice and an approach to a more uniform binding between 
all neighbors, 

A somewhat more explicit explanation of the greater inner-molecular 
distances of a van der Waals soUd can be given in terms of the depend¬ 
ence of the forces on polarizabilities. According to this theory the 
interaction energy of molecules increases mth increasing polarizability 
of the molecules. Now the polarizability usually becomes greater with 
increasing distance between the atoms A\ithin a molecule. The energy 
necessary to change slightly the inner-molecular distances is more than 
compensated by the increased interaction between the molecules. Gen¬ 
erally speaking, the ground state of an isolated molecule represents the 
strongest possible binding of the constituent particles, and it is not sur¬ 
prising that the structure is somewhat loosened if the particles are sub¬ 
ject to additional external forces. 

8.7 DIPOLE STRUCTURES, THE HYDROXYL BOND AND 
THE HYDROGEN BOND Van der Waals forces holding crystals 
together are, of course, much stronger if they are produced not merely 
by the interaction of polarizabilities but by permanent dipoles. Attrac¬ 
tion due to such dipoles aaHI, of course, favor certain orientations, thus 
giving rise to quite complex structures. 

If the dipole is due to a hydrogen-containing group such as OH or 
NH 2 , the binding often shows a peculiar behavior which is not quite 
completely described by the simple picture of dipoles. We have already 
seen in discussing the interaction energy between water molecules that 
consideration of a detailed distribution of charges within the water 
molecule will have a decisive influence on the most stable configuration 
of these molecules with respect to each other. Thus the arrangement 
shown in Figure 8.7(1)A w'ould be the most stable configuration of 
water molecules if Ave describe the electrical properties of the molecule 
by attaching to it one dipole moment bisecting the H-O-H angle. If, 
hoAvever, Ave take into consideration the existence of two distinct centers 
of positive charge in H 2 O, we find that the configuration shown in 
Figure 8.7(1)R is probably the more stable one. The interaction energy 
for this configuration can be estimated, and A\*e find that it is of the 
right order of magnitude to explain the binding energy of ice. In fact, 
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the sH-ucture of ice can be describc.l by placinR four liydrogon atoms 
around each oxygon m a tetrahedral distribution. Two of these In-drogon 
atoms belong to the same molecule as the oxj-gen atom while two others 
belong to adjacent oxygen atoms and point toward the oxyg.m atom in 
question The hydrogen atoms within the same molecule are rather 
closer to he oxygen atom than are the other two hydrogens; but beyoml 
each of the four hydrogen atoms on four straight lines there are fLml 
four oxygens at equal distances from the original oxygen atom. lOaeh 
0-0 distance is a sum of two unequal distances 1.1 A. f,„„„l „.ithin a 
molecule and approximately 1.0 A. found for the di.stance between the 





Hydrogen 

atoms 


Fig. 8.7(1). 


St«l)Io configGralirms for two wattT inoloculcs 

A. Interaction of dipoles 

B. Kxcess cliargcs on indiviiliial atoms. 


assuming 


H atom of one molecule and the O atom of an immediate neighbor 

Actually the X-ray investigation of ice fixes only the distance betneen 

0 atoms, whereas the positions of the M atoms arc inferred from spec- 
troscopic data obtained in gaseous II 2 O. 

Because of the difficulty of packing tetiahedra closely, ice has a 
rather open stnicture and a low density. In this case the electrostatic 
forces trying to pull positive and negative charges as closely together as 
possible have produced the loose tetrahedral co-ordination. Any closer 
packing, though favored by the interaction of polarizabilities, would 
necessitate closer approach of charges of the same sign. We may con¬ 
sider this situation as the first though not the best example of an impor¬ 
tant principle in the building of ionic cr 3 ^stals which we shall call the 

f 7 1 _ *' this principle, the name 

of which IS self-explanatory, is merely a statement which helps in find- 

mg ydthout a detailed calculation a configuration of charges yith the 
lowest electrostatic energy. 


Although the structure of ice can be explained by essentially electro- 

droxyl groups both 

in OH 2 and in the ion OH tend to follow each other not in a straight 
line but rather in an angle not very different from the tetrahedral angle. 
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A relatively simple example of such a binding of OH groups is found in 
the structure of boric acid, B(OH) 3 , which forms a layer crystal. Some 
layers are represented in Figure 8.7(2). The angular disposition of the 
OH groups is evident. We might again argue that the structure is 
mainly stabilized by electrostatic forces. Another possible explanation 
can be given in terms of directed valencies. If a positive charge ap¬ 
proaches the OH“ ion, the most stable configuration will be found for 
that direction of approach in which a proton would be bound to OH"" 



I-1- 1 _- 1 » ^ O • o 

01234 5A OBH 

Fig. 8.7(2). Structure of boric acid, B(OH) 3 . 


to form the H 2 O molecule. In fact, an electron orbit can be constructed 
that protrudes relatively far in that direction and the electrons of which 
may meet relatively easily the approaching positive charge. From the 
pure electrostatic reasoning we might expect that the best possible line 
of approach of a positive ion A+ is along the 0-H axis as sho^vn: 

A+ O—H 

But the same detailed consideration of the electron orbits which explains 
why the H-O-H angle in water is not 180° may also cause the A”^ ion to 
approach from another direction than along the axis. 

The same kind of consideration can also be applied to H 2 O when a 
positive ion approaches. Since the ion HsO"^ as well as the isoelectronic 
ammonia have a pyramidal structure, it is possible that the most favor¬ 
able direction of approach for the A"^ ion is in a direction outside the 
HgO plane. Thus, not only is the A"^ ion attracted to the negative re 
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gion of the IIoO dipole, l)ut also it is attracted in a <lircctional way the 

direction being determined by that of the bond whi. l, conid l,e formed 

were the positive ion to approach closely enough to be incorporated in 

the molecule. The e.xpression ‘■residual valency" may be correcth- 

applied to describe such a binding due to a i.referential polarizability of 

the molecule that correspond.s to a potential bond formation, d'lie 

residual valence of the OH group which tends to attract positive ions 

roughly at a tetrahedral angle to the 0-11 axis, is .sometimes called the 
hydroxyl bond. 

A shnilar situation should occur with the Nil,- ion where one would 
expect the A+ ion to be attracted from a ilirection forming roughly 
tetrahedral angles with the N-Il bonds. That Xlh, attracts a positive 

ion in such a way as to form a H^X.A+ tetrahedron is due both to 

the action of directed residual valences and to the simpler reason that 

the A+ ion must approach the negative X from the direction which is 
not occupied by positive hydrogens. 

The attraction of a hydrogen atom for a neighboring negative ion is 
so pronounced that a symmetrical structure has been suggested in 
which the hydrogen is criually strongly bound to the atom to which it 
was attached originally and to the other atom with which, according to 
the original picture, it should interact only with van dcr tVaals forces 
As an example one may (|uote the dimerization of formic acid If in 
this dimer the hydrogens of the two hydrox.yl groiiiis arc placed sxmi- 
metrically between two oxygens, two hydrogen bridges between Hie 
two formic acid molecules are formed. We have discussed this structure 
in section 7.24 and found that the energy of formation of the dimer may 
1)6 6xpl4iin6(i ithout cictuQl sliuring of tlic livdrogoiis 
A direct decision could be obtained by detennining the positions of 
the hydrogen atoms, but our diffraction methods are not capable of 
doing tliis. There is some indirect evidence in the formic acid dimer 
for the presence of resonance. All distances between neighboring C 
and 0 atoms have been found to be ccjual, whereas in the absence of 
resonance we would expect the C=0 distance to be .smaller tlian the 
C O distance. It must be remembered that even the pure electro¬ 
static van der Waals forces will stretch the original bond by which the 
hydrogen was held while causing an approach of the hydrogen to a 
neighboring negative ion. Thus a gradual transition is possible between 
the pure electrostatic binding and the resonance binding which occurs 
for symmetrically located hydrogens. 


8.8 IONIC CRYSIALS Simple examples of ionic crystals such as 
the4ilkali halides were among the fii-st to be subjected to a theoretical dis- 
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cu.ssion. The reason for this was that the main part of the binding energy 
is a sm .e electrostatic attraction, and thus the energy of formation of 
the crystal could be estimated from the ionic charges and the ionic dis¬ 
tances. In order to obtain accurate results one must include, of course 
other forces such as the interactions of the polarizabilities, the van der 
Waals repulsion forces, and also that part of the van der Waals forces 
which describes the polarization of one ion by the charge of the neigh¬ 
boring ions. The latter forces, though exceedingly important in a 
gaseous alkali halide molecule, are far less strong in an alkali halide 
crystal in which each ion is symmetrically surrounded by a relatively 
great number (six or eight) of oppositely charged ions, the fields of 
which cancel each other to a considerable extent. But just because the 
main effect cancels, the residual polarization is difficult to calculate and 
has not been taken into account. The effect of the other forces has 
been taken into account, and it has been proved possible to establish a 
relationship, \rith their help, between the energy of formation of the 
crystal and some other properties. Among the latter, the compressibil¬ 
ity of the crystals is of particular importance since it gives a measure of 
the forces that are produced by changing the distance between the ions. 

In Table 8.8(1) calculations on the energy of formation of the alkali 
halide crystals are summarized and compared with, experimental data. 
(The fluorides have been omitted because for these substances experi¬ 
mental data are incomplete.) The first column contains the substances. 
The second column gives the electrostatic energies per molecule, that is 
the work that has to be performed against electrostatic attractions and 
repulsions of point charges if the lattice is decomposed into isolated ions. 
This energy, as well as all the follovung energies, is measured in units of 
electron volts. 

In the third column the energies are listed which are due to the 
interaction of polarizabilities. Only the forces between the highly 
polarizable negative ions are of importance. To calculate these, data 
on the spectra and refractive indices of the alkali halide crystals were 
used. It may be noticed that in this way not the properties of the free 
halogen ions were used as the basis of the calculation, but rather the 
properties of the halogen ions as modified by their surroundings in the 
crystal. The figures given in the third column are, therefore, semi- 
empirical, but their importance is comparatively small. 

The potential energies due to the van der Waals repulsive forces are 
given in column four. In calculating this potential, it is assumed that 
the forces have the exponential form discussed in the previous chapter. 
But two constants (the factor in front of the exponential and the factor 
multiplying the interionic distance in the exponent) have been adjusted 
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empirically. These constants have been chosen in such a way as to 
obtain the coriect densities and compressibilities for the crystals It is 
interesting to compare this empiri.al fornmia with tlie one given in 
section 7.3. There wo liavc found tliat the e.\ponent in tlie van der 
Waals repulsion foree depeiuKs on the liinding energy of the mo.st loosely 
bound electron. In the present ease this is the himling energy of the 
extra electron on the negative ion. (This binding energy is called the 

T.ABLt; 8.8(1) 

Lattk-k ENcaoiKS or .\i,kai.i Halides 



Electro¬ 

Interaction 

\’an der 
\\'aaLs 


static 

of Polariza¬ 

Re|)ul- 

Sub¬ 

Encr^j' 

bilities 

.'^ion 

stance 

in e.v. 

in e.v. 

in e.v. 

LiCI 

9.75 

0.16 

1.17 

LiBr 

9.07 

O.M 

0.98 

IjI 

8.23 

0.16 

0.79 

NaCl 

8.92 

0.13 

1.03 

NaBr 

8.41 

0.12 

0.90 

Nal 

7.77 

0.14 

0.74 

KCl 

7.99 

0.17 

0.94 

KBr 

7.62 

0.16 

0.82 

KI 

7.10 

0.16 

0.69 

RbCl 

7.68 

0.20 

0.87 

RbBr 

7.30 

0.17 

0.76 

Rbl 

6.82 

0.17 

0.67 

CsCl 

7.08 

0.33 

0.77 

CsBr 

6.80 

0.30 

0.71 

Csl 

6.40 

0.29 

0.63 



Iv.vperi- 


battice 


niental 

Kxperi- 

IbnePKies 


battice 

niental 

Obtained 

f.attico 

ICiUTKies 

battice 

by the 

by Mayer 

Energy 

B(irn - 

r-neiKy 

and 

by Salia- 

Il.aber 

in e.v. 

Helinholtz 

Tandon 

('yele 

S. 63 

8.74 


8.65 

8.16 

8.23 


8.10 

7.56 

7.60 


7.65 

7.94 

7.86 


7.90 

7.58 


7.65 

7.60 

7.10 


7.23 

7.17 

7.17 

7.22 


7.12 

0.71 


6.90 

6.74 

6.5-1 

6.66 

6.52 

6.57 

6.95 



6.98 

6.67 

6.56 


6.74 

6.30 



6.36 

6.51 



6.58 

6.34 



6.40 

6.04 

6.13 


6.11 


“electron affinity.”) In the empirical van der Waals formula the 

exponential factor drops off somew hat more sharply than is predicted 

by our formula in the previous chapter, if the electron affinity of fiee 

negative ions is used in that formula. We may, indeed, e.xpect that in 

the crystal the outermost electron of the negative ion may be a little 

more confined to the neighborhood of the ion than is the case for the 
free ion. 

Column five gives the end result of the theoretical calculation, the 
"lattice energy.” This energy is defined as the work needed to dissociate 
the lattice into pure positive and negati\*e ions. Like all other energies 
in the table, the lattice energy is expressed in units of electron volts and 
is to be interpreted as the energy per alkali halide molecule. The lattice 
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energ}’^ is calculated by adding the energies in columns two and three and 
then subtracting the repulsive energy in column four. Actually a fur¬ 
ther small correction was included in the figures of column five. Because 
of the uncertainty piinciple, atomic nuclei are not quite sharply localized 
even when they are in the lowest possible energy state. Thus the nuclei 
will not be found exactly in the equilibrium positions of the lattice to 
which the numbers of columns two, three, and four would apply. 'Wq 
can apply the needed correction by subtracting the “zero-point energy*^ 
of lattice vibrations from the value obtained from the previous columns 
It should be emphasized that this correction is small and that it can be 
obtained with quite a high accuracy from the experimentally known 
lattice frequencies. 

Column six gives the experimental values of lattice energies obtained 
b}'- Mayer and Helmholtz. The procedure was to measure the concen¬ 
tration of alkali and halogen ions in the gas phase over a heated alkali 
halide crystal. The lattice energy can then be determined from simple 
thermodynamic relations. These measurements have been carried out 
for only a few kinds of crystals. In column seven are shown similar 
measurements by Saha and Tandon and by Tandon. 

The last column gives the lattice energy obtained by a more circuitous 
procedure; the Born-Haber cycle. We consider the dissociation of the 
lattice into the ions in the following steps; (1) The lattice is decomposed 
into the solid alkali metal and the diatomic molecules of the halogen 
gas. (2) The alkali metal is evaporated, and the halogen molecules are 
dissociated. (3) The alkali atoms are ionized, and the electrons so 
obtained are attached to the halogen atoms so that we are left with 
positive alkali ions and negative halogen ions in the gas phase. The 
energy of each step mentioned has been measured. In this way we 
obtain an independent experimental value for the lattice energy. This 
value is shown in column eight. 

It ma}'^ be seen that the dift'erence between theory and experiment is 
not greater than the difference between the various expeiimental fig¬ 
ures. Of course, the theoretical derivation contained, in many instances, 
empirical constants; but these empirical constants Avere never adjusted 
to give the best fit for the lattice energies but rather to describe some 
other properties of the crystals such as density, compressibility, refrac¬ 
tive index or the ultraviolet absorption. On the Avhole, it may be said 
that the agreement which has been obtained is a fine confirmation of the 
method used in calculating forces and energies within a polar solid. 

Though the ions are fairly good subunits in these crystals and thus 
the crystals can be discussed in fairly good approximation by consider^ 
ing the interaction of those subunits, our discussion of tlie rare-gas 
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crystals indicates that, a detailed explanati.m of even flu- si,niil<..l laf 
tice is very difficult. Thus (he .simple laKiee theoiv appliell (he 
alkali halides has failed to predict in a salisfaelory u;,v (he frei.nenev 

inns move in one diicc- 
tion and all nefiative ions move in the oppo.-,ite direction The indic i 

tions are that in this kind of a displacement the restorinu forces are i,f 

a somewhat dilTerent nature from (hose in the displacement whici, cor 

responds to a simple compression of t he ci N stal. It will perhaps he neces 

sary to introduce nonadditive forces, that is to a.ssnme (hat the interae 
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tion between two ions is innuonoed by the presence and jjosition of a 
third ion. Another problem, the complete chirifieation of which lies 
outside the scope of the simple lattice theory, i.s connected with the 
stability of the two crystal structures common among alkali halides 
namely the sodium chloride and eae.sium chloride structures.* The 
structures of these two salts are represented in Figure S.8(l). 

Qualitatively, it is easy enough to understand the factors which 
stabilize one or the other of these structures. If tlie two ions in the 
lattice are of very different sizes, that is, if the negative ion is very 
much larger than the positive ion, then the negative ions actually toueli 
and foi-m a cubic close-packed structure with tlic positive ions fitting 
into the interstices. In the sodium chloride structure, shown in Fig¬ 
ure 8.8(1)A, each ion is surrounded by six ions of the opposite charge. 
But the second neighbors of each ion are 12 ions of a similar charge 

which have the same configuration as the 12 neighbors of a rare-gas 
atom in a rare-gas crystal. 

Thus in sodium chloride structure the factor detennining the con¬ 
figuration of the ions is the desire of the highly polarizable negativ^c ions 
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to be closely packed. In such a close packing the interaction of the 
polarizabilities of the negative ions are fully effective while the placing 
of the positive ions into the interstices more than compensates the 
repulsion of the negative ions. 

The caesium chloride lattice is stable if the positive and negative ions 
are of comparable size. Then there is no room in the interstices of the 
closely packed negative ions for the positive ions, and that structure 
becomes more stable in which each ion is surrounded by as many oppo¬ 
sitely charged ions as possible. This happens in the caesium chloride 
sti-ucture where the number of closest neighbors, which was six for 
sodium chloride, is increased to eight. 

Quantitative calculations of lattice energies prove the stability of the 
sodium chloride type for very unequal ionic radii in agreement wnth 
experience, but, if the radii of the positive and negative ions are not 
very different, theory predicts a rather small energy difference between 
the tw'o structures and is not quite sufficient to predict the structure of 
such alkali halides in every instance. Again, a more detailed descrip¬ 
tion of the forces seems to be necessary before a complete explanation 
can be expected. 

Although the number of ionic crystals is very great, the general 
principles governing their stinjcture are the same as have been mentioned 
before. The structure is primarily determined by two factors: (1) the 
principle of microscopic neutrality -which requires that ions of opposite 
charge should be as close as possible to every ion, thus giving effectively 
as uniformly neutral distribution of charge as possible; (2) the strong 
van der Waals repulsion which sets in rather abruptly when the ions 
approach to a distance where their electronic distributions begin to 
overlap. It is to be expected and is roughly verified that this distance 
can be written as the sum of tw^o distances characteristic of the two 
neighboring ions called the atomic radii. We have already implicitly 
used these radii in discussing the alkali halides. The interplay of the 
coulomb forces and microscopic neutrality tending to di-aw opposite 
ions close together, with the influence of ion radii not allowing an 
approach of the ions beyond a certain limit, produces varied and some¬ 
times quite complicated crystal structures. 

8.9 IONIC COMPLEXES It often occure in ionic crystals that a 
small group of ions is held together by particularly strong forces thus 
effectively forming a subunit in the ion structure. If these subunits are 
themselves neutral, we maj'- expect them to be held together merely by 
van der Waals forces, and a van der Waals crystal is obtained. If on 
the other hand, the subunits happen to carry a net charge, we can con- 
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sider them as groat ions or more speeilieally as complex ions wlmh 

themselves are bu.khng blocks of wim-h (he ervstnl is fonn<.,l Well 

kno\\Ti examples of complex ions arc (’X- x - X() - r-n__ 

NH.- ire(CN)orx- Cue,.-, and olh.ns.’ ‘wdl/theL.;,;; i 
the dmtomu- ami tr.atonne .ons, all exa.nples are built around one cen¬ 
tral (on. he central ,on .s as a ml,, snndl and strongly ,.harg,.,l an,l ,.an 
hold ne.ghbor.ng .o..s by fo.res st.-onR,.,- (ha., (hose bv uhi<.h the ..eieh- 
bo.-.ng tons are heh to f,.,ther i.a.s in the e.ystal. Sin,.e posit.vo i,ms 
are usually smaller than negative ,mes, the ec.t.al ion is as a rule p,.sil 
t.ve the only ..otable exeept.ons being XII„+. an.l H,„+ eo.nplexes in 
wh.ch the ee..t.al a to... has o be .ega.-.led as the negative eo.,st.tnent 
Freq..ently the central .o.. has a positive eha.ge so high that n.aler 
no.-mal c.rcu...s a..ees we w.mhl exp..ct it to attract eh.et.-o.,s an.l at 
least partly ..ei.t.-ahzc .ts cl.a.gc. Such a.e the C++++ in ft) — 

S++++++ in SO4-- and even the Cl+++++++'io.. in CIO - t 1 
ions achieve stability by att.-acti,.g an.l pola.izing negative i,'..,.; so tZ 

the h.g. .on.zat.on energy .s compensated by the high electrostatic 
eneigi' thus hberated. the net elTeet is that, fo,- insta.iee i,. S(b~ 
elcctrons of the S atom a.-e shifted to (he outside onto the O atoms thus 
gctt...g f..rther apart while .■e...ai..i..g h. a .-egion of n.ode.ately s’t.'ong 
nuclear attraet.on. Of cou..se, it is possible to .-epresent ions like SO,-" 
by start.ng w.th a mo.e unifo.m .list. ibi.tion of eha.ges a.id w.iting for 
instance, the formula for SO4 as a reso.ia..ce of structures of the ty[)e: 


There are s.x such structu.es co.Tespo..,ling to six possible selectio.is of 

two oxygens. Further structu.es ca.. pa. ticipate i.. the .■eso..a..cc • tho.e 

ts of course a contii.uous tra..sitio.. betwee.t the purely ionic stri’.ctuie 

and the one in w hich resottances between ho.t.opolar structures pre- 
dominate. 


The geometrical arrangement of the atoms or gi-oups in the complex 
around the central atom can be considered from different angles. In the 
pure ionic description the electrostatic repulsion and the ionic radii will 
tr 3 ^ to separate the outer ions or groups of the complex as far as possible 
from each other. This will very naturally give rise to a linear ariange- 
ment in a triatomic complex, to a sj’mmetrical plane arrangement in a 
tetratomic ion like CO3 , to a symmetrical tetrahedron arrangement 
in an ion like SO4 , and to the arrangement on the six cornei-s of a 

symmetrical octahedron in an ion like CoCIg -. It is significant 

that these geometrical configurations are always the stable ones if the 
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total number of valence electrons in the complex is just sufficient to 
give rise to rare-gas shells around the outer ions while leaving the cen¬ 
tral ion bare. Other ions such as the bent N 02 “ and the low pyramidal 
SO 3 do not satisfy the aforementioned condition and indicate that 
in such ions other forces than those due to electrostatics and van der 
Waals repulsion not only are present but also have an influence on the 
geometrical configuration. The previous statements about complex 
ions can be generalized to cover polyatomic molecules; thus CO 2 with 
16 valence electrons is linear while NOCl is bent. Of course, this does 
not prove that the former compounds are purely ionic but merely shows 
that, whenever a stable ionic structure can be written with all electrons 
accommodated on outer ions, the other important resonating structures 
will as a rule not give rise to directed valencies in directions that would 
prohibit the simple linear, planar, or tetrahedral stmctures. 

The other way to determine the geometrical configuration of a com¬ 
plex ion is by considering the forces within the ion as directed valence 
forces. Thus the structure of NO 2 ”" can be written as a resonance of 
the two structures: 

0=N—0“ -0—N=0 

Now we have seen earlier that the three valencies of nitrogen tend to 
include angles smaller than 120 ®, and a bent structure of the NOa” be¬ 
comes plausible. It is to be noted that such bent structures are never 
favored by the ^^alence picture if the central ion does not carry some un¬ 
shared electrons. Indeed, whenever all the orbits of a shell around the 
central atom are available for the construction of valence-orbital func¬ 
tions, we can always construct these functions in such a symmetrical 
way as to gi\'e rise to the same geometrical configuration as the one 
obtained from the pure ionic structure. We might imagine that the 
reason for the bent nature of N 02 “ is the presence of two unshared 
electrons on the nitrogen atom which occupy’' an orbit extending toward 
the third corner of a triangle, two cornel's of w^hich are occupied by the 
O atoms. 

A particularly interesting influence of directed valence orbits in 
complex ions is afforded by the [Ni(CN) 4 ] complex. Surprisingly 
enough, the (CN)“ groups occupy the comers of a square rather than 
the corners of a tetrahedron. To explain this we must use a description 
already implied in the previous discussion. We first take two electrons 
from the Ni atom so that we can form four (CN)“ ions. Then we have 
to group these (CN)~ ions around the Ni"^"^ ion in such a way that the 
electrons of the (CN)“ ions which are turned toward the Ni'^'*' shah be 
able to penetrate as far toward the central ion as possible. One electron 
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pair from each (ON) ion will be nsed f..,- ,|,al p„r„„se, (I,ns divine a 
partial smglivbond character to the Xi-( X bonds. \\ e Inno th.-,cfo,v 
to accommodate four electron paii-.s i„ f,,,,,. „,|,i(,s around Xi * ' ll,, 
orbits must be unoccupied in (he original ion an.l indeeil must be o’rtho^ 
onal in the wave-mechanical sense to those orbits aheadv o.-cunied 
Now m Ni the 3.s and 3p shells are Idled, an.l .aghl more ,.|e,-irons 
are placed m 3d and -Is orbits. 'I'he angular .Icpcml.-m.e of a d orbit 
alone IS a little difl.cult to write, but tin- hybridization of tin- ,s- orbits 
and the five d orbd.s lea.ls to the .same angular .lep.-ndem-e as (hat of 
the S1.V fiinc ions .r , .rr, (,f ,|,ese si.x orbits, four are o,- 

ciipied by the eight 3d electrons, an.l two arc availabl,- to.reth.-r vith 
three somewhat higher -l/i orbits. Tin- latt.-r Inn-.- ,l,e sam,- angul-ir 
dependence as the functions x, ami r. ( sing a linear .-ombination of 
a p orbit with an unoccup.e.1 hybri.lizc.l .,d orbit, we mav con.strm-t 
such an orbit which extends particularly strongly in one .lir.-clion 'I hc 
angular dependence of such an orbit can be written siniboli.-db- -is 
-f- which function extends far in (ho positive r direction ' If 'in 
addition to the p orbit of the type ,r which wc have alr.-adv emplov.-d 
we use just one more p orbit, for instance //, we mav construct alto.rether 
four symmetrically situated valence orbits which can be written as 

X +x,x - x,y- + y, and y’ - y, extending, ic.sjiectivelv, in (he posi¬ 
tive a: direction, in the negative x .lirection, in the positive y direction 
and in the negative y direction. \fe actually obtain, therefore four 
valence orbits pointing towards the four corners of a .s(|nare by ’using 
two hybridized functions an.l combining (hem with two p functions 
If tve had constructed the four valence orbits by usim. three r-ither 
than two p functions, it would have been pos.sible to .ibtain a t.-trahedral 
co-ordmation for [Ni(Ci\) 4 l—, hut -Ip orbits lie higher than the 3d and 
is orbits so that it is reasonable to use as few of the p orbits as iiossible 
By using other combinations of s, p, and d orbits we can obtain jirac- 
tically any co-ordination we choose. For instance, by using three 
hybridized sd orbits and three p ^orbits we may construct six orbits 

X + X, X — X, + y, 1/ — y^ ^ -f z and — z, p.iinting towards 
the six corners of an octahedron. This co-ordination is indeed ([uite 
common. But it should be noticed that a siJocific effect of directed 
valences in co-ordination complexes should be expected only if there 
are not too many orbits of the central ion available to be filled in by 
electron pairs draA\-n from the outer ions. If the number of the available 
orbits is too great, this will mean that the electron pairs can be accom¬ 
modated in orbits of any geometrical configuration; that is, no pro¬ 
nounced directional effects exist. Thus it becomes clear wh}^ directed 
co-ordination bonds are found for those transition elements in which a 
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d shell is nearly filled and only few d orbits are free for occupancy by 
electron pairs participating in co-ordination bonds. 

8.10 HOMOPOLAR CRYSTALS The best-known example of a 
crystal in w'hich all atoms are linked together by strictly homopolar 
bonds is diamond, the structure of which is shown in Figure 8.10(1) 
Each carbon is surrounded by four other carbons situated on the cor- 
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Fiq. 8.10(1). The structure of diamond. 

ners of a tetrahedron. The valence orbits can be considered the same 
as the C-C bond in a molecule. 

Just as it is impossible to discriminate strictly in a general way between 
a homopolar and a heteropolar bond, so there exists a continuous transi¬ 
tion between homopolar and ionic crystals. The diamond is, of course, 
strictly homopolar since there is no reason for the electron pair shared 
between two neighboring carbons to be attached more strongly to the 
one atom than to the other. A gradual transition from the homopolar 
to the ionic lattice takes place in the series of the crystals of diamond, 
aluminum phosphide, zinc sulfide, and silver iodide. The structure of 
ZnS is shown in Figure 8.10(2); AlP and Agl have similar lattices which 
differ from the diamond lattice in that each atom is now surrounded by 
four atoms of the opposite kind. A symmetrical surrounding of this 
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kind may seom in the first moment ratlior 
phide which consists of trivalent atoms. 

chemically by assuming either that a crystal consists of univalent 
and univalent P+ ions or that very small Al“* ^ions occur 

stices of the close-packed structure of very large P- 

explanation involving univalent ions will probably be favored, 
reality it is largely a matter of defi¬ 


nition which of the two ionic struc¬ 
tures we adopt. The essential fact 
is that the sum of the valence elec¬ 
trons of aluminum and phosj)horus 
is eight and therefore just sufficient 
to fill four valence orbits shared by 
the aluminum aiul phosphorus. W'e 
may arbitrarily associate all these 
eight electrons with the phosphorus 
giving none to the aluminum which 
would lead to P and 
ions, or we might almost eciually ar¬ 
bitrarily assume that one electron of 
each pair belongs to phosphorus and 
one to aluminum which will then 
lead to the Al“ P"*" formula. 

Similar statements may be made 
about zinc sulfide in which either 
the Zn'^+ S or Zn , S++ for¬ 
mula can be postulated. The fornu'r 
electronic arrangement would indi¬ 
cate a pure ionic crystal, whereas in 


strange for aluminum j)ho.s- 
We may (*xplain the slriictun* 

Al¬ 
in the inter- 
ions. 'J'lu* 
Hut in 



0 1 2 3 4 5A ^ 

• s 


I'JG. 8.10(2). The .structure /inc 

blende. 


the latter formula homopolar binding is as important as the coulomb 
forces. In silver iodide the transition to an ionic crystal is practically 
completed since here the Ag+, 1” formula will be definitely preferred to 
an assumption involving Ag and 1+++. Vet the electronic struc¬ 
ture of the silver iodide cr^'stal can be obtained by a gradual transition 
from the typically homopolar diamond crystal. This shows most clearly 
that the terms ionic crv'stal and homopolar crystal refer more to quan¬ 
titative prevalence of certain forces than to a rigid classification. 


8.11 THE METALS Metals arc analogous to unsaturated molecules 
and to radicals. Ihe binding of atoms in these compounds as well as 
in the metals is comparable in strength to the binding in saturated mol¬ 
ecules. The unsaturated character is due to the fact that available elec- 
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trons do not fill any closed shell. In the case of unsaturated molecules 
and radicals this leads to the striking property of high reactivity. In 
metals while such reactivity is present its effects manifest themselves 
only in surface properties. Thus we can explain why metal surfaces 
are, generally speaking, good catalysts, a fact which is discussed later in 
more detail. 

But the unsaturated nature of the electron structure in metals has 
other important consequences. Lack of saturation means that not 
much energy is required to move an electron from an occupied into an 
unoccupied orbit. In fact, as we shall see later, the electronic-energy 

levels of a solid metal form a continuum, and an 
arbitrarily small amount of energy suffices to move 
an electron to a higher orbit. The electric con¬ 
ductivity of metals is a direct consequence of 
this fact since any small force suffices to move 
the electrons. 

The easy manner in which electron orbits in 
metals can be influenced also has an effect on the 
position of the atoms and on the restraining forces 
which tend to keep the atoms in their equilibrium 
positions. We have seen that directed-valence 
forces are due to a definite preference of electrons for certain orbits; 
such preference is to be expected to a lesser extent when a small 
amount of energy is sufficient to throw electrons into new orbits. 
Thus, in metals directed valences vdll not be expected. Actually, 
metals usually have close-packed structures in which atoms may 
be displaced with relative ease. The metals are therefore highly 
malleable and often have a low melting point (compared to the 
temperature at which thej^ boil). All these facts show that the 
geometrical configuration of atoms is relatively unimportant as long as a 
sufficient number of atoms remain closely together. In fact it seems 
that metals are like van der Waals solids in this respect, their structure 
being stabilized by a general attraction and by a strong repulsion be¬ 
tween atoms at small distances. 

It is not surprising to find general attraction in an unsaturated com¬ 
pound where, if more atoms are close together, more electrons can be 
placed into low orbits. The short distance repulsion is due to the van 
der Waals repulsion between the closed inner shells of the atom. 

The densest structures are based on the cubic and hexagonal close- 
packed arrangements. These are quite common among the metals. A 
further structure frequently encountered is the body-centered lattice 
shown in Figure 8.11(1), in which the atoms are packed only slightly less 



Fia. 8,11(1). Body- 
ceatcred lattice. 
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densely than in the close-packed structuiv. 'I'lie formation of alloys is 
also a consequence of the unsaturated character of the metallic hindin^ 
and of the resulting general attraction between metallic atoms of all 
kinds. 


8.12 CONDUCTIVITY BY KLhXTHOXS. THE TOLMAX VA'- 

FECl It was indicated in the previous j)aragraph that metallic con- 
ducti\dty is due to the mobility' of electrons. In fact it. has liecii assumecl 
for a long time that in metals the electi-ic current is carried by (-lectrons. 
The reason for this assum])tion was that the electric current in metals is 
not accompanied by transport of mattt'r as it is in those <-ases wluu-e 
electricity is transported by ions. It is inteivsting that the i<lea of 
electronic coiuluctivity can be demonstrated in a fairly direct manner 
by the Tolman effect which though experimentally rather delicate is 
conceptually very simple. 

It follows from the idea of free electrons in a metal that, if a piece of 
metal is accelerated, the electrons, due to tlieir inertia, lag behind. 
Hence the electrons will be crowded into the end of the metal which 
faces the <lirection opposed to the acceleration. This greater electron 
density causes electrostatic forces whicli prevent further electrons from 
flowing into the more densely populated region. A stationary c(iui- 
librium is reached when the electrostatic force, that is the field K, mul¬ 
tiplied by the electronic charge c, is equal to the mass of the electron m 
times the acceleration with which the metal as a whole moves. It has 
been indeed found experimentally that, if a metal is accelerated, an 
electric field appears in the expected direction. According to the fore¬ 
going considerations E X e = m X a, and PJ/a = vi/c. T he quantities 
on the left-hand side can be measured, and their ratio actually agrees 
within the considerable experimental uncertainty with the m/e value 
of the electron. 

Theoretically, the experiment is complicated by the fact that, when 
a metal is accelerated, mechanical stresses are set up within the metal, 
and these stresses may influence the electron density and produce 
effects comparable in magnitude with the Tolman effect. 


8.13 FREE MOTION OF ELECTRONS It is convenient to de¬ 
scribe the motion of electrons in metals in a way similar to the descrip¬ 
tion of electrons in molecules by the molecular-orbital method. This 
method assumes that each electron can roam over the whole molecule 
or in our present case over the whole metal, and it is evidently adapted 
to describe electronic conductivity. However, electron orbits in a metal 
differ in several respects from molecular orbits. The most important 
difference is that the discrete set of orbital energies of a molecule is 
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j-eplaced by a continuous distribution of orbital energies in a metal. 
This makes it necessary to discuss electron orbits in a metal in some 
detail. 

We shall first consider the limiting case of an electron which can move 
entirely freely witliin the metal. Than we shall introduce a weak peri¬ 
odic potential and investigate its effect on the motion of the electron. 
Finally we shall consider the opposite limiting case of a series of deep 
potential minima at considerable distances from each other, forming a 
lattice. For the sake of simplicity we shall restrict ourselves in most of 
these considerations to a one-dimensional model and to the motion of 
the electron in this one dimension. 

The motion of electrons in the absence of an external field is, of course, 
easily visualized, and the description of this phenomenon by wave 
mechanics which will now be undertaken can be considered as a mere 
change in vocabulary and does not lead to new facts. Such new facts 
will emerge, however, from the wave treatment as soon as perturbing 
potentials are present. The follo\\'ing statements about free electrons 
furnish us with the proper vocabulary for the description of the motion 
of electrons in a potential field. 

The free motion of an electron along a straight line is characterized 
by its velocity. More usually the momentum p is used which is related 
to the wavelength X, connected with the motion of the electron, by the 
de Broglie relation, p = h/\. The electron waves can be written 

27rT 27rpx 

yp = sin-= sin-= sin kx 

X h 

where x is the position at which the wave amplitude is taken and the 
abbreviation, k = 27rp/h has been introduced. Thus the quantity k is 
a measure of p differing from the momentum only by the factor 2Tr/h. 
We call k the wave number; it may be defined as the number of crests 
we meet if we proceed 27r cm. in the direction of the wave motion. 

Instead of the sine wave we may \rith equal justification use the func¬ 
tion, yf/ = cos kx. Neither the sine nor the cosine is used, however, for a 
description of an electron moving in a given direction. For the motions 
in the positive and negative x directions, the exponentials, 

^ 

and yp — 

are used, which functions are of course linear combinations of sines and 
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cosines. Multiplication of the functions and c with the usual 
factor describing time dependence gives 


and 




“•l(tx + u*0 


In the first of these formulae tlic idiase of the wave remains unchanged 
if both X and t increase in appropriate i)roi)ortion, whereas in the second 
formula x must decrease with imaeasing t if the phase is to remain un¬ 
altered. This suggests that positive and negative k values correspond 
indeed to wave propagation in oppo¬ 
site directions and also to the motion 
of the electron in opposite directions.* 

The original functions sin k.v and 
cos A*.r are standing waves. I'hey can 
be written as the sum and the ditfer- 
ence of the progressing waves and 

function sin kx (or 
cos kx) is given, we ha\’c certain knowl¬ 
edge of the absolute value of k and 
therefore of the absolute value of p the 
momentum. But this wave function 
also conveys the probability statement that tlie motion has e([ual 
chances to proceed in either direction. 

To each value of A a certain kinetic energy belongs, according to the 
formula, 

P" 



Fig. 8.13(1). Kinetic energy values 
E of an olet’tron as a fumM ion of tlie 
wave number k. 


1 9j '> 

Jrlr 


■E'kin = 


2m 


In Figure 8.13(1) we plot the energy" values as a function of k which 
characterizes the different wave functions. 

8.14 MOTION OF AN ELECTRON IN A WEAK PERIODIC 

FIELD Let the potential energy be a periodic function of the co¬ 
ordinate X. For the sake of definiteness we assume that shallow poten¬ 
tial minima lie at the points x - -3a, —2a, —a, 0, a, 2a, 3a, • • • 

where the length a is the period of the potential. It will be simplest to 
assume that potential maxima lie in the middle between each pair of 
neighboring minima. We assume that the kinetic energy'^ of the elec- 

* It must be emphasized that the argument here presented is oversimplified. In 
particular it cannot bo used directly for the derivation of the particle velocity from 
the wave theory. But the qualitative conclusion concerning the direction of propa¬ 
gation is correct. 
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irons is great compared with the fluctuation of the potential energy bo 
that the momentum of the electrons will change but little during their 
motion. 

For most momenta and correspondingly for most electronic-wave- 
lengths, the electronic-wavc functions do not differ much from the wave 
functions of free electrons, and the energy belonging to the function 

continues to be in good approximation But we shall show 

that for particular wavelengths of the electron a strong perturbation of 
the wave function and a corresponding change in the electronic energy 
results. 

The original waves describe an electron state in which the prob¬ 
ability of finding the electron at any place is the same. If we return to 
the weaves sin kx or cos kx, the probability of finding the electrons in 
the minima or maxima of the w’aves will become great while the prob¬ 
ability of finding the electrons at the nodes of the w^’aves vanishes. In 
fact, it may be recalled that the probability of finding the electron in a 
region is proportional to the absolute value of the square of the wave 
function, and this expression is greatest on the w'ave crests and in the 
wave troughs. Now% if an electron wave fits into the periodic potential 
in such a way as to give rise to a great probability density of electrons 
in e^'ery potential minimum, a lowering of the energy is to be expected. 
If, conversely, the probability densit)' is great on each potential max¬ 
imum, the energy is appreciably raised. 

If the wavelength is equal to twice the period of the potential X = 2a 
or k = ir/a, then the function cos kx = cos 7r.r/a, has alternately maxima 
and minima at • - • —2a, —a, 0, a, 2a, ••• in the potential valleys. 
For this function therefore the energy is lower than for either of the 
two originally degenerate functions, or Conversely, sin 

kx = sin 7r.r/a has a node at the bottom of each potential minimum, 
so that for this function the electrons avoid potential minima, and a 
higher energy value results. It is easily seen that for an arbitrary value 
of k the energies will not be affected if the standing waves sin kx and 
cos kx are used instead of the progressing waves. This is so because 
the maxima in probability density for sin kx (or cos kx) are for a general 
k distributed evenly between maxima and minima of the potential. 

For k = =t7r/a, the standing waves sinkx and coskx leading to 
strongly disturbed energy levels are actually the correct wave functions 
representing stationary states of the electrons. That progressing waves 
represent stationary states for general k values but not for k = ztir/a 
can be explained in another w'ay. According to the interference condi¬ 
tion, reflection of a wwe by a periodic lattice is possible if the ratio of 
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the wave functions of the inciclcnt and reflected waves is the same at 
analogous lattice points. Of course the incident and rellef-ted waves 
must be progressive waves having the same kinetic energy and there¬ 
fore having the same absolute value of For a general h, the ratio 

dilTerent values at analogous lattice points.' J3ut for 

.. 2rtx 

k =’r/a, the ratio = e “ clianges hy a faetor = 1 

if X is incicased b^ the amount q. 1 lius for k = itTr/u all lattice i)oints 
scattci the wave in pliase and r<M*nfoi'ce each other in converting the 
progressing W’ave into the wave i)i(>gre.^sing in the opposite 

dii'ection. Thus, even if one starts witli a progressing wave c “ , I'cflec- 
tions in the lattice will mix in 
the oppositely progressing wave 
and produce a standing wave. 

The same situation which we met 
for k = ±7r/a is generally true for 
k = dzHir/a wlicre n is a positive in¬ 
teger. For all these values of k the 
interference condition is .satisfied for 
the reflection of piogressi\'c waves. 

The energy of the electronic mo¬ 
tion in a periodic field as a function 
of k is shown in Figure 8.14(1). If 
k is not close to a value zknir/a, tlie 
energj' is the same as for a free elec¬ 
tron. In the neighborhood of the 
critical values, however, the energies are markedly disturbed, and at 
the critical value tw’o ditTerent energies belong to the same value of k] 
the lower energy corresponds to a standing wave with its nodes at the 
maxima of the potential, the higher energy to a standing wave with its 
nodes in the potential minima. The strong perturbation of the energy 
near the critical values follows for reasons of continuity and can be 
calculated quantitatively with the help of perturbation theory. 

It is interesting to notice that, if an electron mo\ing in a w'eak peri¬ 
odic field is subjected to an external electric field, no electric current will 
result in first approximation. We may start with an electron at rest 
so that at the beginning = 0. The action of an electric field will im¬ 
part momentum to the electron, and the value of k becomes positive. 
But as soon as k reaches the value tt/q, the electron is reflected by the 
lattice, k becomes and the momentum is reversed. The electron 

now moves backward. The field causes an increase of k from —ir/a to 
zero. By the time the value ^‘ = 0 is reached and the reverse motion of 



Fig. 8.14(1). Kucrgv of electronic mo¬ 
tion in a weak i)erio<lic field^of j)erio(j a. 
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the electron is stopped, the electron has returned to the place from 
which it started. The process then repeats itself. Thus a periodic 
motion is obtained, and the time average of the current is zero. Yet 
the motion of the electron in the periodic lattice can be used as a model 
for metallic conducti\dty. The potential minima represent atoms. 
They are not absolutely fixed but can vibrate, and collisions of the elec¬ 
trons mth vibrating atoms gives rise to an effect resembling friction. 
The electron then may move in an external field at a constant velocity 
at which the friction is just sufficient to balance the action of the ex¬ 
ternal force. In general, this constant velocity does not correspond to 
a value k = dtznir/a, and a progressive motion of the electron will be 
produced by the presence of an electric field. It may be also noticed 
that, if no external field is present, the frictional terms will decelerate 
the motion of any electron so that we obtain no current in the absence 
of a field. 

8.15 ELECTRON STATES IN STRONG PERIODIC FIELDS 

We now turn to the opposite limiting case, namely, the behavior of an 
electron in a strong periodic field. 

In Figure 8.15(1) we show the periodic potential consisting of deep 
separate minima in which the electron is to move. The levels dram 
in each of these minima signify the energies of the stationary states 
which the electron Avould have if the potential had only a single mini¬ 
mum. The problem of finding the energy levels for this infinite series of 



Fio. 8.15(1). Energj' levels of an electron in a periodic potential. The tunnel effect 

is disn.‘garde(.i. 


minima is somewhat analogous to the problem of finding the energy 
levels in a two-minimum problem. The latter question has been treated 
in sections 7.7, 7.8 and 7.9 and it was found that for every energy level 
of a single minimum two closely spaced levels appear in the two-minima 
problem. If the energy difference in any such pair is divided by A, we 
obtain the frequency with which the electron in the respective pair of 
levels can vibrate between the two minima. 

For the lowest pair of levels where the electron has to cross a high 
potential barrier to get from one minimum to the other, the frequency 
of vibration and ^\^th it the separation of the two levels is very small. 
For high energies for which the barrier is smaller, the splitting becomes 
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much greater, and near the top of the Ixirrier it approaches in order of 
magnitude the energy difference between two neigliboring levels of lli<^ 
one-minimum problem. Tlie energy-level diagram for the two-minimum 
problem is shown in Figure 8.15(2). The full lines indicate energy levels 
in the one-minimum potential; the broken lines those in the two-mini¬ 
mum potentials. The two levels belonging to the lowe.st energy of the 
one-minimum potential have been drawn as a single broken line, sinee 
the difference of these two energies is too small to be made visible in the 
figure. To each pair of levels of the two-minimum problem there belong 
two wave functiotis obtainable iii first approximation by the .superposi¬ 
tion of the corresponding wave functions of the one-minimum problem 



Fio. 8.15(2). Encrgv-level diagram for Iwi) minima. Tin* solid lita-s sliow tlu* en¬ 
ergies obtaiiu'd wljen the tunnel effeet is neglected. The doited lines .sliow tlie Icvi-I.s 

when the tuimel efTect is taken into account. 


in the two holes. One two-minimum wave function is obtained bv 
adding the two one-minimum functions, the other by subtracting them. 

In the periodic potential which has been shown in Figure 8.15(1), an 
infinity of energy levels belongs to each level. This is to be expected 
since infinitely many single-hole wave functions are available for each 
single-hole energy level, and from these wave functions one may form 
infinitely many linear combination.s. The linear combinations to be used 
are similar to tho.se which we liave encountered when describing the 
mobile p electrons in benzene by the molecular orbital method. Wo 
shall number the holes from — oc to + «=, and we denote the number of 
a hole by I, Let k' be a numljer greater than — tt but smaller than -j- ir. 
Let also be the wave function of an electron moving in the /th hole. 
It can be shown that wave functions for the electronic state in the 
periodic field can be obtained in good approximation by the expression, 

i = + 5© 

'I'l:' = ^ 8.15(1) 

i * — • 

The coefficients are the phases with which the wave functions 
are superposed, and the whole function can be considered as a wave 
of the states ypi passing through the periodic field. Different values of 
k' correspond to different wavelengths and to different energies. An 
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exception has to be made for pairs of k' values which differ only in sign. 
Tlicse correspond to the same wavelength and to the same energy but 
to opposite directions of propagation. This can be seen from an analogy 
with the electron waves describing motions of electrons in an absence 
of a field (section 8.13). It may be noted that k' in equation 8,15(1) does 
not correspond directly to the k value of the free electrons. The latter 
quantity has the dimension of a reciprocal length while k* is a pure 
number. Actually k'/a (where a is the distance between minima) cor¬ 
responds closely to k, since both can be considered as the factor with 
which the co-ordinate of the electron must be multiplied in order to get 
the phase of the wave. For the free electron this is evident since ikx 
appears in the exponent of the wave function. For an electron moving 
in a series of potential holes the co-ordinate x is equal to the number of 

k' 

tile hole I times the distance between holes a so that i-- x becomes equal 

a ^ 

to ik'l which is the phase appearing in equation 8.15(1). Thus k'/a may 
be called the wave number for the case of strong periodic fields. 

Because of the relation = g*(^+ 2 T) functions do not differ 

from each other if k' is changed by 27r. In fact all that counts is the ratio 
of factors on two consecutive lattice points I and I + 1, and this ratio, 

JHW) 


is not changed if we substitute k' + 2t for k'. This justifies the restric¬ 
tion — TT < A' < +7r, since any k' outside this range describes exactly 
the same function as an appropriate k inside the range. 

Two particular values of k' give rather similar results for the periodic 
potential as has been found for the two-minimum potential. For 
k' = 0 all phase factors in the sum 8.15(1) are unity; that is, the ^(func¬ 
tions arc simply added. This recalls those wave functions in the two- 
minimum potential which’have been obtained by adding the single- 
minimum wave functions. If on the other hand we set k' = tt (or m an 
equivalent way k’ = -tt), the factoi-s in the sum 8.15(1) are alternately 
+1 and — 1, corresponding to those wave functions of the two-minimum 
problem where the two single-minimum wave functions are subtracted. 
The energj^ difference of the levels belonging to k = 0 and A: = tt is of 
tile same order of magnitude as the energy difference between a cor¬ 
responding pair of levels in the two-minimum potential. The values, 
A' = 0 and k = tt, correspond to no phase change and the largest possible 
phase change between neighboring single-hole wave functions. All 
intermediate k values corresponding to intermediate phase changes will 
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give rise to intermediate ener^rios and will fill with a continuous set of 
levels the range between the cncrg.v values belonging to k = 0 and 
k = TT. We obtain thus the energy-level diagram shown in I-igiire 
8.15(3) for the motion of an electron in the .string of potential minima. 
The shaded energy' regions in the figure are filled with a continuum of 
energy levels. Each of these strips corresponds to a ](‘\'el of tlu! one- 
minimum problem, and each strip can be interpreti'd as the result of 
the splitting of a one-minimum level owing to the interaction of the 
infinitely many minima in tbe row. The lowest of these strips is so nar¬ 
row that we prefer to represent it by a line. 'I'he higher strips increase 
rapidly in breadth just as tlie separation of the i)airs of etiergy levels has 



FlO. 8.15(3). Encrg>'-lcvol dianram for iimriy minima. The slnulril areas coi respond 
to energy values that an electron in a stationary state may po.v-^ess. 

increased in the two-minimum problem. Above the top of tlie harriers, 
motion of the electron from hole to hole becomes possible without a 
tunnel effect, and in this energy region all energy levels are allowed, with 
the exception of narrow energy strips one of which is shown as an un¬ 
shaded strip in the figure. 

That an electron cannot possess all energies greater than the maxima 
of potential barriers separating the holes might seem at finst surprising. 
But the effect becomes intelligible by comparison with the energy levels 
of an electron in a weak periodic field. Indeed for increasing kinetic 
energy of the electron the influence of potential minima diminishes, and 
we finally approach the case where the periodic field can l)e considered 
as weak. Now comparison with Figure 8.14(1) shows that in a weak 
periodic field not all electron energies are allowed. Narrow energy re¬ 
gions corresponding to k values in the neighborhood of arc 

excluded. 

Thus we see that for very strong binding of the electron its energy 
must lie in one of several narrow strips viiilc tlie intervening broad 
strips of energy are forbidden in a like manner, as an electron in a hydro¬ 
gen atom cannot have an energy intermediate between the stationary 
energy levels. For high-energy electrons the periodic field may be 
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considered weak, and the permitted energy bands become broad whi] 
the forbidden strips are narrow. For intermediate electron energies th^ 
breadth of allowed and forbidden strips is of the same order of magnitude^ 
■\Ve now consider a narrow strip corresponding to a strongly bound 
electron. Within this strip a definite energy belongs to each value of 

h between tt and -{-tt. For suffi¬ 
ciently narrow strips it can be proved 
that this dependence is sinusoidal as 
sho^vn in Figure 8.15(4). The two 
ends of the curve at fc' = 

¥ = IT correspond to the same wave 
function. Actually the curve should 
be drawn on a cylinder and the two 
ends joined. In the figure the hori¬ 
zontal line for E = 0 corresponds to the value of the unperturbed 
one-rmnimum level. We see that half the ¥ values belong to lower 
and half to the higher energies, although it may happen that the max¬ 
imum of the energy curve lies at = 0 rather than at ¥ = ± 7 r. 

The dependence of the energy on ¥ for the case of a strong field mav 
again be compared with the dependence of the energy on k for a weak 


Fig. 8.15(4). Dependence of energy 
on k' (= wave number X lattice 
distance) in the case of a strongly 
bound electron. 


Fig. 8.15(5). 



k 


Energy of electronic motion in a weak periodic field of period o The 
full curve shows the energies in one Brillouin zone. 


periodic field. For the latter case we may consider an energy band cor¬ 
responding to k values between nir/a and (n -1- l)z-/o. The same 
energy band appears also for k values between —mr/a and — (n -)- IItt/o 
In Figure 8.15(5) we show that part of Figure 8.14(1) which corresponds 
to these k intervals. The full parts of the curve show the dependence of 
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E on k in the band corresponding to 


-3. 


a 


< k < 


4 ^ M 


27r 


and <k < 


3f 


(I a a 

The dotted parabola corresponds to the relation between k and a for a 
free electron as shown in Figure 8.13fl). 'J'he actual K-k relation 
witliin the band considered is, save iK'ar tlie ends, ijractically undis- 
tinguishablc from tlie dotted paral)ola. 

The two points at k = —27r/a and k = 2-K/n correspond to the same 
standing wave, namely, sin27rr'a. The other standing wave of tin* 
same wavelengtli, namely, cos 2Trx/(i l)elongs to the 
next lower energy band wliicli is not shown in the 
figure. Thus it is permissible to join the two inde¬ 
pendent sections in Figure 8.1o{5) giving the Figure j 
8.15(()). The two free ends of this curve again £ 
belong to the same wave function, nanudy, cos .Stt 'a, 
the other standing wave sin 3n-/a belonging to the 
next higher strip. The figure again should be drawn 
on a cylinder and joined at its ends. 

Figure 8.lo(()) is tims (juite analogous to Figure 
8.15(4). The analogy can be brought out more 
clearly by comparing the abscissae. Since k\ a 
corresponds to /;, the ranges —3- < k' < —2n- and 

Stt 

2Tr < k' < Stt correspond to the ranges- < k < 
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viously, a change of k' by 27r is merely a change in notation and lea\'es 

the wave functions unaltered. Tims the ranges ior k' may be replaced 

by the ranges — tt < A-' < 0 and 0 < k' < n or by the single range 

— TT < k* < TT, as indicated in Figure 8.15(()). This is the same range 

which appeal's in Fdgure 8.15(4). The only difTerence between the two 

figures is that the curvature in the former is rather smooth, whereas in the* 

latter sharp bends occur near k' = 0 and k' = 


8.16 MOTION OF AN ELFXTRON IN A STHONCx PERIODIC 
FIELD It may be assumed that the wave function at a certain time 
is confined to one minimum. According to the foregoing discussion, 
this function does not belong to a definite energy and does not describe 
a stationary state. In fact stationary solutions cori-espond to wa\ elike 
functions 'Ft' given in the formula 8.15(1). F"or a wave function 
localized in one minimum a time change of the probability distribution 
of the electron will ensue. In close analogy to the electron libration in 
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tVie r minimum problem, the reciprocal time required for the electron 
to spread from one minimum to the neighboring minimum can be esti¬ 
mated by dividing the breadth of the energy strip in question by Planck's 
constant. The liigher the barriers between potential minima, the nar¬ 
rower are the energy strips, and the longer it takes for the electron to 
leave a certain minimum. 

It might be expected that an electron after having penetrated a poten¬ 
tial barrier and having arrived in a neighboring minimum may continue 
to proceed from minimum to minimum in a random way corresponding 
to diffusion. For the wave functions ^ve obtain a more ordered 
motion. These functions correspond in their form to electron waves 
with a definite energy, a definite wavelength, and a definite momentum. 
Thus the waves represented by describe a definite motion of the 
electron in one direction just as plane waves having a definite k value do. 
The only difference is in the numerical relation between the electron 
wavelength and the electron velocity. The velocity, like all quantities 
involving time, is connected with the frequency v of the electron wave 
and this frequency is connected ^^’ith the electron energy by Planck’s 
relation, E = hv. Thus the narrower energy strips occurring for stronger 
binding give rise to slower processes, as has been already indicated by 
the slow spreading of a localized wave function from one potential 
minimum to the neighboring minimum. 

If the foregoing arguments are carried through quantitatively, it is 
found that an electron with an energj'^ near the minimum of one strip 
moves exactly like a free electron, except that it moves as though its 
mass wove different fi om the electron mass. The narrower the strip is, 
the greater the effective mass will be. In fact, if we consider a certain 
wavelength, and (according to the de Broglie relation) a certain effective 
momentum, a greater effective mass must be assumed in order to ex¬ 
plain the smaller velocities which occur when the energy strip is narrow. 

The motion of the electrons in a strong periodic field can be described 
by the simple device of an effective electron mass only as long as ] fc' ] 
is small compared to tt, that is, as long as the wavelength of is long 
compared to the lattice distance. In fact, such a description is good 
only as long as the energy curve of Figure 8.15(4) can be approximated 
by the lower part of an energy’' curve for a free electron such as shown 
in Figure 8.13(1). 

In order to find the laws of the electronic motion for larger values of 
A*, we have to discuss in some more detail how the electron velocity is 
obtained from the wave description of the electron. We will consider 
a wave packet, that is, a group of waves consisting of several crests. 
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According to the prohahility interpretation of the wave fuiK'tion, tlie 
electron most be found somewln'ie within tia' j)acket, since outside' the 
packet the wave function vanishes. d'lieixTore tlie velocitv witli which 
the electron moves in the lattice must ))e e(|Ual to tlu* velo(*ity with 
which the group of waves travels along. A group of waves can be ob¬ 
tained by a superposition of functions with A' values eorresponding 
to a certain not too extended range, d'he sui)erposilion must be arranged 
in such a manner that the waves shall cancel eacii otlua- outsidt't he group 
and re-enforce each other only within the limited extension of tlu? grou]). 
In passing it may be remarked that such a wave group is the best illus¬ 
tration for the uncertainty i)rincii)le. If wo want to localize the electron 
with greater accuracy, we must construct a wa\a> group of smaller exten¬ 
sion, and for this purpose a greater lange of A' values must be used, cor¬ 
responding to a greater range of momenta. 

It can be shown that for free electrons the group velocitv and with it 

1 dPJ 


the particle velocity is equal to 


h Ok 


For instance, considering k'ig- 


ure 8.13(1), we see that with increasing k and correspondingly increasing 
momentum values the slope of the energy curve dK Ok also incit'ases. 
and thus greater velocities will be found for greater momenta. 'I'lie 
proportionality between momentum and vidocity can be shown (‘asily 
by taking into account that the curve in Figure 8.13(1) is a parabola. 
For electrons moving in a strong periodic field the velocity with which 

the electron is propagated in the lattice is given by - , where a again 

h Ok 

is the lattice distance. In this case Figure 8.1o(4) shows that the sloi)e 

of the energ>' curve does not continue to increase with inereasitig A-' 

values. For k' greater than 7r/2 the slope and witli it the velocity begins 

to decrease, and at k' = tt the slope and the velocity have become e{|ual 

to zero. In this region the electron behaves in a remarkable wav in 

% 

that its velocity of propagation decreases while its energy continues to 
increase. Since k* = ir and k' = —tt arc ecpiivalent, a further increase 
of k' leads to negative k' values, and here we find that the energy begins 
to decrease while the slope assumes increasing negati\'e \alues so that 
the electron moves faster and faster in a direction opposite that of the 
original motion. Finally, when k' passes the value — 7r/2, the negative 
slope assumes a maximum value, and a further decrease in energy is 
accompanied by a decrease of the absolute value of the velocitv. This 
continues until at A;' = 0 the velocity zero is reached again, and the 
cycle is completed. Thus, for | k'\ smaller than 7r/2, the behavior of 
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the electron is normal since greater velocities correspond to greater 
energies. The behavior for 7r/2 < | A:' | is anomalous. 

Comparing the present results mth those obtained for electrons 
moving in a weak field, we find a marked analogy in spite of quantitative 
differences. In the weak field we found that, when k increased from 
zero towards tt/o, the velocity increased in a normal manner. At 7 r/a 
a reflection of the electron by the periodic field occurs, giving rise to a 
reversal of the direction of propagation. In the light of our statements 
about the connection between the electron velocity and dE/dk, we 
can now trace in greater detail how this change of velocity occurs 
We see in Figure 8.14(1) that in the immediate neighborhood of 
k = ir/a the slope of the energy curve begins to decrease rapidly 
and reaches zero at Tr/a. The same slope is found for k = —-jr/a 
but with increasing k values the slope assumes rapidly increasing 
negative values until vithin a short distance from k = —Tr/a the 
value of the negative slopes correspond closely to an undisturbed 
parabola. In this range, where the slope varies rapidly, the electron is 
decelerated until its velocity is reversed. From there on the electron 
moves as a practicall}^ free particle. 

The difference between the behavioi*s in the strong and weak fields is 
this: For strong fields the anomalous region extends from k' — —7r/2 to 
k' = TV and from fc' = — tt to k' ~ —Tr/2. In weak fields the anomalous 
behavior of the electron is confined to a narrow region close to A: = ir/a 
and k = — tt/o. Another important difference is the great effective 
mass in strong fields which, from our present point of view, can be ex¬ 
plained b}'^ saying that in a narrow energj" band the slope of the energy 
cur\'e, and with it the velocity, will increase very slowly with increas¬ 
ing k'. It should be pointed out that under appropriate circumstances 
the effective mass may be smaller than the mass of a free electron. 
Thus we see from Figure 8.15(0) that near the minimum of the energy 
curve the slope increases rapidly with increasing k' values, a behavior 
opposite to the one w ith w hich w’e associated a liigh value of the elec¬ 
tronic mass. 


8.17 MOTION OF ELECTRONS IN A TWO- OR THREE-DI¬ 
MENSIONAL LATTICE In a metal electrons move in the field of 
a three-dimensional array of ions. Their behavior will in many respects 
be rather similar to that of an electron in a linear lattice. The wave 
functions can be written in the form of plane waves. If the periodic 
field is weak, the w aves are actually sine or cosine weaves or sim ple expo¬ 
nentials. A stronger perturbation of these waves will arise only when 
certain interference conditions arc fulfilled. If, for instance, we have a 
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simple cubic lattice \^ith a. lattice (.listance o, stroiif; pci'tiirbatioiis will 
arise if the k value correspondiiifi to tlu* .r component of tlie moiiHMifuin 
is tt/g or — tt/g. 1 he same holds if the k value correspondiiif; to (he 
y oi z component of the momentum is tt g or —tt g. A fi 5 ra|)hic repr(““ 
seiitation of these momentum values for whicli stronf]^ pertuibations 
occur can be Ki\'en foi’ a t\\(j-dim(‘nsional lattice in tlu^ following A\ay. 
In idgure 8.17(1) we plot in the hori/ontal and vertical directions 
and aA*y, respectively. Here a is the lattices di.stance of a simple sejuare 
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Fia. 8.17(1). Brillouin zones in a t\v<)-<linien.''ii)nal .simple srpjare latlice. 

designated by the same Roman numeral form .'-ingle zones. 


Regioas 


lattice, kj; and ky are \/h timc.s the x and y components of the momen¬ 
tum. Strong disturbances will arise in the iK'ighborliood of the lines that 
separate the regions which in the figure are designated by Itoinan nu¬ 
merals. The figure has been restricted to the region wlierc both a I 
and G A*y I are smaller than 27r. Inclusion of further regions would 
increase the complexity without introducing new idca.s. The lines of 
strong perturbation actually occur whe!ie\-er a change of gA^ or ak,, 
or both of these quantities, by some multiple of 27 r, leaves the 
kinetic energ>^ unchanged. Thus the two x signs in the figure corre¬ 
spond to points for which gA-^ has been changed by 27r. For the two 
white-circle points ak,, differs by dr, whereas for the two black-circle 
points both kj; and ky have been changed by 27r. For each of these pairs, 
the kinetic energy is the same because | A-^ |- + | k,, \- and, therefore, the 
absolute value of the momentum has remained unchanged. It follows 
from the theory of diffraction in crystals that the lines of Figure 8.17(1) 
represent the wave numbers of those electrons for which interference 
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conditions are satisfied and which therefore can be scattered elastically 
by the crystals. 

In perfect analogy ^\'ith the one-dimensional case the electrons will 
move along almost freely as long as they are far away from the lines 
shovTi in Figure 8.17(1). They ^\'ill be strongly perturbed near the 
lines, and instead of crossing these lines they vill be thrown across to 
another point of like energy changing their akx and aky values by 
multiples of 27r, according to the rules of crystal reflection. It may be 
noticed that, according to this rule, an electron which started in region 
I of Figure 8.17(1) cannot leave this region by any continuous motion 
owing to the action of external fields. Let us assume for instance that 
an electron has initially ak^ and aky values sho-wm by the □ in Fig¬ 
ure 8.17(1). In the absence of outside fields these values will be pre¬ 
served, and the electron ^^'ill continue to be represented by that point 
in the diagram. If an outside field acts, akx and aky change Avith time 
assuming new values, as shoum by the line originating in Figure 8.17(1) 
in the open square. The direction in wliich the representative point 
moves is indicated by the arrow. When this line reaches the border of 
region I, it is reflected across to negative akx values. Since the same 
external field still acts and continues to cause momentum changes in 
the same direction as originally, the representative point continues to 
move along the direction parallel to its previous path, as indicated by 
the line and arrow on the left-hand side of Figure 8.17(1), Thus the 
point must remain in a region I. Similar arguments show that a point 
starting in one of the regions II nill always continue to move in one of 
the regions II for which reason we may consider these four regions as 
being part of a single region. The same holds for the regions designated 
by III and IV in Figure 8.17(1). 

The regions just described are called the Brillouin zones. They cor¬ 
respond in the one-dimensional case to the segments: 

— Tr<ak<TT 

— 2-k < ak < — TT and ir < ak < 2^ 

—Stt < ak < —2ir and 27r < afc < Stt 

In the absence of any perturbing field the kinetic energy is propor¬ 
tional to kx^ -h and therefore we can picture an energj^ surface in 
the form of a paraboloid erected on Figure 8.17(1). In a weak periodic 
field this surface mil be strongly perturbed near the boundaries of the 
Brillouin zones. Actually discontinuities mil appear on the surface at 
the boundaries between the zones, so that it is impossible to get from 
one zone to another mthout an abrupt change in either kx or ky or the 
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cnerg,v. This emphasizes again that, wc ean g<‘t from one zone to 

a process analogous to a (luanlum jump. Jt. is impor¬ 
tant to notice tliat in crossing from region I to an adjacent |)oint of r<‘- 
gion ir the energy increases abruptly. In spite of this, all energies of 
region I are not nt'cessarily lower than any eneigy of n'gion II. 'I'lius 
the corners of zone 1 in which u | and a kf, ( have values clos(‘ to tt 
correspond to higher momenta than the portions of zone II in wliidi 
a I kj I is cIo.se to tt and o | ky | is clos(‘ to zero or in which a | ky is close to tt 
and a k^ is clo.se to zero. As long as the periodic field is weak, t his jH)r~ 

tion of zone II has a lower eneigy than the portion of zone I descrilx'd 
previously. 

Foi stiong iicriodi(; fi(‘lds the simpiti sine, cosine, and exponential 
waves no longer describe tlu* states of the electrons. \\'e must u.se 
instead sui)erpositions of wave functions describing the motions of elec¬ 
trons near separate minima, that is, near .separate ions of tlie lattice. 
The coefficients appearing in the composite wave function are similar 
to those appearing in Tv for the one-dimen.'^ional case with the exceji- 
tion that two constants k ^ and k'y ar<? luHsled to spi'cify tiu'ir state. 
These numbers correspond to akj. and aky of the case of weakly bound 
electrons, the j)hysical significance of k'^ and A',, nanains unchang(‘d if 
a multiple of 27r is added to either of the two ([uantities. It can be 
shown that, if wo I’ctain the wa\'e function in tiu; single lattice cells but 
change k ^ and k y^ wave functions are obtained which corr<'S])ond to a 
single Biillouin zone, lo obtain wave functions corresponding to a new 
Brillouin zone a new wave function must be used for the motion of an 
electron in the vsingle minimum, and composite wave functions must be 
constructed by superpo.dtion. If we establish an aj)propriate corre¬ 
spondence between the wave functions near the single ions in a strong 
field and the Brillouin zones in a weak field, we can say that Figure 
8.17(1) applies to strong periodic fields as well as to weak ones. At the 
same time we must replace ak^ and aky by A'^ and k'y. All the qualita¬ 
tive statements about the Brillouin zones will then remain valid. For 
strong fields the energies within one Brillouin zone will differ but little, 
as is the case in the narrow' energy' strips in the one-<limensional lattice. 
In fact, the energy in each zone is nearly the same as the corresi)onding 
energy level in an isolated minimum. In the strong field we again find 
great effective electron masses. The reflections near the borders of the 
zones are replaced bj' an anomalous dependence of the velocity on the 
energy over a more extended region within the zone. In these respects 
the behavior of an electron in tlie two-tlimensional case docs not differ 
essentially from its motion in a linear string of potential minima. 

The three-dimensional case does not differ from the two-dimensional 
one in any important respect. The Brillouin zones must be represented 
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in thtee-dimensional space, and therefore their geometrical arrange¬ 
ment is somewhat more involved. This arrangement depends, of 
course, on the structure of the lattice. The simplest arrangement cor¬ 
responding to a simple cubic lattice rarely finds actual application for a 
crystal. But the important conclusions about the separation of the 
energy into zones, the correspondence between crystal reflections and 
the boundaries of the zones, the confinement of a continuous electronic 
motion into a single zone, and the reflections and anomalous behavior of 
the electrons near the boundaries hold, however complicated the geo¬ 
metrical arrangements of the zones may be. 

8.18 METALS AND INSULATORS There are few physical prop¬ 
erties which resemble electric conductivity in changing so greatly for 
such apparently insignificant reasons. The slight change in lattice 
arrangement from diamond to graphite causes an increase in conduc¬ 
tivity which is much greater than a factor 10^^. In fact, whatever con¬ 
ductivity exists in diamond is probably due to impurities or lattice 
imperfections, whereas graphite on the other hand is a good conductor. 

The difference between conductors and insulators is due to the manner 
in which the Brillouin zones are filled up. For our present purpose we 
may represent the wave functions for both insulators and metals by 
electrons moving independently of each other in a self-consistent field. 
This means that each electron moves in the field of the nuclei and in 
the average field of the remaining electrons. Effects due to phase rela¬ 
tions between electrons are neglected. This approximation is the same 
as that used in the molecular-orbital method, and it is one of the several 
methods which by making somewhat drastic approximations achieve 
rather far-reaching results. 

The average field caused by the electrons has the same periodicity as 
the field of the nuclei. Since each electronic wave function is spread 
out over the whole ciystal, a single missing electron causes an insensible 
change in the average field at any one point, and so each electron 
moves essentially in the same field, namely, in the periodic field of the 
lattice. 

Having thus specified the nature of the orbits in which electrons move 
within a real crystal, we can now make the distinction between insula¬ 
tors and conductoi*s. A crj'^stal is an insulator if all electronic levels in a 
certain number of Brillouin zones are filled with pairs of electrons having 
opposite spins, so that according to the Pauli principle there is no room 
for further electrons in these zones; at the same time all other Brillouin 
zones are completely empty. A crystal is a conductor if one or more 
Brillouin zones are partly filled ^vith electrons. 
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The distinction just desci'ilx'd shows that insulators an' analoj^ous to 
raro-gas atoms and also to saturated nu)I(*cides, whereas rnetals are 
similar to atoms with incomplete shells and also to unsatuiated mole¬ 
cules. In this analogy the eonc(*pt of closed shells corresponds to tlic 
concept of tilled lli'illouin zones, hut, wliert'as the ('iK'i'gN' le^'els in an 
atomic or molecular sliell are spacc'd at finite distances from each oth(‘r, 
the cnerfo' levels within a llrillouin zone form a continuum. 'J'hus in a 
metal the smallest forces suffice to transfer electrons into new orbits. 
This explains (jualitatively not only the plH'nornenon of conductivity 
but also many otlier characteristic i)roi)erties of iiK'tals. \\e have al¬ 
ready mentioned that displacement of atoms within some nu-tals is 
accomplished more easily than in insulators. In these? metals (Ik- elec¬ 
trons can accommodate tliemselves to the new atomic position by 
changing tlieir orbits in an aiipropriate manner. 'Fliis is. in particular, 
to bo expected wlien a Ibillouin zone is about lialfway filled so tliat 
there arc many electrons which can easily cliange tlieir orbits. 


8.10 ELECTROX COXDITCTIVITV OF HEAT At tlie absolute 
zero, electrons of a metal, apart from filling some lirillouin zones eom- 
l)Ietcly, occupy the lower energy h'vels of one or more zones. All elec¬ 
tron orbits up to a certain energy A’,, will be full; all levels Iiiglu'r than 
Kq will be empty. The electrons occupying all states of a continuum 
up to a certain level are said to form a Fermi sea with the surface of 
the sea at Eq. If the temperature is raised, .some electrons are lifted 
from levels below E^ to levels above. Rut only the neighborhood of the 
surface of the sea is thus aft'ected. The energy changes due to tempera¬ 
ture excitation are small compared to tlic tliickne.ss of a relevant Rril- 

louin zone of a metal. This thickness is usually of the order of an elec¬ 
tron volt. 

^ The excitation of electrons contributes to the specific heat but little 

since only the few electrons near the surface of the sea are aflected. 

This contribution to the specific heat can be defected in some metals 

at very low temperatures where the specific heat due to vibrations is 

very small and at high temperatures where the vibrational specific heat 
is e.ssentially constant. 


The excited surface electrons contribute to a much greater extent to 
the thermal conductivity. In spite of their small number and the fact 
that they transport effectively only the relatively small additional 
energ>^ imparted to them by temperature excitation, their effect is still 
important owing to the great velocity and to the long mean free path of 
the electrons. From a classical picture of the electronic motion we 
would expect the mean free path to be ai>proximately equal to the lat- 
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tice distance. But the discussion of electronic motion in a periodic field 
has shown that the propagation is essentially the same as for free elec¬ 
trons. This means explicitly that in a strictly periodic field electrons 
would have an infinite mean free path. The reason for the deflection of 
electrons in a crystal from a straight-line motion is the deviation of the 
field from complete periodicity caused by thermal motion of the atoms, 
by cr 3 ^stal imperfections or hy collisions between electrons. At higher 
temperatures the thermal motion is of course most important, whereas 
below the Debj'e temperature the other two effects predominate. It 
should be noticed that collisions between electrons depend on phase 
relations of their motion which are not included in the original self- 
consistent field approximation. 

Actuallj^ the relatively few electrons near the surface of the Fermi 
sea transport more heat in metals than the crystal vibrations which in 
insulators are alone responsible for thermal conductivity. Excitation 
of electrons by temperature is completely negligible in a good insulator, 
since in such substances the energy of the electron must be raised by 
several ^’olts to lift it from the top of the highest full Brillouin zone to 
the bottom of the lowest cmptj'’ one. 

8.20 ELECTRIC CONDUCTIVITY IN METALS Although from 

the foregoing it is clear why metals have a high electric conductivity, 
the details of this conducti\’it\" phenomenon are still to be explained. 
It is of interest to notice that the picture presented leads to an under¬ 
standing of a number of finer effects, of which we shall discuss the de¬ 
crease of electric conductivity in metals with increasing temperature 
and the Plall effect. For the purpose of this explanation we have to 
describe the mechanism of metallic conductivity. 

We shall confine our attention to one incompletely filled Brillouin 
zone, since, as we have seen, such incompletely filled zones are charac¬ 
teristic for metals. The effect of the electric field is to increase the 
momentum of all electrons in the zone. In the interior of the Fermi sea 
this produces no change, since electrons move from one momentum 
state to another one which has been just vacated by an electron. 
Changes occur, howe\'er, at the surface of the sea where electrons accu¬ 
mulate in states with velocity components along the field, while they 
are depleted in the states with velocity components opposing the field. 
This new distribution possessing an excess of electrons ^^*ith velocities 
along the field gives rise to an electric current in the direction of the 
field. This current would increase to extremely high values but for 
scattering of the electrons by crystal irregularities wliich tend to biing 
the electrons back into their original distribution. Above the Debye 
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temperature the main reason for these irregularities is thermal vibra¬ 
tions, and we can sliow that tlie increase in the number of collisions is 
roughly proportional to the s(juare of the vibiational amplitlah's. 'I'liis 
quantity in turn is directly proportional to the heat (amtenl of tlu' lat¬ 
tice and increases linearly with temperature. Since tlu* niunbei’ of ('(j 1- 
lisitais which limit the size of tlie current is propoitional to the teiiquMa- 
ture, it is to be expected that tin* conductivity varies as l/7\ and this 
indeed is found to be true in rough approximation for most mc'tals above 
the Debye temperature. 

At lower tem))eralures the crystal vibrations die off ra])idly, and in 
this region the conductivity increa.ses with decreasing temperature more? 
strongly than 1/ 7’. But the temperature variation in this legion may 
1)0 atVected by crystal irregularities due to other causes than heat motion. 

In some substances, many of wiiich are not ])articularly good con¬ 
ductors, a sharp change occurs at a very low temperature of a few do 
grees above absolute zero. At this point the .substances in (iue>tion lose 
their electrical resistance completely, that is, become su])erconducling. 
No satisfactory explanation of this jihenomenon exists at the ])r(‘.s<*nt 
time. It may be due to a more involved interaction of the electrons 
with the lattice vibration. 

A j)henomenon which has contiibut<*d much to the understanding of 
electrical conductivity is the Hall elTect. L(‘t us apply a magnetic field 
to a metal through which an electric current is flowing, d'he magnetic 
field shall be perpendicular to the current. Then a gradient of electi’ic 
potential arises in a direction perpendicular both to the electric current 
and to the applied magnetic field. The effect can be explained easily by 
the deflection of the moving electrons in the magnetic fiel<i. The sign 
of the gradient is determined by the sign of the electronic charge, and 
the correct sign is found in some substances which arc said to show the 
normal Hall effect. But in many substances the Hail effect is anoma¬ 
lous; that is, it has a sign opposite to the expected one. 

This anomalous effect may be explained by the presence of a Brillouin 
zone which is nearly completely filled up. It has been pointed out in 
previous sections that electrons near the border of the Brillouin zones 
move in a way opposite to the one expected. Actually electrons missing 
from the highest energ}" region in an otherwi.se full Brillouin zone be¬ 
have in many ways like electrons of the opposite charge. The existence 
of positi^’e electrons can indeed be formally explained by the absence of 
electrons in a Fermi sea of ncgati^'e energies, not unlike an electron sea 
filling up a Brillouin zone. These negative energies must be introduced 
in a relativistic description of the electron motion. Dirac has assumed 
that the negative-energy states are usuall}' filled uj) ^\ith electrons 
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whic! for an unexplained reason, we fail to observe. Only the holes in 
this aistribution are observable. They are the positrons. 

The absence of electric conductivity of insulators is not due, in the 
present picture, to the absence of ‘‘free electrons.’^ On the contrary, 
the Briilouin zones of an insulator are completely filled with such free 
electrons. But the anomalous behavior of the electrons near the top of 
a Briilouin zone gives rise to currents which are just sufficient to cancel 
the currents due to electrons with a normal behavior. That the can¬ 
cellation must be exact can be seen from the fact that a not too strong 
field can cause only continuous motion of electrons, that is, motions 
w ithin the same Briilouin zone. Since the zone has been filled up com¬ 
pletely to begin with, the field can produce no change. Any level 
vacated by an electron will be filled at the same time by another elec¬ 
tron, and the net result is a mere redistribution of identical electrons 
among the available levels. 

The Hall effect helps to establish the presence of electrons W'hich 
behave in an anomalous manner. The existence of insulators may be 
said to depend on the presence of such anomalous electrons. Thus the 
Hall effect helps us to understand why insulators differ from metals. 

We may use the Hall effect for another more practical purpose. A 
certain current in a conductor ma}'- be due to a few electrons moving at 
high speeds, or to many electrons moving w ith slow' speeds. The de¬ 
flecting magnetic force is proportional to the electron velocities. By 
obser^dng the Hall effect we measure this deflecting force. Thus we 
obtain insight into the average velocity of the electrons, and we can 
also calculate how many electrons participate in carrying the current. 

This number of “conduction electrons” is, in the alkali metals, approx¬ 
imately equal to the number of atoms in the lattice. In other metals 
we find that the number of conduction electrons per atom is not equal 
to one. In some veiy poor conductors, which are called semiconductors, 
the number of conduction electrons is quite small and strongly tempera¬ 
ture-dependent. In semiconductors electric currents are carried by a 
few electrons which, for a given current, have a rather high drift velocity 
in the direction of the applied field. In such substances a magnetic field 
^vill strongly influence the motion of the electrons, and we obtain a 
strong Hall effect. 

8.21 SEMICONDUCTORS, PHOTOELECTRIC CONDUCTIV¬ 
ITY, AND ELECTRIC BREAKDOWN For the poor conductors or 
semiconductors Avhich w'e have just mentioned the rule that conduc¬ 
tivity decreases with increasing temperature is not valid. A rapid in¬ 
crease of conductivity is observed instead, w'hich can be described most 
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easily l)y an oxponrnlial fiiiu'tion of tho fi)rm r Wr imixU Ix' lonipfod 
to assume ionic coiKiiicti\'iy\' lor (licse sultstanccs ami interpref llic 
exponential t('mperafur<‘ (l('p(‘micnc(' hy an activation cnci’;i\' \\liich tlu! 
ions in their motion must o\'(‘rcom{‘. Ihit no transj)ort of matter has 
heen observed tor tlu'sc' su!tstanc('s. 'J'ln* deliniliuu of a true semi¬ 
conductor is restricted to tliose examples for which the conducti\ity 
can be pi'o\’ed to Ix' el(*clronic. 

1 he behavior of stMuiconduefors can Ik* e\f)laim'd by assuming!: that 
at absolute zero tlu're aiv no partially tilled lirillouin zones but (hat 
with a n'latively small enerjiy chan«<* w<‘ may lift an electron into an 
empty zone. It is not lu'cessarv that >uch an eh'ctron should oii<i:ina1(i 
from the top of a regular tilled zone. Ibilher, it mav be due to a inon; 
easil\ ionizable impinity in the crystal. With lisinjz; t(‘mp<*ratm'e an 
exponentially increasin«< number of electrons will appear at the bottom 
of the lo\sest em[)ty zone, and these* elect rams f^ive* rase* to the expomai- 
tially ineicasing conducti\’ify. 1 he te'tnperature (h'peiuh'iice is I’ouahb' 

proportional to c wln'ra* SU is the* >ma!lest energy wiiich suthces to 
tlirow an electi'on into an empty zone. 

The explanation of semicomhretivity suggests that, if ('lections could 
be plac(*d in tin* free* lirillouin zone of an insulator, conducti\'it\' would 
result. In a good insulator tin* ([uantity is too gix'at to permit tem- 
peiatuie (‘.xcitation ot (‘h'ctrons into an (‘mpty lirillouin zone, but 
absorption oi light, mostly of uitia\‘iolet light, causes a jump of elec¬ 
trons inf(j such an empty zoin*. Ind(*ed j)hotoconducti\’ity has bt-c'ii 
observed in many salts. '1 he eI<'ctr'ons liberaited bv light are usually 
tiappc'd soon after tlieir i)r‘oduction. Im[mrities oi‘ crystal imperfec¬ 
tions are quite elTective in trapping sucli electrons; yet light of appro- 
jniate fieciuencies pr'oduces electi’ons in sullicient numlx’rs to gi\'(i rise 
to a conductivity which lasts as long as the crystal is illuminated and 
the transfer of electrons into the five zone is kept up. it is inter-esting 
to notice that lieating or infraix’d illumination may cause conducti\'ify 

was previously illuminated by vrlti’aviolet light of apixro- 
priate fi'equency. The smaller enei-gies supplied by the tempei-afur-e or 
by the infrai'ed light, though not sufficient to lift a normal ciwstal elec¬ 
tron into a free zone, may tear away an electi-on fr om the forvign atom 
that had cajxtured it; thus the (*lectron I'cturns into the empty zone 
where it can move fr-ecly until it is i-ecaptui*ed. 

The mobility of electrons in fi-ee zxmes may help to explain the rather 
complex phenomena encountered in the photogr-aphic pi-oc(\ss. Thus if 
an electron is tiuwn by light into a free zone, it will not fall back as a 
general rule into its original position but is trapped in some new posi- 
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tion. Such trapped electrons may serve as nuclei around which reac¬ 
tions (for example, formation of metal ci'ystallites) may start. This 
opens a possibility of understanding the nature of the latent photo¬ 
graphic image. 

The mobility of electrons in free zones also plays an important part 
in theories of electric breakdowns in insulators. The breakdown is 
thought to be due to the acceleration of an electron which happens to 
have gotten into the free zone. When this electron has gathered enough 
kinetic energy, it may collide with a second electron and lift it into the 
free zone. The same process is now repeated for the two electrons. 
Successive excitations give rise to an electron avalanche which finally 
turns enough electric energy into heat to cause local melting and to dis- 
rui)t the crystal. 

If a small electric field is present, electrons in the free zone will be 
prevented by collisions with lattice \dbrations from accumulating enough 
energy, and no further electrons are lifted into the free zone. In fact, 
the electrons already present in this zone will soon be trapped and will 
lose their mobility. But, if the field applied to the crystal exceeds a 
certain value, free electrons can be accelerated until they have enough 
energy to excite further electrons so that an electron avalanche is pro¬ 
duced. This explanation of the electric breakdown also shows why the 
field at which the broakdowm occurs is so strongly dependent on impuri¬ 
ties and cin'stal irregularities which contribute to loss of momentum and 
energy of the electron in the free zone. 

8.22 CHEMICAL BINDING IN IMETALS AND INSULATORS 
Metals occupy a definite region in the periodic system. The simplest 
rcpresentati\'es of metals arc the alkalies which haye in addition to closed 
shells just one loosely bound electron. In general, a relatively small 
ionization energy of the atoms seems to be favorable for metallic char¬ 
acter of a solid. This explains why metals are grouped in the first col¬ 
umns of the periodic table in which the outermost electrons move imder 
the influence of a comparatively low effective charge, wliile in the later 
columns of the periodic system there are a greater number of electrons 
in the outermost shell, anti any one of these electrons moves in a more 
imperfectly shielded nuclear field and is therefore exposed to a higher 
effective charge. The re(iuireinent of low ionization energy can also be 
met bv proceeding toward higher rows of the periodic table where the 
outermost electrons occupy orbits of higher ciuantum numbers and are 
farther removed from the nucleus. Indeed in the later columns of the 
system we tind that the ligliter elements are insulators while the heavier 
ones arc metals. 
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In order to find the eonneelion hetween llir rules just stated an.l tlie 
requirement that imperfectly iill(‘d Hrillouiri zones shouM be present in 
metals, we shall investigate the electronic structure of solids of the sim¬ 
plest elements. \\ c turn first to liydro^eti. l^norinp; tlui fact, that 
hydrogen forms a molecular lattice, we ^hall place hvdrogen nucl<-i in 
such a way as to form a simple lattice of tl.e sam<- kind as found for the 
alkali metals. This is a body-centered cubic lattice, that is, a simijh; 
cubic lattice with an additional atom at tiu* <‘(‘nt(‘i' of e\'(*i‘\' cuIk' 

In oidei to investigate the motion of an electron in this lattice, w(^ 
shall appl^' the lules <teri\’ed for tlu' motion in a strong jaaioilic field 
The electron-states must l)e ol)taine.l by linear superi.ositions (,f elec¬ 
tronic motions around individual hy.lrogen atoms which are Jiohr orbits 
perturbed to some extent by the intluem-e of neighboring latti.-e points 
If the number of atoms in flic lattice is .V. then tliere aiv Hohr orbits 
available out of which we can form A indepeiuhait litu'ar coml)ina1 ions 
corresponding to waves luopagated throughout the crystal, d'his is so 
because b^ foiming lineai" combinations \\t* cannot increase or diminish 
the numbei of states available, it was stated eailier (si'ction 8.17) that 
one Brillouin zone corresponds to each electronic state of a cell, d'he 
Brillouin zone corresi)onding to Hie lowest hydrogen oibit consists 
therefore of N orbits and, according to the two possilile \-alu(‘s of the 
election spin, lecjuiies 2iV electrons to be filh'd up <’oinpletelv. lint in a 
lattice of N hydrogen atoms only A' el<-ctrons are available; this number 
is insufficient to fill the first zone, and a metal is obtained. 

Let us now' consider an arrangenu'iit of hydrog(‘n nuclei in which jjairs 
of nuclei are closer to each other than to any third nucleus. The ele- 
mentaiy cells of the lattice now cijnsist of two atoms, and, if A^ atoms ari^ 
present, the number of cells is A/2. We consid<*r again the lowest elec¬ 
tronic orbit in a cell which in tlie ijre.stait case is a bonding molecular 
orbit of IIo. The Brillouin zone corresiionding to this .state contains 
N/2 different orbits and can be filled up completely by the N available 
electrons. Therefore an insulator is obtained. 

The state of the insulator just di'scrilied does not differ from the state 
W'hich we would obtain by filling each molecular orbit by the two hvdro- 
gen electrons. This as well as the formerly (lescribe<l procedure fills all 
the lowest bonding orbits, and it does not make anv dilTerence whether 
W'e first make up linear combinations of these orbits and fill all of them 
or whether we fill up all of the original orbits. It is significant to form 
linear combinations spread out over the crystal only as long as not all 
of the available orbits are occupied. 

A similar situation was discussed in conneetion with the molecular- 
orbital method. There too it did not make an^'" difference whether all 
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molecular orbits, bonding and antibonding, obtained by linear combina¬ 
tion of a state of one atom with a state of the other, are filled up by as 
many electrons as they can hold, or whether one filled up completely 
the atomic states from which the molecular orbits are constructed. In 
a Brillouin zone states of lower energy are analogous to bonding states, 
and states of high energy to antibonding states. The filling of the whole 
Brillouin zone gives rise to the cancellations of bonding and antibonding 
effects and to the distribution of electron pairs on the single cells. In 
the li>'drogen lattice the result is that all forces between the molecules 
cancel out with the exception of van der Waals attraction and repulsion. 

If the atoms are close together, the actual wavelength connected with. 
a given k' value (sections 8.15, 8.17) is short. The electrons then have 
high momenta, high kinetic energies and also changes in electron states 
require high energy changes. Then it will be more difficult to effect dis¬ 
placements of atoms in the lattice since adjustment of the electronic 
orbits is impeded. In view of tliis, it will not be surprising to find that 
the displacements of the hydrogen atoms from the simple cubic lattice 
to a molecular lattice is not as easy at high hydrogen densities as it is 
at the ordinary low densities of hydrogen. Because of the great com¬ 
pressibility of hydrogen, high hydrogen densities can be produced rela¬ 
tively easily, and calculations actually show that at a pressure of a few 
hundred thousand atmospheres the hydrogen atoms should form a 
cubic close-packed lattice, and hydrogen should have metallic conduc- 
ti^■ity. It is not impossible that this metallic state of hydrogen exists at 
some distance below the surface of the great planets which are known 


to have a hydrogen en^’clope. 

The structure of helium may be described from the point of view of 
the Brillouin zones in the same way as the structure of the molecular 
hydrogen crystal. If the crystal consists of N helium atoms, the Bril¬ 
louin zone corresponding to the Is state of helium contains N orbits 
which can be filled completely by the 2*V available electrons. An insu¬ 


lator and more particularly a van der Waals crystal results. 


In lithium the filling of the fii-st Brillouin zone corresponds to the 
filling of the K shell. The valence electrons are sufficient to fill half the 
next Brillouin zone, and a metal is obtained. The same explanation of 
one valence electron per atom filling half a Brillouin zone certainly holds 


for the remaining alkali metals which have body-centered cubic struc¬ 


tures. 

From the arguments given so far, we would expect solid beryllium 
like solid helium to be an insulator. Actually the two beryllium electrons 
in the second shell are just sufficient to fill completely the second Bril¬ 
louin zone. But we fiiul here that a possibility mentioned in section 8.17 
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is realized: namely, there are some rej;ions of a lirillouin zone wliieh have 
a liigher cnerp:y than e(‘rtain rej^ions of the next zomx A lower energy 
is obtained it one l(*a\’es a portion of the iowec zone empl^' and mo\'es 
some electrons into the lowest poi-tions of the' next zone. 'I'lius we ob¬ 
tain two incomplete zones, and metallic- eondiietivitv i(‘sults. 

The example of beryllium shows that, (‘ven if the crystal stnieture is 
given and the number of electrons per cell is known, we may not Ik- able 
to predict whether the substance is a conductor or an insulator. If the 
crystal held must be regarded as a .strong periodic held, the lirillouin 
zones will form narrow nonoverlapping em-rgy bmids, and. if tin- right 
number of electrons are pre.sent. an insulator will be formed. If, on the 
other hand, the periodic fi(‘ld is weak, and tin* atoms ai(‘ ehtse enough 
together so that the kinetic energy associated w ith the spreading of el(*e- 
tron waves through the crystal is more important than tlx- binding to 
individual center.s, then the lirillouin zones overlaj). and metallic con¬ 
ductivity must be expected. In this, we .see a confirmation of the ruk; 
that low ionization eiu-igh-s aix- fax'orabk- lor metallic eonducti\it v. In- 
deed, if the ionization energy is low, the electrons will be bound more 
weakly to llie individual atoms, aiul a relati\'elv weak periodic ficM may 
be expected. 

If the number of electrons pc-i' e(‘ll is odd, tlu- total number of (*](‘ctrons 
is an odd multiple of the total number of c<-ll.s, while the total number of 
places available in a gi\'(*n set of lirillouin zones is an e\('n multiple of the 
number of cells, llu-refore atoms with an odd number of (-lectrons may 
form insulators only when an even number of atoms (and tlierefore an 
even number of electrons) is placed in each cell of the crystal. One way 
of realizing this is to foi'm tlie lattice from diatomic molecules. Tims, 
formation of homopolar bonds may lead to the electronic structure of 
an insulator where otherwi.se metallic conductivity would have to be 
expected. Such bond formation is favore<l if the outermost sla-ll is in¬ 
complete, and if the ionization energy is great. The unoccupied places 
in the shell have energies similar to the occupied ones. This energy is 
low if the ionization energy is great, and thus much energy is to b(: gained 
bj' the sharing of electrons between neighboring atoms. 

Generally speaking, if the ionization energy is great and the attiac- 
tion centers are strong, it is favorable for the atoms to occupy positions 
for which localized electron orbits of h)W energy can be formed. These 
orbits may belong to diatomic molecules as in the halogens, to two 
neighboring membei'S of a string of atoms as in sulfur, or to two neigh- 
boi-s in more complicated structures as in diamond. These orbits are 
then filled up with pail's of electrons, and an insulator is obtained whose 
structure can be represented by the mclecuiar-orbital method and there- 



176 


FORCES IN THE SOLID STATE 


fore by definite valence-bond pictures. If, however, the ionization energy 
is small, any molecular orbits that may be found will have a weak bind¬ 
ing energy. In this case localization of electrons in molecular orbits 
does not lower the energy so greatly as does the spreading out of elec¬ 
tron wave-functions over the crystal which latter wave functions give 
an uncertain position of the electron but at the same time lead to low 
momentum and low kinetic-energy values. 

We have two simple methods of predicting metaUic conductivity, a 
more empirical method connecting conductivity with low ionization 
energies and a theoretical ivile requiring incomplete Brillouin zones for 
the presence of conductivity. But it is necessary to consider the pos¬ 
sible electron orbits and with it the chemical properties of a substance 
in detail before we can say whether the actual crystal structures found 
will permit the filling of Brillouin zones. On the other hand, the cri¬ 
terion of low ionization energies is at best a qualitative guide and be¬ 
comes less valuable when applied to crystals consisting of atoms with 
widely varying properties. 

8.23 RESONANCE IN METALLIC CONDUCTORS One way of 
representing chemical binding in a typical metal such as an alkali 
metal is to assume homopolar bonds between pairs of neighbors. The 
pairs may be arranged in an arbitrary manner except that all atoms 
must participate in one bond linking them to one of their immediate 
neighbors. Since in an alkali metal each atom has eight equivalent 
neighbors * there will be an indefinitely great number of possible arrange¬ 
ments of bonds. The actual state of the metal corresponds to a res¬ 
onance among all these various valence pictures. Though for the 
formation of a homopolar bond between two metal atoms it would be 
more advantageous for two metal atoms to be closer to each other than 
to their other neighbors, an arrangement of a great number (8) of 
neighbors at equal distances is stabilized by the greater number of 
resonating states made possible by this configuration. 

Although this picture of the metallic bond is helpful in correlating 
metals and unsaturated molecules having resonance structures, it does 
not jdeld a ready explanation of metallic conducti^ity. It is true that 
change from one resonating stmeture to another involves electronic 
motion. But any arrangement of a finite number of bonds gives rise 

• It seems porhai)s a little surprising that the alkalies, as the simplest metals, do 
not have a close-i)acked structure with 12 neighbors. In the actual body-centered 
structuiv there are in addition to the 8 nearest neighbors, 6 second nearest neighbors 

which arc only 2/V^3 times farther than the nearest ones. Thus each alkah atom 
is surrounded by 14 fairly close atoms. In the resonance picture bonds with the 
second nearest neighbors must probably be taken into account. 
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to such electronic (lisplacoincnfs tl.c vc<-|,„- sun, „f uhid, is /c,<, •,ncl 
such displacements cannot fdve lise t„ „ net cunenl. It «„ul,l’11„.„ 
become ncccssai-y to explain conductivity bv the ad.litional bvpothc.is 
that among the resonating states thcio a,c some will, ,.|,,.t,„u 
on a single atom and some in which 1,0 valence cl,.ct,„n l„„„l |„.l„u^s 
to a given atom, ibis means an inl,,„|i,cii,i,, ,,| i,i,,izi'd states a pro¬ 
cedure which we also have to adopt when t,vi„g to de.scibe the’.suits 

of the molei.ular orbital method in te,„,.s of lesouating atianie oibit- 
and valence orbits. 

As a second example for resonance in con.luctf.rs ve will consider the 
electionic structure of one lay('r in a Kiapiiile ci-vstal. Figure? 7.25(1) 
shows several resonatinj>: stiaictures in a 
part of the cry.stal plane. As we .‘^liall see 
in the following paragraphs, the ^frllcture 
of the Brillouin zones does not re(iuire hut 
also does not exclude the po.s.Mhility of a 
partially filled zone. Actually tlu' conduc¬ 
tivity of grapliite shows that a partially 
filled Brillouin zone is j>resent. lint the 
example also shows that resonance <loes m)t 
neces.sanly lead to incomi)l(‘te Brillouin 
zones. Although the re.sonance is (amfined 
to a crystal plane, the* motion of tin* con¬ 
ducting electrons lU'cd by no m(*ans be 
parallel to this plane. Tl)us conducti\itv 
is difterent from zero in a diiaH'tion p<‘i'- 

pendicular to the plane, but the resistance' may and does depc'iid on 
the direction of the cuj’ja'iit. 

\Ve sliall now investigate the conductivdy of graphite from the point 
of of the Brillouin zones. \\e shall consider here only the (hjuble- 
bond electrons, that is, tho.se electrons, the wave functions of whicli 
possess a node in the graphite plane, and we shall restrict our di.'^cussion 
to the motion of the electrons in the plane. Then the Brillouin zones can 
be represented in a two-dimensional diagram. (Although such a two- 
dimensional picture gives (pialitatively correct results, the third dimen¬ 
sion must be included in any quantitative discussion.) Figure 8.23('l) 
shows the fii'st three of these zone.s. The peculiar geometrv of a graphite 
layer leads to the result that the available doui)lc-bond electrons can 
just fill the first Brillouin zone. If the motion of these electrons along 
the layer proceeds like the motion of free electrons insofar as their 
kinetic energy' depends only on the square of their momentum, then the 
electrons of equal kinetic energy lie on concentric circles in the Brillouin 



I' KJ. 8.23(1). Hrilloiiid /.ones 
for a graphilc plain*. 
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picture. All states up to a certain circle will be filled; the dotted circle 
in 8.23(1) encloses the region occupied by the states of conducting elec¬ 
trons. The overlapping of the energy bands of two neighboring Bril- 
louin zones causes the presence of unfilled zones and makes the substance 
a conductor. 

There is no reason ^^hy other conjugated systems should not give 
metallic conductivity. Thus it should not be impossible to make plastics 
wliich would be good conductors. 

8.24 ALLOYS YTen we describe the electron structure of metals by 
electronic states belonging to the periodic field as a whole and when we 
fill up these states successively with independently moving electrons, we 

relinquish the idea of ascribing definite chem¬ 
ical formulae or bond structures to the metals. 
Thus we deviate from the descriptions used in 
classical chemistry. That such a departure is 
necessary is showui by the behavior of alloys 
which elude a classification in the usual chemical 
categories. 

The first remarkable fact about the alloys is 
the great readiness with, which two or more 
different metals can foim homogeneous struc¬ 
tures. Among these structures regular arrange¬ 
ments or so-called superstructures are frequently found to be stable at 
low temperatures. The high-temperature arrangement is a more or less 
random distribution of atoms. Thus a 1:3 mixture of gold and copper 
gives at low temperatures after annealing the regular arrangement 
shown in Figure 8.24(1) where the gold atoms form a simple cubic 
structure with the copper atoms occupying the centers of the faces. 
At high temperatures the atoms occupy the lattice points of the close- 
packed cubic arrangement according to a random distribution. 

On the one hand, the miscibility of metals would classify them ^\ith 
mixtures; on the other hand, the strong forces which hold together the 
atoms of different kinds seem to indicate chemical forces. Yet the 
rather indiscriminate nature of the forces acting almost equally between 
like and unlike atoms prevents the formation of very well-defined com¬ 
pounds. Metals have been described as electron compounds in which 
almost any kind of atom can be incorporated as long as one of its elec¬ 
trons can be lost with sufficient ease and pooled with the remainder of 
the metallic electrons. The only additional requirement is that the size 
of the remaining positive ion should not cause too great a distortion in 
the lattice. If the fit is poor, the miscibility is limited, and, after the 
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Fig. 8.24(1). Ordered 
1:3 gold-coppcr alloy. 
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iraction of foreijin atoms lias oxt'oedod a rcM’laiii limit, a new K<'<»i*<‘tiical 
arrangement of the atoms is formed. 

1 he idea of an eloetron eompiiund is sujiptated hy a most p('('uliar 
mle of Humt'—Uothery. According to this rule C(‘rlain crystal struc¬ 
tures aie fa\tued if (he ratio of lattice points to \'al(‘ncy el(*cfrons in an 
allo^'^ is close to certain luirnhers. 'I'hree such characic'ristic ratios ai<*, 
2.3, 13:21, and 4:7. According to a {lualitative explanation of II. Jones, 
the ci> stal structures adopted for each of t hese lat ios is such as to permit 
the surface of the Fermi sea to make conta<’t with the .surface of a F>ril- 
louin zone. We liave seen that in weak laa-iodic fields the only strongly 
perturbed electron motions are those reprc.sented Uy r(‘gions closi' to the 
boundanes of Brillouin zones. Tlu' perturbatio!i is such as to lower the 
topmost energy region of a Ihillouin zone and rai.se the lowest energy 
region of the following zone. [For the analogous behayior in the one¬ 
dimensional case see Figure 8.14(1).] Thi^ depression of tlu* eiuMgy 
along the boulei where a Brillouin zone is in contact with a higher zoik; 
leads to the conseciuence that filling in of such bordc'r regions by vUh-- 
trons is energetically fayorable. and this in turn explains why tho.se 
crystal structures are stabilized which permit the Fermi .sea to reach up 
in some places to the border of the Brillouin zone. 

8.25 IN 1 J'vHSl11 lAL S1RI(’TIBKS While in alloys atoms of 

difTeient kinds replace each other, interstitial structure's are formed 

when foreign ions which are small enough enter into the interstices of 

the normal lattice. In this way boron, carbon, or nitrogen may 

enter into various metals. In fact, the carbon in different forms 

of iron often is pre.scnt in the interstices. The mechanical inoiier- 

ties of a metal arc influenced by the strain due to the atoms in the 
intei'stices. 

The most interesting e.xample of intei-stitial structures is the so-called 
solution of hydrogen in some metals, particularly in iialladium. The 
pressure dependence of the solubility shows that hydrogen is dis.solywl in 
the atondc rather than in the molecular form. We shall de.scrilje the 
solution of a hydrogen atom as an independent addition of a proton and 
an election to the metal. Ihe hydrogen ion is a bare proton, the radius 
of which is negligible on an atomic scale. The reason w hy hydrogen is 
not soluble in many more sub.stances is that the IF molecule is rather 
stable and that a great additional amount of energy i.s needed to ionize 
the hydrogen atom and to obtain the proton and electron. The latter 
particles are taken up eagerly by any metal, but in most instances the 
energy thus liberated is not great enough to compensate foi- the initial 
expenditures of dissociation and ionization. 
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In all metals a certain energy called the “work function'^ is needed to 
remove an electron from the metal. This energy ranges from about 1 
volt for caesium to about 5 volts for heavy transition elements. The 
same amount of energy is gained if an outside electron is added to the 
metal. The addition of the proton to the metal also liberates some 
energy, since, as soon as the proton enters, the density of electrons 
around it increases, and the potential energy of the system is lowered. 

It has been observed in palladium that hydrogen can diffuse freely 
through the metal and that under the action of an electric field the pro¬ 
tons drift in the direction of the field. The latter experiment means 
that the charge of the proton is not completely neutralized by the charge 
of the electron cloud around it. Evaluating the results quantitatively, 
we find that the force on the proton is about 50 times smaller than 
would be the force on a free proton showing that the neutralization of 
the proton’s charge is almost complete. In fact, if the proton were 
infinitely hca\'ier than the electrons, a complete neutralization should 
always be expected in a conductor. Since the proton gathers the charge 
of one electron around itself within the lattice, we might think that it 
has returned to an atomic state not unlike the state of a gaseous atom. 
But in the gas the nearest orbit to the proton was filled with one elec¬ 
tron. In the metal the proton is surrounded by electron pairs with 
opposite spins whose charge distribution differs radically from that 
found in the gaseous atom. 

The fact that hydrogen atoms are held with sufficiently strong energy 
in palladium to balance the energy needed for dissociation and ioniza¬ 
tion and that at the same time the hydrogens can move practically 
freely within the palladium supports the idea of an electron compound. 
Formation of some definite palladium hydride, if it had enough energy 
to break the II-M bontl, would probably hold the hydrogen in a fixed 
position and would not permit great mobility. 

8.26 CHEMICAL PROCESSES ON SURFACES The importance 

of surface effects in chemistry is primarily due to the catalytic action of 
surfaces. Although the details of this catalysis are greatly varied, com¬ 
plicated, and often obscure, the general reasons why surfaces speed up 
some reactions are not difficult to understand. The forces emanating 
from a surface are of different kinds. Van der Waals forces are always 
present, although on closer approach chemical forces may begin to act 
between the surface atoms and the adsorbed atoms. The chemical 
forces may be particularly pronounced at some active points. The in¬ 
discriminate attractive action of the van der Waals forces helps to create 
a greater concentration of i*eactants near the surface, whereas the chem- 
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ic:il action of the surface may be useful in forininjj; iiecessarv intei'iiu'di- 

alo compounds. 1 he circum.stancf* tliat dilTereiit active plac<'s on the 

surface mislit liave diireietit kinds of chemical effects miKld help to 

account for the variety of catalytic eOects observ(‘d for a single kind of 
surface. 

All that has hpcii said so far holds both for nonniclallic and for inclallic 
catalysts, lint metals can enter a chemical reaction in one more man¬ 
ner. they can accept an electron from a reactant, incorporatin;; this 
electron into the h’ermi sea, or they may -ivean electron t.)a icactant 
The electron allinity of an insulator is nsimlly ,|nite small (a fraction of 
a volt), whereas the energy needed to pull ont an electron from an 
imsulator is often as high as 10 volts. In a metal the electron aflinity is 
equal to the energy re(|uired for an electron to leave the metal hoth of 
these quantities being called the work function. It is easy to .see the 
reason for this dillereiice between metals and insulators. In insulators 
the dilTerence between ‘•ionisation energy" tthat is, the energy re.|uired 
to draw an electron out of the insulator) and the electron aflinity is equal 
to the cnerg.y gap between the top of the last full Hrillouin zone and the 
bottom of the first empty zone. In metals both the “ionization energy” 

are e(|ual to the ciua-gy dilVerence between the 
top of the Eermi sea and tlie energy of an electron outside; the m(;tal. 

Ihus metals are both good electron donors and good ekM-tron a{;cep- 
toi-s. Insulators in general are poor electi-on donors and also poor 
electron acceptors. The best electron donors among the metals are 
those with the lowest work functions, that is, the alkali metals. 'J'he 
best electron acceptors are the metals with the liigliest work functions 
which are to be found among the transition metals. 

The ionization of reactants on metallic surfaces is facilitated by the 
fact that the ionic charge is partly neutralized by an appropriate in¬ 
crease or decrease of electron density in the adjacent metal surface. 
Since the reactant is in many cases in intimate contact with the metal 
surface, it might become ambiguous whether ionization has really taken 
place. The distinction between an ion and a neutral molecule is a sharj) 
one only as long as there are no easily movable charges clo.se to the ion. 

Ihe ease with which a metal can accept and give electrons, neutralize 
charges, and carry electrons to new places opens vanous pos.'<ibilities to 
influence the electron structure of adsorbed molecules and thereby to 
facilitate chemical reactions. 
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9.1 EFFECTS OF A jNIAGNETIC FIELD The motion of charged 
particles is affected by magnetic fields to a very much smaller extent 
than it is by electric fields. This is tnie as long as the motion of the 
particle is slow compared to light velocity, and it is in particular true 
for all valence electrons whose velocities are less than one hundredth of 
the velocity of light. Since practically all physical and chemical prop¬ 
erties of matter in bulk depend on the beha\dor of the outer electrons, 
we must expect magnetism to play a much smaller role in the structure 
of matter than is played by electricity. This situation is not changed by 
the presence of the internal angular momentum or spin of the electrons. 
Though the spin is connected with, a magnetic moment, this magnetic 
moment is of the same magnitude as the moment due to the orbital 
motion of electrons. 

Though the interaction of atoms in molecules or in solids is not essen¬ 
tially influenced by magnetic effects, yet the spin plays an important 
pai t because opposite sj^in orientations for two electrons allow them to 
occupy the same orbit. AMienever such pairing of electrons occurs, the 
magnetic effects of their spins cancel. Conversely, whenever the influ¬ 
ence of the magnetic moment of an electron is apparent in the magnetic 
properties of a substance, we can conclude that an unpaired electron is 
present, and this statement is of direct interest in connection with 
chemical structure. The magnetic effects of the orbital motion com¬ 
plicate this situation considerably; but the same effects may yield 
valuable information about the electronic orbits. For instance, in 
crystals containing rare-earth ions, magnetic measurements have helped 
to confirm the conclusion that the motion of the electrons in the internal 
incomplete shells is affected to a very small extent by the field of the 
neighboring ions. 

A discussion of magnetism must of course also include the phenom¬ 
enon of ferromagnetism, a phenomenon which does not affect very 
deeply the structure of the bodies involved and is not connected with 
particularly great energies but winch is nevertheless striking and seems 
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fo rof|uire a poctiliar conipoiisafioii of forcc.s ((ccuninti; only in ;i small 
number of compounds. 

9.2 IIIL IVIAGXKIIC MOMKX'I' A magnetic moment is produced 
by a cuiTcnt cnelosinp; a certain area. We .diail consider only the sim¬ 
plest case in which the enclosed area i.s plane. 'I'hen the masnilude of 
the magnetic moment /i is 

la 

M = — 9.2(1) 

c 

where I is the intensify of the current, a the enclosed area, and c tin; 
velocity of light. The magnetic moment like tlie electric monK'ni- is a 
vector. Its direction is i)erpendieular to the plane iiK'iitioned and is 
such that, if we look from the .south to the nortli pole, the current 
appeal's to How in a clockwise diivetioti. 'I'he int<‘raetion of a magnetic 
dipole with a magnetic held is of the same kind as the interaction of an 
electric dipole witli an electric held; namely, there is an ori(‘nfing force 
on the dipole which fends to line up the dipole with the field, d’lu; 
energ,v of interaction with tlie field // is given by 

-g// co.sf? 9.2(2) 

whore $ is the angle included by the <IipoIe and the field direction. 

No atom has an electric dipole momorit in its Iow(‘st state and as a 
rule not even in an excited state. On the othei- hand, magnetic mo¬ 
ments are quite common in atoms. The reason which has ruled out 
electric (lipole moments in atoms is that reflection in the center of the 
atom should invert the electric dipole, whereas in reality such an inver¬ 
sion leaves the charge distribution in an atom unchanged. If a circular 
current is considered, it may be seen immediately that inversion in the 
center of the circle merely interchanges diameti-ically or)posite points of 
the circle but leaves the direction of the current unchanged. Actually 
inversion leaves both the ciiarge and current di.stribution in an atom 
unchanged, and, since the magnetic moment too remains the same under 
this operation, there is no general reason of symmetry which would 
cause the magnetic dipole to vanish. 

The magnetic moment produced by the motion of the electrons in 
their orbits is connected in a simple manner witli the angular momen¬ 
tum of the atom. If ,1/ is the angular momentum, one can show with 
the help of equation 9.2(1) that the magnetic moment is 

eM 


M = 


2mc 


9.2(3) 


where w and e are the mass and cliarge, respectively, of the electron. 
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Since the angular momentum of an atom is an integral multiple of A/27r 
the magnetic moment of the atom must be an integral multiple * of * 


eh 

iXD = -- 

^TTmc 


9.2(4) 


This elementary magnetic moment, is called the Bohr magneton. 
The simple relationship between the orbital magnetic moment and the 
Bohr magneton holds only as long as the electron moves in a spherically 
symmetrical field. In diatomic molecules and more generally in linear 
molecules, in which the field has cylindncal symmetry, the component 
of the magnetic moment along the axis of the molecule is still a multiple 
of the Bohr magneton. But, if the field is of a sufficiently low symmetry 
and is sufficiently strong, the orbital magnetic moment of the electrons 
turns out to be zero. This is in fact a very common occurrence in 
polyatomic molecules and crystals. Magnetic moments which differ 
from zero but are not multiples of a Bohr magneton occur in fields with 
a S 3 ''mmetry of three- or more-fold axes. If the symmetiy is even lower 
but the microscopic field is extremely weak, the magnetic moment de¬ 
pends on the strength of the external field and vanishes when the 
external field goes to zero. 

In addition to the orbital magnetic moment, electrons possess a 
magnetic moment connected with, their spin. The magnitude of this 
moment is one Bohr magneton wliich may seem somewhat surprising in 
view of the fact that the spin angular momentum is only one half the 
unit h/27r. Thus relation 9.2(3) does not hold for the spin.t The re¬ 
sultant of spin and orbital magnetic moments can be obtained by add¬ 
ing the vectors which represent the two moments. The resultant will 
be, in general, no longer a multiple of the Bohi* magneton, but it can be 
calculated in terms of Bohr magnetons by the quantum-mechanical 
vector-addition rule. 

In contrast to the behavior of the orbital magnetic moment, the spin 
magnetic moment cannot be quenched by microscopic electric fields. 
The only coupling to which spin is subject in atoms, molecules, or crys¬ 
tals is coupling to magnetic fields, other magnetic moments, or other 
spins. 

* Strictly speaking, this holds for the components of angular momentum and 
magnetic moment along a given direction. The actual length of the angular-momen¬ 
tum and magnetic-moment vectors is given according to quantum mechanics not 
by an integer I multiplied by an elementary angular momentum or magnetic moment, 
but rather by \/l{l + 1) multiplied by the elementary quantity. 

t This actually is a consequence of relativistic quantum mechanics. 
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<1.3 TEMPERATUUK-DKPKXDKXT PAPAAIAOXI'ri'ISM A 

l>aiamiigiiotic substance is a magnetic analogue of a diclecl ric sub¬ 
stance. In an iso(roi)ic paramagnetic stibstance, a magnetic field in¬ 
duces an average magnetic moim'iit winch is parallel to the magnetic 
licld. 'I'he paramagnetism of many substaiices shows a temperalurc* 
dependence of the same foi'in as the temperature dependence of that 
l>art of the dielectric constant which is due to electric di[)oles. In th<‘s(' 
substances the i>aramagnetism is actually produced by magtie1i(r dij)oI(’h 
which can orient themselves freely in an outside magnetic field. 

By an argument which is similar to that giv<'n in s('ction 5.-1 we find 
that the magnetizatio?i, that is, the magnetic dipole pc'r unit volume 

a magnetic field //, i.s 


A>2// 

3/.-7’ 


9.3 f I ) 


wliere IV is the number of magnetic dipoles per unit volume. I'Vom this, 
we obtain for the magnetic i)eiineability * 


AttXu- 


1 + - 


:UT 


9.3(2) 


The temperature-dependent pararnagneti.sm previously desci-ib(-d is of 
course found only ftu' substances which ilo possess a niagiu'tic moment. 
Such sub.stances are relatively rare because in saturated compounds 
the spins arc paired and their magnetic moments cancel while the orbits 
tend to form clo.sed shelLs who.se angular mometitum and magiu'tic 
moment is zero. X'otable examj)Ies for j)aramagnetic ga.ses are oxygen 
and nitric oxide (XO). The former has no orbital angular momentum 
but two parallel uncompensated spins. The latter has one uncompen¬ 
sated spin and one unit of orbital angular momentum along the molecu¬ 
lar axis. Ihe temperature dependence of the paramagnetism of nitric 
oxitle is complicated by the fact that the molecule has two low elec- 
tionic levels. In the lowest le\'el the spin and orbital magnetic moment 
cancel each other so that at low temperatures the parainagncdism dis¬ 
appears. But already at room temperature the next level in which the 
orbital and spin magnetic moments re-enforce each other is excited, 
and nitric oxide is paramagnetic. Owing to the wcakne.ss of magnetic 

* In calculating this permeability we must not use integer multiple.^ / of the Bohr 

magneton for If is of orbital origin, then its value is + i), and, if it 

originates from spin alone, its value is + 2). If both the orbit and tlie spin 

contribute or if the orbital magnetic moment is partly (luenched, more complicated 
expressions arc obtained. 
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coupling inside atoms, molecules, and crystals, it is not unusual to en¬ 
counter a situation similar to that just mentioned. Levels which differ 
onl}^ on relative orientation of magnetic moments within an atom are 
apt to lie so close to each other that the temperature energy suffices to 
cause transitions between these levels. 

An extensive class of paramagnetic substances is afforded by crystals 
containing rare-earth ions. The paramagnetism is due to the magnetic 
moments of the inner incomplete shell. This shell is sufficiently far 
inside the ion so that the microscopic fields of the crystal though having 
a noticeable effect do not complicate the calculation of the paramagnetic 
susceptibilities too greatly. Investigation of the magnetic properties of 
these ions has helped materially in clarifying the electronic structure of 
the incomplete inner shell. 

Paramagnetism appears in other transition metal ions, but in these 
the incomplete shells are less completely shielded from the influence of 
the crystal field, and thus the theory of paramagnetism for these com¬ 
pounds is more involved. Paramagnetism of these ions may neverthe¬ 
less serve as a guide in finding the electronic configuration in complex 
ions. According to the kind of co-ordination, the number of orbits on 
the central ion available for the electrons participating in the co-ordina¬ 
tion bond may vary, and magnetic measurements can furnish informa¬ 
tion about the configuration of these electrons. This method has been 
used by Pauling to distinguish between the tetrahedrally co-ordinated 
doubly charged nickel ion in 

NH3 NH3 

V 



nh;^ nHj 

and the doubly charged nickel ion with plane co-ordination, 



In the latter, eight electrons of the four co-ordination bonds (shown by 
dotted lines in the formula) must be distributed among four orbits (one 
3d orbit, one 4s orbit, and two 4p orbits) which results in complete pair¬ 
ing of the electrons. Correspondingly no paramagnetism is observed. 
In the tetraliedral compound, five orbits (one 3d orbit, one 4s orbit, 
and three 4p orbits) are available for eight electrons of the co-ordination 
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Lcinds. Two sj)ins remain uncompensated, and tlic substance is, tlicre- 
fore, panimagnetic. (Sec section 8.9.) 

9.4 MAGNETISM AND THE PliODUCTION OF LOW TI-]M- 
PEIOVTUKES The magnetic proj)erties of raro-(‘arth salts liave been 
used to produce temperatur(*s well below \° K. We shall outline the 
principle on which this method is based. 

Low temperatures are u.sually produced by transition of a system 
from a state of lower energy and small a priori i)robabilit.y to a state of 
liigher energy and great a priori prol)ability. 'I'he most common exam¬ 
ple of such a process is evaporation, in which process the molecules 
ab.sorb energy in order to get into the vapor phase. 4'he practical limi¬ 
tation of using sucli processes in the produ(4ion of low temperatures is 
that after the temperature has l)een decreased to a certain extcait almost 
all molecules will remain in the state of lowest energy. In order to reach 
low temperatures one must th(a*efore utilizt; processes in which the? 
cliangc of energy is sufticiently small so that the process does not die 
ofT even at low temperatures. The fact that magnetic interactions are 
small, particularly if the magnets are not too close to each othca*, has 
the consecpiencc that the orientations of magnetic moments retain tluar 
mobility even at very low temperatures. 

The following procedure has been applied. A paramagnetic rare- 
earth salt is brouglit at licpiid helium temperatures into a st rong magnetic 
field. According to expression 9.3(2) the permeability at low tempera¬ 
tures is very high. By u.^ing sufficiently strong fields we can line up all 
atomic magnets with the external fi(‘ld.* In orienting the dipoles, the 
energy of the dipoles is lowered, and the heat thus released is carried 
away by the licjuid helium. Then the system is as far as pos.sible iso¬ 
lated against furtlier heat exchange, and the magnetic field is slowly 
diminislied until it roaches zero. During the process the magnets re¬ 
sume random orientation. This process is occurring while the magnetic 
field is still dilTercnt from zero, so that the magnetic dipoles perform 
work against the magnetic field. The required energy is furnished from 
the store of heat energy' of the substance so that the temperature is 
lowered. Factors limiting the temperatures which can be reached by 
this method are (1) interaction between the magnets which causes them 
to occujjy fixed relative orientations if the temperature becomes too low, 
and (2) the slowness of exchange of energy between various degrees of 
freedom. We cannot completely escape both of these difficulties since 


• In this ca-so of saturation, the formulae 9.3(1) and 9.3(2) no longer apply. They 
were derived on the a.ssumption tliat the orienting effect of the magnetic field intro¬ 
duces a .small perturbation into tlie originally isotropic distribution of magnets. 
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high values of interaction prevent mobility, whereas too low interactions 
cause equilibrium to be established very slowly. 

9.5 FERROMAGNETISM According to formula 9.3(2) paramag¬ 
netism can be enhanced by lining up a number of magnets parallel with 
each other. If for instance in an assembly of magnets, pairs of magnets 
were always forced to be parallel, we could replace N magnets of mo¬ 
ment fj. by N/2 magnets of moment 2^, In the combination Nft^ which 
enters in equations 9.3(1) and 9.3(2), N is decreased by a factor but 
is increased by a factor 4, and the paramagnetism is enhanced by a 
factor 2. In ferromagnetic substances very great numbers of elementary 
magnets are tied together into a so-called elementary domain. Accord¬ 
ing to the state of the crystal, the large magnetic moment of an elemen- 
taiy domain may be tied rather tightly to certain directions in the crys¬ 
tal or else may be relati^'eIy free to change its orientation. The first is 
usually the case in a lattice full of irregularities such as hard iron. If 
such a substance is once magnetized, the elementary domains remain 
lined up, and we have a pennanent magnet. In a more regular lattice 
for instance soft iron, the elementary domains may return more easily 
to random orientations when the external field is removed.* 

The main problem in explaining ferromagnetism is to understand the 
nature of the forces that cause the magnetic dipoles to remain lined up 
witli each other. One can show that in iron and in similar substances, 
the oibital contribution to the magnetic moment is quenched by the 
field of the crystal, and we need consider only the electron spin. Free 
spins are indeed available in the incomplete d shell. In discussing the 
chemical bond, we have seen that forces causing relative orientation of 
spins may be due to the operation of electrostatic interaction between 
electrons and the Pauli principle. If in particular the symmetrical 
orbital wa^’e function of two electrons has a lower energy than an anti- 
s^mimetiical orbital wa^’e function, then in the more stable wave func¬ 
tion the spins will be o]iposed. This is the case in the lo\ver state of the 
hydrogen molecule, for the electron paii*s in the valence-orbit picture, 
and in general alwa^’s when a maximum number of electrons ai'e to be 
packed into a given number of states. But in the transition elements 
there is a surplus of free orbits, and under this condition there is no 
reason why the antisymmetrical state should not be the lowest. In this 
antisjTnmetrical state the spins must be parallel according to the re¬ 
quirements of the Pauli principle. 

• Electric as well as magnetic dipoles have sometimes the tendency of parallel 
orientation within cxiendetl domains of some crj'stals. This occurs, for instance, 
in KH 2 P 04 and BaTiOs. The resultant eleetric phenomenon is called ferroelectricity 
and is analogous to ferromagnetism. 
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At hijjli tomp(*ratures ferromapiirts liocorne weaker, llio inajrru‘fic 
moment of an elementary (lomain <lecr(*as(‘s, and at a ecMtain tempera¬ 
ture, the Curie point, ferromagnetism clianf^es into temperatui(‘-de- 
pendent paramaj^netism. If the (’urie point is approaelnul from tin? 
hijrli-temperaturo side, the parama^iiietism imacases and I)eeom(*s 
infinite at the C’urie point. It is easy to understand (|ualitativ{“ly these 
effeets. W'e shall start at low tempcaatures wluae tlu* spins within an 
elementary domain are perfectly order(‘d. ^\’ilh lisin^ temperature tlu^ 
distrihution of spins becomes more random, and the moments of the 
domains decrease, d'he picderred oiicmtation of each spin in the domain 
is determined by the a<'fion of the other spins in the domain so that, as 
disorder witliin the domain increases, the avera^jje orientiiiK foices on 
each sj)in becomes smaller. Thus disorder will increase* with rising 
temperature at an accelerated rate, and at the* ('urie temperature* the 
mapinetic moment e)f the* domain has become (Mpial to ze-ro save* for 
fluctuations. The fluctuations consi.st of conclations be*twe(*n neighbor¬ 
ing magnetic dipe)l(>s; they cause the* paiamagne*tisin. imme*diately above* 
the Curie point, te) have e*xe*eptionally high value*s. 'J'he ene*rgy ne'e'de'd 
te) introelue*e ranelom e)rientation of the sj)ins also cau.scs a spee'itic h(*al 
anomaly at the (^lrie point. 

The value of kT at the ('urie point give*s the e)reler e>f nuignitude e)f 
tlie coupling be'tween the spins. This ene*rgy turns out to be of (he 
oreler of e)ne tenth e)f an e*le‘ctrem ve)lt anel is thus e'e)nsielerablv smalle*r 
than energies e)f bond formation. 'J'he* re*lative*ly small energy value 
may be explaineel by the fact that the interacting elee*trons aie loe'ated 
at relatively gre\it distane*es in tlie internal shells of difTerent atoms and 
that the overlap of their wave functions whi(*h d(*lermines the relative 
spin orientation is small. We might perhaps expect that ])y bringing 
incomplete orbits closer together substances with higher C'urie j)oints 
might be produced. There are two reasons whicli make this exjx'cta- 
tion somewhat doubtful. First a variety of ferromagnetic .substances is 
already known, and though some of them have (luite low C'urie points 
none has a C'urie point higher than 2000° K. The second reason is tliat 
if the incomplete shells approach too closely to each other and if their 
functions begin to overlap considerably, we may exjx'ct that the inter¬ 
action of the electrons in these shells becomes .dmilar to the usual inter¬ 
action of electrons in tlie outer shell, namely, that an attraction between 
electron pairs is associated with symmetrical orbital wave functions and 
oppo.sed spins. 

According to experimental evidence, conditions for the occurrence of 
ferromagnetism are satisfied if few electrons arc missing from the 3r/ 
shell. Thus iron, cobalt, and nickel are ferromagnetic, but copper in 
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which the Sd shell is filled is not ferromagnetic, and neither is manganese 
in which apparently too many electrons are missing from the 3d shell 
In this connection it is interesting to note that ferromagnetism has been 
observed in copper-manganese alloys in which apparently some of the 
copper electrons are transferred to the manganese atoms. 

9.6 TEMPERATURE-INDEPENDENT PARAMAGNETISM AND 
DIAMAGNETISM The effects discussed in the previous sections 
are exhibited only by a small fraction of substances. The magnetic 
effects in most substances are considerably weaker than those found 
for ferromagnetic substances and the typical temperature-dependent 
paramagnetic substances. In addition, the magnetic properties of most 
substances do not depend sensitively on the temperature. 

One class of these more usual substances contains many of the metals 
and shows a weak temperature-independent paramagnetism. To ex¬ 
plain this we must consider the distribution of electrons in the partially 
filled Brillouin zone of the metal. In the absence of a magnetic field 
spins of both orientations occur equally frequently. But in the presence 
of a magnetic field the electrons will tend to have magnetic moments 
which are parallel to the magnetic field. This they can accomplish 
without violating the Pauli principle, if electrons with spins opposed to 
the field and having the highest kinetic energy are transferred to empty 
states in the same Brillouin zone in which the kinetic energy is some¬ 
what higher and the spin is parallel to the field. The rise in the kinetic 
energy is at first overcompensated by a decrease in magnetic energy 
but, after a number of electrons have made the transition just described* 
a too great change in kinetic energy will be necessary to transfer further 
electrons with spins opposed to the field into states with spins parallel 
to the field. It is seen that the circumstance limiting the number of 
electrons that can change their spins does not depend on temperature. 
It can be verified by simple calculations that the afore-mentioned ideas 
lead to a paramagnetic permeability of the magnitude observed in most 
metals. 

A very great numoer of substances have a magnetic susceptibility 
which is smaller than 1. This means that a magnetic field induces in 
these substances magnetic dipoles which are opposed in direction to a 
magnetic field. These substances are said to be diamagnetic. Diamag¬ 
netism is as a rule a smaller effect than the temperature-dependent 
paramagnetism discussed in section 9.3. 

Diamagnetism is in more than one way analogous to that part of the 
dielectric constant which is due to the polarizability of aton^ or mole 
cules. It is a small reaction to magnetic fields found in such systems 
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wliioh have no permanent magnetic moment. P\)r saturatc'd sul)stane(‘s 
absence of a j)ennanent magnetic moment is tlie rule, and this accounts 
for the great number of compounds i)elonging to this class. Diamag¬ 
netism is as a rule temperature-independent. Tlie reasons for this are 
similar to the reasons for the temperature independence of the dielec¬ 
tric constant in nonpolar .substances. 

The explanation of diamagnetism is connected with the elTects that a 
changing magnetic field luis on charged bodies. Time-dependent mac¬ 
roscopic magnetic fields are known to induce currents in closed wires, 
and the resulting circular current lias a magnetic moment. If initially 
no magnetic field is present and the field strengtli is then subsecjuenfly 
increa.sed to a finite value, the induced magnetii^ moment is opposed in 
direction to the magnetic field, t'nder ordinary circumstances, the in¬ 
duced current is of course .soon damped out by the n'.sistance of tlie 
wire. 7'he sim])le.st way of explaining diamagnetism is to consid(*r an 
atom as a microscopic conductor who.se resistance is zero. Then it is 
clear that when a magnetic field is applied a current is induced which 
produces a magnetic moment opposed to the field. In the absence of 
resistance, this moment persists as long as the magnetic field remains 
unchanged. In view of the fact that electrons move in an unhindered 
way in the atom and that in stationary orbits they cannot lose energy 
by colli.sions, the picture propo.sed here is not unreasonable. Diamag¬ 
netic suscej)tibilities can be calculated by incorporating the magnetic 
and induction forces into the diflerential equation describing the atom. 
A really quantitative calculation can be performed, of course, only for 
those systems whose wave functions in the absence of a magnetic field 
are already known. 

A few substances have large diamagnetic susceptibilities, and these 
susceptibilities often exhibit a rather complicated dependence on tem¬ 
perature and field strength. One .striking e.xample is metallic bismuth. 
The effect is due to the magnetic induction acting on the free electrons 
in the metal. In itself this should be a small effect, but if a I'rillouin 
zone is very noarlj' full or if one has just been started, then the electrons 
may act as though they had a very small effective mass, and in this ca.se 
the theory does predict strong diamagnetism. Another example of a 
substance with high peimeability is graphite. It may be seen from 
Figure 8.23(1) that if graphite has incomplete Brillouin zones only few 
freely moving electrons and holes are to be expected, and all of these 
are close to boundaries of zones. It is also intere.sting to note that the 
diamagnetism of graphite has the anomalously great value only if the 
magnetic field is applied in a direction perpendicular to the strongly 
bound planes of graphite. Indeed electrons will be affected by the 
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magnetic induction much more strongly if the induction forces lie in 
t^e graphite planes. This is the case if the magnetic field is perpendicu¬ 
lar to these planes. 

Superconductors act in some respects like infinitely diamagnetic 
substances. In fact, it is not quite clear whether, in describing this as 
yet unexplained phenomenon,* we should consider infinite conductivity 
or infinite diamagnetism as the main feature. If in the macroscopic 
model for diamagnetism wliich has been used previously the conducting 
closed vnve were replaced by a superconductor, the magnetic moment 
induced by the field would persist indefinitely. 

* By infinite diamagnetism we mean such diamagnetism which completely expels 
magnetic force lines from the substance in question. 
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10.1 IXTUODUC'TIOX In flip devolopniont of qu;inlum tlioory, 

the eiupliasis on sjH'clroscojiy was so that soniotinios it .simmikmI as 

though (juantutn tlu'ory itself were merely a tool for finding sjieetro- 
scopic rules. As quantum mechanies became a eompI(‘ted branch of 
physics, it was found to play the same rule for atomic and subatomic 
j)hcnomcna as is played by ordinary mechanics in the d(*scription of 
macrophysics. Spectrosco[)y retains, however, its importance as a direct 
method of finding atomic and molecular energy levels. 

We shall be interested here in the method of getting such information 
from spectra aiul al.so in the general results to which these methods 
lead. Molecular spectroscopy will receive much more attention than 
atomic speetro.^copy, some results of which have ahead}' been mentioned 
in connection with the theory of the hydrogen atom and the periodic 
table. 

We .shall consider in this chapter those spectra which are connected 
with molecular vibrations, that is the infrared and Hainan spectra. In 
the following chapter the electronic spectra of atoms and molecules are 
considered. 

10.2 MOLECULAR VIBHATIOX^S A diatomic molecule can vi¬ 
brate in one definite manner. The vibration consi.sts in the periodic; 
change of the interatomic distance. If during the vibration the dis¬ 
placements from the equilibrium distance are small, then it is justifiable 
to assume that the restoring force varies proportionally to the displace¬ 
ment. Of course, in any actual molecule the dependence of the restoiing 
force on the displacement contains quadratic and higher terms, but for 
small displacements these can be neglected. If we restiict the discus¬ 
sion to that of a linear dependence of the restoiing force on the displace¬ 
ment, we obtain tlie model of a harmonic oscillator. The linear-force 
law is called the haimonic-force law, and the resulting sinusoidal varia¬ 
tion of displacement with time is called harmonic oscillation. Accord¬ 
ing to a simple classical treatment we obtain, for the displacement 


j: = a sin 2-avt or x = a cos ^ttvI 
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where a is the amplitude of the vibration and v is the frequency. The 
two formulae differ only in the phase of the vibration. Linear combina¬ 
tions of the sine and cosine would give other possible phases. The fre¬ 
quency may be calculated from the proportionality constant h between 
restoring force F and displacement. {F = — fcx, the minus sign indi¬ 
cating that the direction of the force is opposite that of the displace¬ 
ment.) The frequency is given by 

10.2f2) 

11 1 

where m is the reduced mass of the two atoms I - =-1-, mi and 

702 

mg being the masses of the atoms 

According to quantum mechanics, the possible energies of the har¬ 
monic oscillator are (n + \)hv where n can be zero or any integer. The 
lowest energy level n = 0 lies by the amount \hv above the minimum 
of the potential energy corresponding to the equilibrium distance. This 
residual energy which the harmonic oscillator necessarily retains even 
at the absolute zero is called the zero-point energy. Its presence is due 
to the fact that according to the uncertainty relation one cannot localize 
the two atoms at exactly their equilibrium distance from each other and 
at the same time make the momentum and with it the kinetic energy 
exactly equal to zero. Thus the same reason which explains why the 
electron of the hydrogen atom does not fall into the proton also pro- 
liibits a harmonic oscillator from being absolutely at rest in its precise 
equilibrium position. 

The vibrations of polyatomic molecules present a more complex 
picture. If by the displacement of atoms strains are produced in the 
molecule, an apparently disorderly motion results. There are, however, 
some vibrations, called normal \dbrations, for wliich the motion is 
simpler. In a normal \dbration, all atoms move in straight lines, and in 
addition all of them move in phase, their displacement changing with 
time in a sinusoidal manner. Thus each normal vibration has a certain 
characteristic frequency. On the other hand, the amplitude of the 
normal vibration can have any value. All this holds only if the forces 
are harmonic, that is, if they depend linearly on the atomic displace¬ 
ments from the equilibrium positions. For small displacements, the 
assumption of harmonicity is permissible. Even harmonic forces may 
be quite complicated since the components of the force acting on any 
atom may depend on the components of displacement of any other atom. 
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We can show that the mimhcr of dilTcrent normal vibrations is r(inal 
to the mimhcr of vibrational decrees of freedom. This number is ob¬ 
tained by taking the total number of dc'grees of freedom of the mole¬ 
cule, that is, the number of independent ways in which atoms of the 
molecule can move, and subtracliiiK the translational and rotational 
degrees of freedom. Tor an a-atomic molecule the total number of 
degrees of freedom is 3a; there are always three translational degrees of 
freedom and mostly tliree rotational degrees corresponding to tlii’ci^ 
inde]K'ndent rotations of the moh'cule about three perj)endicular axes. 
But for linear molecules only two rotational degrees of freedom exist 
since the rotation around the molecule axis does not displace the atoms 
and must tlierefore not be counted as a degree of freedom. Altogether 
we find 3a — ti vilirational degrees of freedom and the .«amc number of 
independent normal vibrations in a nonlim'ar mole(mle. Tlie corre¬ 
sponding number for a linear molecule is 3a — 5. 

Ihe knowledge of all normal vibrations of a molecule makes if jiossi- 
ble to describe all tin? vibrational motions in a comparatively simple 
manner. Tliis is po.ssible becau.se of two facts. Tlie first is tliat noi'inal 

% ? simply superpo.s<*d, by which we mean that from two 

or more normal vilirations we can construct an actual vilaation of the 
molecule in which the disj)lacement of each atom at each time is the 
sum of displacements which that atom would have according to the 
several normal vibrations. The second fact is that the noi-mal vibra¬ 
tions form a comj)Iete system, by wliicli we mean that any displacement 
in wliich no translation or rotation is involved can be obtained by 
superposing displacements characteristic of normal vibrations. A fur¬ 
ther very helpful fact is that, as a general rule, superposed normal vibra¬ 
tions not only proceed independently of each other but also give rise to 
independent effects in the various spectra. Therefore, apart from cor¬ 
rections and exceptions to be discussed later, the influence of each nor¬ 
mal vibration on the spectrum can be considered by itself. 


10.3 S\ YI1\IF:jTR\ OF NORMAL VFBR.-VTIOXS If in a molecule 
of known configuration the linear relation between rc.storing forces and 
displacements is given, it is possible to calculate the frequency and the 
form of the normal vibrations. However, the calculation is complicated 
for polyatomic molecules, involving as it docs the solution of an equa¬ 
tion of liigh order. In practice the opposite problem usually arises. 
The frequencies cun be determined experimental!}', and in addition some 
information may be obtained about the forms of the vibrations. From 
these data w'e wish to find what kind of forces arise when atoms are dis¬ 
placed. These forces are of direct interest in molecular structure and in 
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chemistry since they insure the stability of the molecule and may enter 
in quantitative considerations of the mechanisms of chemical changes. 

Unfortunately in most cases the experimental facts about the normal 
vibrations are too few to permit the calculation of all force constants. 
But the problem can be greatly simplified and sometimes completely 
solved by taking into account the molecular symmetry and the sym¬ 
metry of the normal vibrations. In fact, considerations of symmetry 
often make it possible to find the form of normal vibrations without 
making lengthy calculations. 

For the discussion of the vibrations of diatomic molecules, sjmmetry 
need not be considered, since for each molecule only one mode of vibra¬ 
tion e.xists. One of the simplest examples among the polyatomic mole¬ 
cules is carbon dioxide. The three atoms of this 
c ^ o molecule lie in a straight line, and the two oxy¬ 
gen atoms are at equal distances from the car- 

Fig. 10.3(1). Totallys>m- ^onatom. We can see easily that only one mode 

metrical vibration of car- . ^ • xu / , 

bon dioxide. vibration exists m the course of which the 

complete symmetry of the molecule is preserved. 
In this vibration the carbon atom remains at rest while the two oxygen 
atoms move at the same rates in opposite directions. The displacements 
in this vibration are shown by arrows in Figure 10.3(1). It is evident 
that the vibration just described is a normal \'ibration. In fact, sym¬ 
metry insures that the carbon atom vill remain at rest while the equal 
displacements of the oxygen atoms produce equal forces so that the two 
ox 3 ’^gen atoms continue to move in phase. The reason why it is possible 
in this case to guess the form of a noimal v'ibration without any calcula¬ 
tions is that carbon dioxide possesses just one normal vibration of this 
sj'^mmetry t^^pe. Whenever we can construct more than one normal 
vibration of the same symmetry kvpe, the form of the normal vibrations 
will depend on the force constants of the molecule, and more detailed 
calculations cannot be avoided. The carbon dioxide vibration men¬ 
tioned is an example of a totallj^ symmetrical vibration. 

The remaining normal Aibrations of carbon dioxide can also be ob¬ 
tained by using symmetry arguments alone. In these vibrations the 
t\vo oxygen atoms move by^ equal amounts and strictly parallel to each 
other, while the carbon atom moves in the opposite direction, and its 
amplitude may be obtained from the rule that in a normal vibration 
the center of gravity of the molecule does not move. The vibrations 
which we are considciing include two different ty^pes. In the one, all 
atoms move along the molecular axis. This vibration is sliown in Fig¬ 
ure 10.3(2). The symmetry properties of this vibration are described 
by the statements that the vibration is symmetrical to certain sym- 
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metry elements while it is antisyminetrical to otliers. We shall say 
that a normal vibration is symmetiical to a certain symmetry operation 
if the ^^bration remains iinehanRed when the symmetry operation in 
question is performed. For instance one operation belonging to a sym¬ 
metry of carbon dioxide is reflection in any plane which contains the 
molecular axis. The vibration just described remains unchanged under 
the influence of this symmetry opca-ation since tlie motion takes place 
along the axis. A vibration is called antisymmetrical to a symmetry 
element if the phase of the vibration is reversed 
by the reflection. For instance the vibration 
under discussion is anti.symmetncal to the re¬ 
flection in a plane which is perpendicular to 
the molecular axis and which pas.ses through 
the equilibrium po.sition of the carbon atom. 

It is also possible that the parallel motion 
of the oxygen and the opposite motion of 
the carbon atom take place perpendicularly 
to the molecular axis. This gives the last 
normal vibration [shown in Figure 10.3(3)] 

of carbon dioxide. This vibration differs in one respect from those 
previously discussed, which were peifectly defined as soon as their 
amplitude was given. The vibration proceeding perpendicularly to the 
molecular axis may occur not only with an arbitrary amplitude but also 
in an arbitrary direction away from the axis. The vibrations in differ¬ 
ent directions have of course the same frequency since they can be trans¬ 
formed into each other by rotations around the molecular a.xis. If as in 
the present case vibrations differing in more than their amplitude belong 

to the same frequency, we speak about a de¬ 
generate vibration. If the reason for the de¬ 
generacy lies, as in the present case, in the 
symmetry of the molecule, we talk about a 
necessary degeneracy in contrast to the ac¬ 
cidental degeneracies which may occur if the 
force constants of the molecule happen to 
satisfy certain relations. 


c o 

Fig. 10..3(2). Normal vi- 
hration of carbon dioxide. 
Tins vibration i.s eliar- 
acterized by the state- 
incnit that it i.s anti.syni- 
inetrieal to a plane pas.sinK 
through C and {)erpen- 
diculur to the molecular 
axis. 
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Fia. 10.3(3). Degenerate 
vibration of carbon di¬ 
oxide. 


There are infinite!}^ many ways in which the carbon dioxide molecule 
can vibrate perpendicularly to the molecular axis. Yet we count this 
vibration as only two vibrations, or, in more technical terms, we speak 
about a twofold degenerate vibration. We do this because from two of 
these vibrations we can obtain by appropriate superposition any other 
vibration of the set. Thus the degenerate \dbration corresponds to two 
degrees of freedom. This situation is similar to the well-kno\\'n case of 
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molecular translations. Although translations are possible in any 
direction in space, yet only three degrees of freedom correspond to trans¬ 
lations since all translations can be obtained by appropriate superposi¬ 
tion of translations in three perpendicular directions. 

It is noteworthy that for degenerate nonnal vibrations we may and 
usually do apply a definition of normal vibrations which differs from 
the one given in section 10.2. Let us consider two vibrations which are 
perpendicular to the carbon dioxide axis and also to each other. If these 
vibrations are superposed with a phase shift, we find that all atoms 
move on ellipses rather than on straight lines. This motion in which all 
atoms still move with the same frequency is included in the usual def¬ 
inition of normal vibrations, and it is not required that all atoms move 
in phase and along straight lines. 

We have now described all noimal vibrations of carbon dioxide. This 
molecule has nine degrees of freedom, of which three belong to trans¬ 
lations and two to rotations. From the four vibrational degrees of free¬ 
dom, one is totally symmetrical, another is not totally symmetrical while 
also not degenerate, and the two remaining degrees of freedom are 
accounted for by a twofold degenerate vibration. All other motions of 
carbon dioxide can be obtained by superposing the simple motions just 
described. For instance, if the carbon atom is displaced at an angle 
different from 90° to the molecular axis, both the \dbrations parallel 
and perpendicular to the axis will be excited. Since these vibrations 
have different frequencies a complicated motion results. 

The types of normal vibrations found for carbon dioxide exhaust the 
possible kinds of normal ^dbrations for any molecule. If a vibration 
remains unchanged under all symmetry operations, then it is totally 
symmetrical. If the vibration does not remain unchanged under all 
symmetry operations but reverses its phase under the influence of some 
operations, then the vibration is nontotally symmetrical and nondegen¬ 
erate (at least, as long as accidental degeneracy is disregarded). If, 
finally, some symmetiy operations cause a more profound change in the 
vibration than mere reversal of sign, then we have a (necessarily) de¬ 
generate vibration. IMost of the degenerate ^dbrations of molecules are 
twofold degenerate, but in molecules of cubic symmetry like CH 4 or 
SFc, tlireefold degenerate vibrations occur (that is, \dbrations where all 
the degenerate modes are obtained by the superposition of three inde¬ 
pendent \dbrations). It may be observed that a degenerate vibration 
may be symmetrical or antisymmetrical to some symmetiy elements. 
For instance the degenerate carbon dioxide \'ibration is symmetrical 
with regard to reflection in the plane which is perpendicular to the 
molecular axis and passes through the equilibrium position of the car- 
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bon atom; and the same normal vibration is anlisymmetrical with 
respect to retlection in the center of symmetry. 

10.4 INIOLI'X’ULAR UOTA'JTOX Accordin*; to classical theory, tlie 
rotation of a diatomic or a linear polyatomic molecule is extreiix'Iy 
simple. The rotation takes place around an axis which passes through 
the center of gravity and is i)erpendicular to the mol<‘cular axis. 'I’ln; 
energy of rotation is given by tlie s(iuar(‘ of th(^ angular iiKHnentum of 
rotation divided by twice the moment of inertia. 

In quantum theory, the foregoing statements still remain e.ssentially 
true, but one important addition must lx* made. In classical theory 
the angular momentum can a.'isume any value, in quantum th(‘ory tlu? 
angular momentum must be zero or an inl('gral multiple of Rlanck’s 
constant h, divided by 2-. AVe may set th(‘ angular momentum M 
= jh/2Tr. The tact that M is an integral multiple of ft, 2 tt is due to the 
same reasons which in the hydrogen atom gave ri.se to the values 0, 
h/2TT, 2/j/27r, etc., for the angular moimaita of the .v, p, d. etc., electi-ons. 
Substituting jh/2T? into the classical expression for rotational energy, 
we obtain 

h 

OT"/ 


where I is the moment of inertia. Quantum-mechanical calculations 
show that the foregoing expression must be slightly modilied and one 
obtains, for the rotational energy in (juantum theory, 


•^rot 


1 ) 



10.4(2) 


The reason why the correct quantum expression 10.4(2) differs from the 
equation 10.4(1) obtained by simple (luantization of the angular momen¬ 
tum is connected with the uncertainty i)rinciplc. Tlie angular momen¬ 
tum must be represented by a vector whose direction is parallel to tlie 
axis of rotation. It can be shown that the three components of the 

angular-momentum vector cannot be known accurately at the same 
_ % 

time. This causes an uncertainty in the direction of the rotational axis 
which is the more important the lower the angular momentum. Lack 
of accurate knowledge of the components of M leads to the further con¬ 
sequence that in equation 10.4(1) must be replaced by jij 1). It 
may be seen that, though this effect increases with increasing^ values, its 
relative importance compared to the total rotational energy decreases. 

The formula for the rotational energy- levels of a linear molecule has 
been discussed in some detail, because this fonnula enables us to calcu- 
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late the internuclear distance in a diatomic molecule from the rotational 
energy levels. By adjusting the formula 10.4(2) to empirical rotational 
le^^els we obtain the moment of inertia /, which is equal to the reduced 
mass of the two atoms times the square of their distance. 

The theory of the rotation of a nonlinear polyatomic molecule is. more 
invoh'ed according to both classical mechanics and quantum mechanics. 
The influence of rotation of nonlinear molecules has been analyzed in a 
few cases, and they have led to the determination of interatomic dis¬ 
tances. As examples may be mentioned water and methane. The 
method is essentially the same as for linear molecules; quantization of 
the angular momentum leads to discrete rotational energy levels, the 
values of which depend on the moments of inertia. From these the 
internuclear distances may be determined for suflaciently simple 
molecules. 

Further complications arise if the interaction of rotation and vibra^ 
tion is taken into account. In fact, rotations and vibrations can be 
discussed completely separately only as long as all vibrational ampli¬ 
tudes are small compared to interatomic distances. If atoms are held 
very loosely in tlieir equilibrium positions, displacements become too 
large, and interaction of ^db^ation and rotation becomes important. 

10.5 THE INFRARED SPECTRUM The mechanism of emission 
of radiation is tlie production of electric and magnetic fields by oscillat¬ 
ing electric charges. Molecular \dbrations and rotations produce peri¬ 
odic oscillations of charges and give rise to emission (and absorption) of 
radiation. The frequency of tliis radiation is of course equal to the fre¬ 
quency of the molecular motion in question, and thus direct information 
about the latter frequency may be obtained. These frequencies lie in 
the infrared region. The well-known vibrational frequencies are mostly 
between and vibrations per second, while some vibrational 
frequencies and practically all rotational frequencies are still lower. 

The study of frequencies lower than 10^^ ^db^ations per second be¬ 
comes increasingly more difficult so that most data refer to the higher- 
frequency region. The wavelength of the radiation in the important 
frequency region 10^^ sec.“^ to 10^^ sec.“^ varies* from 30 X 10“^ cm. 
to 3 X 10~* cm. It is usual to give the reciprocal value of the wave¬ 
length wliich is called the wave number. The advantage of using wave 
numbei-s is that they are proportional to the frequencies of radiation 
and also to the energies of the light quanta. In the region mentioned, 
the wave number varies rouglily between 300 and 3000 wavelengths per 

• Vibrations in which lengths of bonds containing a hydrogen atom are strongly 
affected often have frequencies slightly above the upper limit of this range. 
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centimeter, or, if the customary notation is used, between 300 cm. ‘ 
and 3000 cm.“b 

10.G SELECTION RULES Though all vibrational and l■otationaI 
frequencies a])sorl) radiation, tlie dilTerence in ab.sorption for ditTercfit 
kinds of motion is extremely preat. Many vil)raf ions or rotations absorb 
radiation so weakly as to be })ractically unobservabk* in the s|)(‘ctrum. 
The correspondinp spectral lines are callcMl forbidden lin(*s. It is (“asy 
to undei'stand the dilTerence between an allowed and a forbidden vibia- 
tion by considering an exami)le for each type. 

During the vibration of the IK'l mol(*cule a net displ.'iceinent of 
charge accompanies the vibration, and so the molecule emits and ab¬ 
sorbs radiation just as strongly as an isolated vibrating charge would. 
This vibration is allowed and shows uj) in the infrared spectrum. 

In the vibration of the No molecule, a displacement of charges again 
takes place, but no net displacement is produced by the vibration. In 
fact, every displacement of a charge on one end of the molecule is bal¬ 
anced by an opposite disi)lacement of a like charge on the other (uid. 
llicse opposite displacements give rise to oi)posite values of radiated 
electric and magnetic fields, and the sum total of the field inten.sity in 
the radiation is zero. Thus no radiation is emitt(‘d, and it can al.so be 
shown that none is absorbed. The vibration is therefore forbidden 
in the infrared. 

Though it would appear from the previous paragraidi that the vibra¬ 
tion of N 2 cannot give rise to any radiation, this statement is not abso¬ 
lutely correct. If it is taken into account that electric and magnetic 
fields are not established instantaneously but spread with the finite 
velocity of light, it is found that, by the time the electromagnetic effect 
produced by one end of the molecule spreads to the other end, the dis¬ 
placement at the other end has undergone a .slight change of pha.se. 
1 hus the cancellation of the effects of displacements at the opposite ends 
of the molecule is not complete. But the fraction of the electromagnetic 
field that is not canceled is very much .smaller than the original field. 
The ratio is obtained if the linear dimension of the molecule is divided 
by the wavelength of the emitted radiation. This ratio is 10“^ and, 
since the intensity of emission and also the probability of absorption 
depend on the square of the field, the forbidden frequency may be ex¬ 
pected to appear with 10^ times smaller intensity than an allowed fre¬ 
quency. 

It is easy to find a criterion distinguishing allowed frequencies like 
the \ibration of HCl from forbidden frequencies like the vibration of 
N 2 . For our present pmpose it is permissible to consider the molecule 
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as con » osed (1) of positive charges at the positions of the nuclei whose 
motion we shall think of as proceeding according to classical mechanics 
and (2) of a negative-charge cloud corresponding to the probability 
disti-ibution of the electrons Avhich are described according to wave 
mechanics. When the configuration of the nuclei varies, the charge 
cloud of the electrons varies along with it. If in the course of a vibration 
or rotation the dipole moment of the whole system is changed, then the 
motion is accompanied b 3 ^ a net displacement of charge, and the cor¬ 
responding frequency is allowed. If, on the other hand, the dipole 
moment remains unchanged during the \dbration, the transition is for¬ 
bidden. More specificallj", the intensity Avith Avhich the frequency of a 
molecular motion appears in the spectrum is proportional in very good 
approximation to the square of the change in dipole moment produced 
during the motion. 

The rule which distinguishes between allowed and forbidden fre¬ 
quencies is called the selection rule. The appearance of a forbidden 
frequency in a spectmm is called a violation of the selection rule. One 
instance of such a violation has been described for the vibration of the 
N 2 molecule. Schematically, the effects of the N 2 vibration can be rep¬ 
resented by the simultaneous vibration of two opposite dipoles. A 
charge distribution consisting of two opposite dipoles is called a quad- 
rupole, and the resulting weak radiation is a quadrupole radiation, in 
contrast to the usual dipole radiation. 

Selection rules ma^'' be "sdolated for other reasons. For instance, 
while an N 2 molecule happens to be in a state of collision, its charge 
distribution may be sufficiently perturbed, so that complete cancella¬ 
tion of the dipoles produced by the Adbration no longer occurs. It is 
clear that all selection i-ules which are based on the s^mimetry of molecules 
may be Adolated by collisions. But the resulting intensities remain small. 

10.7 THE PURE ROTATIONAL SPECTRUM If a rotational 
frequency appears by itself in the infrared, we talk about a pure rota¬ 
tional spectrum. The name serves to distinguish the pure rotational 
spectrum from the rotational structure of vibrational or electronic bands 
in which the rotational frequenc.v is superposed on a vibrational or elec¬ 
tronic frequency. During a rotation the dipole moment of the sj'^stem 
changes if the molecule possesses a permanent dipole moment. Change 
in direction of this dipole moment amounts to an oscillation of the 
charge, and the pure rotational frequency' will be present in the spec¬ 
trum. If the molecule has no permanent dipole, no change of dipole 
moment can occur during rotation, and the pure rotational spectrum is 
absent. 


TIIK rUUK ROTATIONAL SRKCTUUM 


203 


Appearance of the classical rotalional fre(juencios in the spectrum 
correspoiuls in the (luantiiin theory of a linear molecule to transitions 
between ncip;hbonng rotational levels. The pure rotational sj)ectnim 
will have a dilTerent a])pearance according to classical theory and accord¬ 
ing to quantum theory. In classical theory the rotation can have any 
fre({uency, and an assembly of molecules will give jise to a continuous 
spectrum. In (luantum-theory traiisitions between states j = () —» i, 
j = \ —> 2, y = 2 —» 3, etc., give rise to a discrete set of etpjidislant 
rotational lines. In fact, the formula for the rotational energy 10.1(2) 
gives for the energy difTerence of tite j\h and fj-f l)th levels 
/'“O'+ 1 )/47r^/, and this energy difTerence yi(*lds the freciuency 
/'O + From the frecpiencies, the moment of inertia / mav !)(> 

ft 

obtained which in turn determines the internuclear distance. It mjiv 

ft 

be noticed that the (juantized frecjuencies hij -f l)/47r“0 correspond to 
the quantized angular momentum hij -|- l)/27r. 

The intensities of the rotational lines are proportional to the s(|uare of 
the change in dipole moment occurring during a rotation. Since by 
rotation through 180° the permanent dipole moment is reversed, the 
total change amounts to twice the permanent dipole moment. 'I’lius 
from intensity measurements in the pure rotational si)ectrum, the 
permanent dipole of a linear molecule may be obtained. But intensity 
measurements are difficult and usually not V(*ry accurate, d’herefore 
tliis method of determining dipole momeiRs is not a good one. 

The question arises whetlier transitions may occur between rotational 
states of a diatomic molecule whi<‘h are not immediate neighbors. Such 
transitions would correspond in classical mechanics to overtones of the 
rotation, that is. to integral multiples of the rotational frecpiency. Such 
overtones are to be expected according to classical ru<Iiafion theory 
whenever a motion is not purely harmonic. But the rotation of a linear 
molecule can be considered as the superposition of two purely harmonic 
oscillations which are 90° out of phase. Therefore overtones of the 
rotational frequency will not occur, and correspondingly no other tran¬ 
sitions than between neighboring rotational states must be expected for 
linear molecules. The more complete quantum theory of emission and 
absorption bears out this conclusion. 


The selection rule that for linear molecules only neighboring rotational 
states combine can be violated by collisions. In fact, collisions produce 

in the classical rotational motion, and thus the rota¬ 
tion can no longer be obtained from pure hannonic motions. Since the 
rotation of molecules may be easily influenced by collisions, this viola¬ 
tion of the rotational selection rule may become important. It is inter¬ 
esting to note that in quantum theoiy the rotational selection i*ule is a 
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consequence of the symmetry of space, according to which all oriental 
tions of a molecule in free space are equivalent. If the presence of a 
second molecule disturbs this symmetry, the selection rule ceases to 
operate. 

We can formulate the rotational selection rule for a linear molecule 
in another manner which brings out the more essential aspects of this 
selec tion rule and which is capable of \\ide generalization. It has been 
noted that the angular momentum of the rotation can take on only 
integral multiples of A/27r. The rule that only neighboring rotational 
states may combine means, therefore, that a transition can occur only 
betw een states whose angular momenta differ by one of the quantum 
units /i/27r. This latter formulation is the more general one since it 
brings out the connection between the selection rule and the angular 
momentum which is closely connected with the symmetry in regard to 
rotations. In fact, the angular momentum is a characteristic constant 
of the motion of a system as long as symmetry with respect to rotation 
prevails. 

Quadnipole transitions give rise to transitions between rotational 
levels wiiich are second neighbors. In such transitions the angular 
momentum may change by two units A/27r. Such transitions have a 
small intensity compared to dipole transitions. In nonlinear molecules 
a more complicated nature of the rotational spectra arises because the 
rotational axis may have any direction with respect to fixed axes in the 
molecule, and tlierefore the components of the angular momentum as 
well as its magnitude have a bearing on the rotational states and tran¬ 
sitions. This results in a much greater number of states than were found 
for a linear molecule, and the resulting rotational spectra consist of many 
lines arranged in a complex manner. The selection rule governing this 
spectrum requires that the total angular momentum and also any com¬ 
ponent of the angular momentum which is a definite multiple of h/2ir 
must not change by more than one of the units, h/2w. It is, however, 
permitted that changes by zh/i/27r takes place or that no change occur. 

The complexity of the spectrum is particularly great for the asym¬ 
metric top molecules; as a rule all molecules fall into this class which 
possesses low rotational symmetry; in particular, no rotation smaller 
than 180® brings such a molecule back into a configuration similar to 
the original one. For instance, the w ater molecule which contains only 


a tw'ofold axis (that is an axis about which rotation by 



is required 


for periorming a symmetry operation) passing through the oxygen atom 
and bisecting the H-O-H angle is an asymmetric top molecule. Its 
observed rotational lines are distributed all over the far infrared and 
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are still observable for as short a \vav(‘I('ii*i:lh as al)(nit 10“^ cm. 'I'hoso 
weak rotational lines are quite important in intliu'ncinj; the \\ eat her by 
absorbing the infrared radiation issuing from the lu'ated surface of the 
earth. This blanketing etTect is the main factor in limiting the droi> of 
temperature at night. 

The rotational spectrum of symmetrical top molecules is considerably 
simpler. These are molecules which have a higlau- axis of .symmetry. 
An example is ammonia wliose threefold axis reproduces the original 

atomic configuration by rotation through ' ’ • 'rhe pure rotational 

spectnim of such molecules is at first sight as simple as that of a linear 
molecule. But, according to theory, to each line in th(‘ sp<'clrum of the 
linear molecule tliere should correspond a great number of clo.sely spaced 
lines in the S3'mmetric top molecule. 


10.8 VIBRATIONS IN TIIIO INFRARl-:!) SPIX’dRl'M As a 
general i*ule vibrations have from 10 to 100 times greater fietUKuicy 
than rotations. Iheii absorption lines lie in tin* mor<' acces.sibh* part 
of the infrared, in the region between 300 and 3000 vave numbers, an<l 
the investigations of vibiations have Ix'en mu(‘h mor(* nunu'rous than 
studies of puie lotational spectra. Owing to the consid(u’abh' higher 
frequency of vibrations as compared to rotations, it is i)ermis.sible in 
first approximation to think of the molecule as retaining a fi.xed direc¬ 
tion in space during the period of one vibration. Thus vibrations may 
be discussed independently from rotations. 


According to classical theory, harmonic viluations may give rise to 
absorption and emission of radiation only if the frecpiencies of the 
radiation and of the mechanical motion are the same. In (luanturn 
theory the harmonic vibration has quantized energy levels of the mag¬ 
nitude (see section 10.2) 


E = hv{n + \) 10.8(1) 

where n is zero or a positive integer. We might expect perhaps that a 
transition may occur from any of tliese energy levels to any other energy 
level. But this would give rise to a multiplicity of energy changes and 
a corresponding multiplicity of possible emitted and absorbed fre(iuen- 
cies, and thus quantum theory and classical theory would lead to essen¬ 
tially different results. The correspondence principle requires and the 
mathematical formalism of quantum mechanics confirms that in quan¬ 
tum theory as well as in classical theory the absorbed or emitted fre¬ 
quencies have the value v. This means in tenns of the energj^ levels that 
the vibrational quantum number n must change from n to n -f 1 during 
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art absorption process and from n to n — 1 during an emission. Then in 
each case the energy change is hv, according to formula 10.8(1), and the 
frequency of radiation is v. Thus we have obtained the vibrational 
selection rule that n may change only by ±1 in close analogy to the 
rotational selection rule mentioned in the previous section according to 
which a change in j must be ±1 in the pure rotational spectrum of a 
diatomic molecule. 

In a polyatomic molecule possessing several normal vibrations, only 
such a radiation frequency may be absorbed or emitted as agrees with 
the frequency of one normal vibration. This is due to the fact that 
normal vibrations proceed independently of one another. In quantum 
theory the energy levels can be written as a sum of expressions 
hyiirii + §) where r,- is a frequency of the ith normal vibration and rii is 
the quantum number of the same vibration. In order that the frequency 
of the absorbed or emitted radiation shall agree with one of the fre¬ 
quencies Vi, we must introduce the selection rule that in an infrared 
emission or absorption process only one of the quantum numbers ?i,- 
must change and that the change shall be either +1 or — 1. The vibra¬ 
tional selection rules stated in the last two paragraphs retain their 
validity only as long as the vibrations are strictly harmonic. Excep¬ 
tions from these rules are discussed in section 10.10. 

As an example we shall consider again the vibrations of the CO 2 
molecule. During the totally symmetrical vibration, Figure 10.3(1), 
the dipole moment does not change since in this Aubration the molecular 
symmetry is preserved, and this symmetry is incompatible A\ith a dipole 
moment. The nontotally symmetrical vibration which proceeds along 
the molecular axis, Figure 10.3(2), may produce a dipole moment. This 
can be seen most readily by attaching opposite charges to the carbon 
and oxygen atoms. Though such a model is certainly oversimplified, 
yet a vibration is not forbidden if any assumption consistent with the 
molecular symmetry leads to a finite change of the dipole moment dur¬ 
ing the vibration. By the same argument and the same model it can be 
shown that the degenerate CO 2 vibrations, Figure 10.3(3), may cause a 
change in dipole moment perpendicular to the molecular axis. Thus all 
nontotally syunmetrical vibrations may appear in the infrared. Actu¬ 
ally tw’o strong bands have been observed in the infrared at 650 wave 
numbers and 2300 w’ave numbers. Subsequent considerations will show 
that the smaller frequency belongs to the degenerate vibrations. 

10.9 THE VIBRATION-ROTATION SPECTRUM We shall con¬ 
sider a diatomic molecule vibrating and rotating at the same time. The 
vibration causes a change in dipole moment wliich may be represented 


THE VIBRATION-ROTATION SPECTRUM 


207 


at each instant by a vector of tlie magnitude a sin 2wpt.t lying in tlie 
direction of the molecular axis. Here a is the maximum change of tlie 
dipole moment, and is the vibrational fre(iuen(*y. We shall choo.se tlie 
plane in which the rotation j)roceeds as the xi/ plane of a co-or<linate 
system. Then the vibration may interact with radiation polarized in 
the X or y direction. We shall consider tlie first of tliese two directions; 
liglit polarized in the y direction will behave in the same way. 

The emis.sion and ab.sorption of light polarized in tlie x direction is 
due to the x component of the \'ibrating dii)oler a sin 2Trp,l cos (p whei'c 
tp is the angle included by the instaiifaneous direction of the molecule 
and the x axis. 1 he depen<Iencc of ip on time is described by *p = 2irPj.( 


P branch 


R branch 



Fia. 10.0(1). 


structure of h vilmitional line {Bjcrruiu (loulilc hurid) 
structure .shown is (he one preilicted by elassicjil theory. 


Tho 


where Pr is the rotational fre<iuency. Tlie complete expression for the 
X component of the vibrating electric moment can be written 


a sin (2TrpJ) cos (27r»*,0 = ^ [.sin 27r(..„ + p,)t + sin 27 r(»'„ - p,)f] 10.9(1) 

The last expression shows that the o.scillating dipole moment can be 
considered as the sum of two terms, the first \-arying with the frequency' 
Vf) -f" the second with the frequency p,, — p^. Accordingly, we see 
that the pure vibrational frequency p^ cannot be absorbed or emitted. 
The two frequencies p^ + Vr and p„ — pr appear in the spectrum instead. 
Since tho rotational frequency Pr is much smaller than the vibrational 
frequency p„, the two actual frequencies lie close to the pure vibrational 
frequency t»„. It may also be observed that various molecules rotate 
with various frequencies Pr. Since each molecule emits a pair of lines, 
a continuum of frequencies appeai-s instead of the single vibrational 
frequency. The shape of the rotational structure is shown in Fig¬ 
ure 10.9(1), in which the intensity is plotted as a function of the fre¬ 
quency. The center of the figure corresponds to the pure vibrational 
frequency p^. For this frequency the intensity vanishes. Toward 
shorter wavelength, one finds the continuum of frequencies p,, + i',. 
constituting the so-called R branch, whereas toward longer wavelengths 
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the frequencies Vv — Vr form the P branch. The whole structure has 
the appearance of a double band in the spectrum which carries the name 
Bjerrum double band. The intensity distribution in both the P and R 
branches of the double band is due to the distribution of rotational 
velocities of the molecules. This distribution resembles to some extent 
the usual Maxwellian velocity distribution.* The separation of the 
two maxima depends on the average rotational frequency, and so with 
increasing temperature the maxima recede from each other. From this 
distance the moment of inertia of the molecule may be evaluated. But 
actually the breadth of the maximum makes this determination of the 
moment of inertia inaccurate. 

If a Bjerrum double band is observed under higher dispersion, it is 
seen to break up into a series of rotational lines. This is due to the 
quantization of rotation. As has been stated in section 10.7, the rota¬ 
tional frequencies of a diatomic molecule can possess only the discrete 
set of values Vr = h(j + l)/47r^/ where the integer j is the rotational 
quantum number, and I is the moment of inertia of the molecule. Thus 
the frequencies + Vr of the R branch and also the frequencies 
of the P branch form an equidistant set of lines. The lines of the R and 
P branches are produced when in addition to the change of vibrational 
quantum number, a change in rotational quantum number by =tl 
occurs. The absence of the pure vibrational frequency means that a 
change in vibrational quantum number never occurs mthout an accom¬ 
panying change in the rotational quantum number. From the positions 
of the rotational lines, the moment of inertia I may be determined with 
considerable accuracy. It is experimentally much easier to study the 
vibration-rotation structure than to measure the pure rotation struc¬ 
ture which hes in the far infrared. 

If in a polyatomic molecule all atoms lie in a straight line and if in a 
normal vibration the dipole moment oscillates along the molecular 
axis, then the rotational structure will be the same as for a diatomic 
molecule. The conditions just mentioned are satisfied for the non- 
symmetrical vibration of CO 2 shown in Figure 10.3(2). But linear 
molecules have other infrared-active vibrations in which the vibrating 
dipole is perpendicular to the molecular axis. An example is the de¬ 
generate CO 2 vibration shoum in Figure 10.3(3). The rotational struc¬ 
ture of this vibration differs from that of a diatomic molecule. For such 

* It is actually a Maxwellian velocity distribution corresponding to the motion 
of a particle restrained to move in two rather than in three dimensions. The reason 
for this is that in enumerating ail possible rotations of the molecule we must consider 
the possible motions of one of the nuclei in a plane perpendicular to the molecular 
axis. 
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a vibration the viljrating dipole may be i)arallel to tlie axis around u liich 
the molecule rotates, in wliieli case the vibratinj^ dipole moment is un¬ 
affected by the rotation so that the |)ure vil)ra1ional fre(|uency v,, appears 
in the spectrum. It may liaj>pen with probability tliat the vil)rat- 

ing dipole moment while still remaining i)erpendicular to the moU'cular 
axis is also perpendicidar to the axis of rotation. In this ca.se the rota¬ 
tion affects the vibrating dipole in the same way as has hvvn de.scribed 
in connection with a diatomic molecule, and the fretpaaieies v,. -\- and 
V,, Vr appear. If the oscillat i!ig diiiole includes an arbit rar\' atjgic wit li 
the axis of rotation, the dipole still can be decomposed into a comj)onent 
parallel to the axis of rotation aiul into a comj)onent perpendicular to 
the axis of rotation. The former gives rise to the freciuencv v,.; the 
latter to the pair of frequencies v,. - i>r and -f- 'riu> i-otafional 
structure of a vibration with the dipole moment oscillating at right 
angles to the molecular axis will consist of a Hih' of fre(iuency i*,, which 
contains half the intensity of the whole rotational sti'iu'turc' and is 
called the Q branch, while the remaining inteiinty is distributed be¬ 
tween P and P branches in a similar way as in a diatomic molecule. 
Thus there is a distinct difference between the rotational structure of a 
so-called parallel band in which the dipole moment vibrates along the 
molecular axis and a perpendicular band in which the <-hange of dii>ole 
moment is perpendicular to the same axis. 


In quantum theory the presence of a rotational structure with P, R, and 
Q branches meansdhat a change of rotational ()uantum number by ±1 
and also by 0 may accompany the change in vil)rational (piantum number. 

In CO 2 a typical Bjerrum double band appears with tlie center at 
2300 wave numbers, showing that the corresponding vibration ])rocpcds 
along the molecular axis whereas the band around 050 cm.~^ posses.ses 
the additional sharp Q branch, indicating that this vibration is of the 
perpendicular type. We see that a study of the rotational structure 
serves not only to detemiine the moment of inertia but also to decide 
the correlation between observed frecjuencies and theoretical vibia- 
tional forms. 

Only in a few polj'atomic molecules is the rotational structure as 
simple as described in the preceding paragraphs. In most cases all 
nuclear equilibrium positions do not lie on a straight line, and then the 
rotational structure is much more involved. But it is ne^'e^theless pos¬ 
sible to obtain information about the moments of inertia and the vibra¬ 
tional forms by a more detailed analysis of the rotational structure. 


10.10 VALENCE AND DEFORiVIATION VIBRATIONS Investi¬ 
gation of the \'ibrational frequencies by measurements in the infrared 



210 


MOLECULAR VIBRATIONS 


as well as by other methods has led to empirical relationships connecting 
the structure of a molecule, its vibrational frequencies, and the form of 
the corresponding vibrations. These rules are formulated in terms of 
the atoms participating in a vibration and in terms of the directions in 
which these atoms are displaced. It should be stressed in this connec¬ 
tion that in general every atom participates in every normal vibration 
except when symmetry requires that the atom be at rest. However, in cer¬ 
tain vibrations some atoms move much more strongly than other atoms, 
and moreover certain directions of motion may be strongly preferred. 

It is an ill-defined but useful rule that in one normal vibration those 
displacements occur predominantly which, taken by themselves, that 
is, without other displacements being considered, would give rise to 
similar frequencies. There are two factors which cause a frequency to 
be high: the small mass of the atoms participating and the high value 
of the restoring force. Experience has shown that in accordance with 
chemical intuition restoiing forces are great if the distance of atoms 
bound together by a chemical bond is altered; much smaller restoring 
forces arise if merely valence angles are changed. We may conclude 
that in high-frequency vibrations valence distances change. These are 
the valence vibrations. In low-frequency vibrations valence angles 
change; these are the deformation \dbrations. 

We can refine the pre^^ous statements, and we must also find the 
limitations of these qualitative rules. The valence forces are greater 
for double bonds and even greater for triple bonds.' The influence of 
mass is still more important. Thus a hydrogen-valence vibration has so 
high a frequency as to be practically not coupled with any other motion 
\\athin the molecule. Even the atom to which the hj^drogen is directly 
linked participates but little in the vibration. Hydrogen has a valence 
frequency of 3000 cm.“^ if linked to a carbon atom. In the N-H and 
0-H groups the hydrogen-valence frequency is 3300 cm.~^ and 3600 
cm.“^ respective!}". These values vary to some extent from molecule 
to molecule. 

On the other hand, hydrogen-deformation vibrations have about the 
same frequencies as carbon-valence vibrations (about 1000 cm.“^), 
and therefore in many hydrocarbons it is impossible to decide whether a 
vibration is due to change of valence angle of a C-H bond or to change 
of length of a C-C bond. The failure to classify such vibrations as 
belonging to one or the other type is due not merely to a scarcity of 
information but also to the fact that the two kinds of displacements 
strongly participate in the same normal vibration. 

In CO 2 the two nondegenerate vibrations Avhich proceed along the 
molecular axis are valence vibrations, whereas the degenerate vibration is 
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a deformation vibration. In tlii.s <-;ts(‘ as in all linear inoieeules llu' dis¬ 
tinction is sliarp since it is bas('d on .syninu'lry arfjunu'nts ratlici- Ilian 
on empirical rules. From tlic j;cn(Mal statements just made, we may 
be led to suspect that from the two vibralion.s obser\-ed in the infrared 
the high one at 2300 wave numbers is the valence \ibralion. while the 
Io^v one at 050 wave numbers is a deformation vibration. Study of the 
rotational structure has led to the same conclusion, d'he remaining 
valence vibration is tlie totally symmetrical vibration. Its frecjuency as 
will be seen later is 1300 wave numlHus. 

10.11 EFFECTS OF AXIIAUMOXK'ITV Hv the statement (hat 

the oscillation of a molecule is purely harmonic we UK'an two things: 
(1) that the forces are proportional to the displacement of the nuclei, 
and (2) tliat all displacements of electri<* charges arc* propoi'lional to the 
displacement of the nucha. One conse(|U('nc(* of the first statement is 
that no change of freciuency occurs if the amplitude of the vibration 
changes. A further conscciuence of the same statement is that tin; dis¬ 
placements of the oscillating nu<*lei vaiy sinusoidally with time. How¬ 
ever, a purely harmonic (that is sinu.soidal) motion of (he charge di.s- 
placemcnts follows from this only if the displacenu'ut of charges is pro¬ 
portional to the displacement (tf nuclei. In the pre.sent discus.don we 
are interested only in changes of dij>ole moment dining the vibration. 
Therefore we shall consider a vibration harmonic if proportionality 
exists between nuclear displacements and the re.sulting chang(*s of dipole 
moments as well as between nuclear displacements and r(*stoiing forces. 

Anharmonicity, that is lack of harmonicity, may accordingly be due 
to two things. First, the i)roportionality between nuclear displacements 
and restoring forces may not be .satisfied. In this ease we talk about 
mechanical anharmonicity. Or deviations may exist from the propor¬ 
tionality between nuclear displacements and the accom]>anying changes 
of the dipole moment. In tliis case there exists an electi-ical anhar¬ 
monicity. 

In practice, the concept of harmonicity is used only if the propor¬ 
tionalities mentioned are apjwoximately satisfied and if the devia¬ 
tions from these proportionalities may be treated as small perturba¬ 
tions. In molecules of sufficiently ngid .structure, displacements from 
the equilibrium positions are usually small compared to interatomic 
distances. For these relatively small amplitudes it is justifiable to 
assume in first approximation both the proportionalities mentioned. 
There will be, of course, quadratic and higher tenns both in tlie depend¬ 
ence of the dipole moment on nuclear displacement and in the depend¬ 
ence of the restoring forces on nuclear displacement. But these “an- 
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harmonic” terms will as a general rule be smaller than the linear or 
harmonic terms, the ratio of the two being of the same order of magni¬ 
tude as the ratio of nuclear displacements to internuclear distances. 
'^ lis consideration suggests that, in general, mechanical and electrical 
anharmonicities are about equally important, though in a special case 
one of the two may be considerably greater than the other. 

The simplicity of a harmonic oscillation manifests itself in two ways: 
(1) The frequency is independent of the amplitude, and (2) the purely 
sinusoidal motion of the charges causes the appearance of fundamental 
tones only when overtones are absent. We shall first consider the 
theory of the overtones in classical physics. 

If an oscillation is merely periodical without being sinusoidal in time, 
then the actual change of dipole moment can be represented as a sum 
of purely sinusoidal changes. There will be one term, the frequency of 
which is the same as the frequency of the oscillation. In another term 
the frequency is twice as great, in a third term three times as great, and 
so on. Of course, after the time 1/r, each of the terms will have regained 
its original value since this time is equal to the period of the first term, 
twice the period of the second, and so on. Thus 1/v is the period of the 
composite motion. It can be shown that this decomposition of a periodic 
motion into a sum of sinusoidal motions is ahvays possible. This de¬ 
composition is called Fourier analysis, and the resulting sum is the 
Fourier series. 

In classical radiation theory, absorption and emission of radiation 
are closely connected wath the Fourier series describing the dependence 
of the dipole moment on time. The lowest frequency absorbed or 
emitted is v, and the intensity of the process is proportional to the square 
of the amplitude of the term in the Fourier series with the frequency v 
(that is, the first term). This radiation is said to have the fundamental 
frequency of the motion and is called the fundamental tone or first 
harmonic. A frequency 2v is likewise emitted or absorbed, and the in¬ 
tensity of this process is proportional to the square of the amplitude of 
the second term in the Fourier series. The corresponding radiation is 
often called the second harmonic or first overtone. Similarly the fre¬ 
quency Si* is due to the third term in the Fourier series and is called the 
third harmonic or the second overtone. 

Mechanical anharmonicity may manifest itself by a change of fre¬ 
quency with amplitude and also by the appearance of overtones. The 
latter effect may arise, since mechanical anharmonicity modifies the 
purely sinusoidal motion of the nuclei and may cause therefore a devia¬ 
tion from the sinusoidal variation of the dipole moment. But the con¬ 
nection betw'ccn nuclear displacement and change of dipole moment is 
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influenced by the electrinil anharmonicity, and the appearance and 
intensity of overtones depend therefore both on the mechanical and 
electrical anharmonicitv. 

The frequency may either increase or decrease with increasing ampli¬ 
tude of the vibration. 'J'he latter behavior is to be expe<‘ted if the poten¬ 
tial energy plotted against the internuclear separation flatt(‘ns out at 
great values of the nuclear displacement. In tlu* flat parts of the curv(? 
the forces acting on the nuclei arc small, and the time reciuired for the 
motion through this j)art of the curve is longer than in case of a har- 
moni{5 motion. Thus the vibration becomes increasingly slower as it 
extends into the region of greater nuclear amp!it\ide. Since all diatomic 
molecules finally di.ssociate at great internuclear distance.s, the curve 
representing the potential energy must eventually become flat. It fol¬ 
lows that in diatomic molecules the vibrational fre(iu(*ncies become very 
small for vibrations of high amplitudes. As a rule vibrations of moder¬ 
ate amplitudes already tend to liave longer periods than the purely 
hamionic vibration that obtains for infinite.simal amplitudes. It occui's 
only as a rare excejition that the fre(iuency of a diatomic molecule in¬ 
creases with increasing ami)litudes before the decrease at high ampli¬ 
tudes sets in. 


We can obtain a rough estimate of the difTerence l)etween the frequency 
of a finite amplitude vibration and that of the idealized infinitesimal 
\abration. This frequency difTerence is smaller than the vibrational 
frequency by approximately the square of the ratio between the nuclear 
displacement and the internuclear distance. The intensity of the first 
overtone or second hannonic is smaller than the intensity of the funda¬ 
mental tone or fii*st harmonic by approximate!}’ the s(iuare of the 
same ratio. In many practical cases the first overtone lias 100 to 
1000 times smaller intensity than the fundamental tone, and the 
frequency change between a one-(iuantum and two-quantum vibration 
is approximately 100 times smaller than the frequency of the harmonic 
motion. 

I In a polyatomic molecule anharmonicity produces, in addition to the 
effects mentioned, a coupling between the various normal vibiations. 
The frequency of a normal vibration will be affected not only by its own 
amplitude but also by the amplitudes of other normal vibrations as well. 
Also sums and differences of frequencies of two or more normal vibra¬ 
tions may appear. These are combination tones. Usually all these 
effects are as small as those discussed for a simple vibration. But, if the 
frequency of a normal xdbration happens to be nearly equal to one-half 
the frequency of another normal ^'ibration or if the sum of the frequen¬ 
cies of two normal xibrations is nearly equal to the frequency of a third 
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normal vibration, resonance effects occur which may greatly enhance the 
i' portance of anharmonicity. 

Anharmonicity manifests itself in quantum theory, just as in classical 
theory, in two ways. Corresponding to a change of frequency with 
amplitude, ^\'e find a change in the spacing of vibrational levels. Thus 
an increase of vibrational energy and vibrational amplitude is accom¬ 
panied by a change of the separation of neighboring levels and also by 
a change of the frequency associated with the vibration. If, as is usual 
the frequency decreases ^^'ith increasing amplitude, the spacing of vibra¬ 
tional levels decreases with increasing energy. If for high amplitudes 
the vibrational frequency tends towards zero, the spacing of levels also 
becomes vanishingly small. Such a convergence of vibrational levels 
occurs of course only for high-vibrational quanta w^hich are practically 
never attained in the infrared spectrum. But the convergence has been 
observed often in connection with the electronic transitions in molecules 
and may be used to determine dissociation energies (see section 11.11). 

The presence of overtones and combination tones is the second mani¬ 
festation of anharmonicity in the classical theory. A corresponding 
phenomenon in the quantum theory is the appearance of transitions 
between \dbrational levels that are not immediate neighbors. Transi¬ 
tions between second neighbors appear fii’st while combinations between 
farther neighbors are increasingbv less likely. If the vibrational levels 
were equidistant, the transitional frequency between second neighbors 
would be exactly twice the frequency of transition between first neigh¬ 
bors, so that a transition between second neighbors would have exactly 
the same frequency as the second harmonic has in classical theory. 
Actually the spacing of the levels is not quite uniform, and, though the 
transition between second neighbors is the equivalent of a second har¬ 
monic, it does not have exactly twice the frequency'- of the first harmonic. 

In polyatomic molecules simultaneous changes of quantum numbers 
of more than one normal vibration may occur. This gives rise to the 
appearance of sums and differences of the frequencies of two and, with 
weaker intensity, of several normal vibrations. But in quantum theory 
as well as in classical theory, all these combination tones and the over¬ 
tones mentioned in the pre\dous paragraph have small intensities as 
compared to the intensities of the ground tones. 

If the molecule possesses symmetries, then only some of the over¬ 
tones and combination tones appear in the infrared spectrum. We may 
consider for example the antisymmetrical \dbration of CO 2 in which all 
atoms move along the molecular axis [see Figure 10.3(2)]. It was stated 
that the frequency of this vibration (more specifically the fundamental 
tone of this vibration) appeal's in the infrared spectrum. We can show 
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that, in addition, th(‘ third, hftli, and so on, harmonics apjicar while the 
second, fourth, and so on, harmonics are forl)idden l)y tlie symmetry of 
t he molecule. 

It may haijpen that a fundamental tone and an overtone or combina¬ 
tion tone liave comparable intensities, either because the fundamental 
tone happens to be associated with an unusually small change of dipole 
moment and appears therefore with rather small intensity, or because 

the intensity of the overtone or combination tone is enhaiK'cd bv res- 

• % 

onance. The latter oceans if twice the fre(|Uoncy of one normal vibra¬ 
tion is nearly e{[ual to the frecjuency of another one. 'Fhen th(‘ two- 
quantum state of the tirst vibration (/q = 2, iio — 0) has mairly the 
same enerjjy as the one-(iuantum state of the second vibratiein (nj = 0, 

ri2 = !)• 

For actual occurrence of resonance it is further necessary that the 
anharmonic terms in the potential enerj^y (that is, the terms incnaising 
more than (luadratically with the nuclear displacements) sliould not be 
small compared to the enerjiy dilVerence of the two close lyin^ levels. In 
fact, it is recpiired that anharmonic terms of a certain kind shall be 
present wliich couple the two normal vibrations with each other. If 
such coupling terms are permitted by symmetry an<I if they do not 
happen to be too small, two new mixed states will aiipear instead of the 
simple states, nj = 2, = 0, and /q = 0, H 2 = 1. These mixed states 

are then displaced toward hi^h and low energies from the common posi¬ 
tion of tile two original levels. The displacement divided by the original 
frequency is roughly proportional to the first power of the ratio between 
vibrational amjilitude and interatomic distance so that the elTect is con¬ 
siderably greater than the usual change pioduced by the anharmonicity 
(which is proportional to the square of the same ratio). Both mixed 
levels partake of the properties of both of the original quantum states; 
if a strong tran.sition to one of the original states is possible, then .strong 
transitions to both mixed states will occur. For instance, the transition 
from the ground state Ui = 0 , n 2 = 0 to the state rq = 0 , no = 1 might 
be permitted as a ground tone, whereas the transition from the ground 
state to ni = 2, no = 0 may have at best the intensity of an overtone. 
Then transitions from the ground .state to the two mixed states will both 
appear with strong intensities. 

The same kind of resonance may occur if tlie sum of two frequencies 
are nearly equal to a third frequency. In this case the levels (ni = 1, 
” 2 = 1 . ”3 = 0) and (/q = 0, n 2 = 0, ”3 = 1 ) may interact. Such 
interaction apparently occurs in CCI4. The vibration of the carbon atom 
against the chlorine tetrahedron has a frequency of 750 cm.“^ Instead 
of this single frequency, a doublet is observed. This is due to the fact 



216 


MOLECULAR VIBRATIONS 


that the 750 cm.“^ \dbration resonates ^\’ith the sum of two other fre¬ 
quencies which have the values 450 cm.“^ and 300 cm.“^ It should be 
added that this quantum effect is simpler than the corresponding classi¬ 
cal effect. The quantum treatment becomes involved only if resonances 
between higher quantum states are taken into account. 

The resonances mentioned are sometimes called accidental degen¬ 
eracies. Their presence may complicate infrared spectra and may lead 
to false conclusions by giving to overtones the appearance of ground 
tones. A reliable analysis of infrared spectrum requires consideration of 
all the available frequencies, of the symmetry properties, and, if possible 
of the specific heats and the Raman spectrum. 

10.12 INFRARED SPECTRA IN SOLIDS, LIQUIDS, AND SOLU¬ 
TIONS When a molecule is closely surrounded by others as is the 
case in solutions, liquids, or solids, its vibrations as well as its electrical 
dipole are changed so that its infrared spectrum is modified. If the 
inteiTnolecular forces are small as compared to the forces holding the 
molecule together, the 'V’ibrations depending primarily on the latter 
forces remain essentially unchanged. The molecular rotation, however 
will be almost always strongly influenced. AVith the exception of cases 
of so-called free rotation (which in realitj'- is never quite free in the con¬ 
densed phase) the rotational motion is actually transformed into a vibra¬ 
tion about an equilibrium orientation. In solids this orientation is fixed 
in space, whereas in liquids the ^'ibration is aperiodic, and the orienta¬ 
tion executes a “Brownian” motion. The translation of the molecules 
is likewise transformed into a vibration or Bro\Miian motion. In solids 
and in many liquids all degrees of freedom of a molecule may be con¬ 
sidered as vibrational. For instance, in water and in ice rotation and 
translation are replaced by vibrations having roughly the frequencies of 
500 and IGO cm.“^ 

The change of rotation into v ibration replaces the pure rotational 
spectrum by frequencies corresponding to a faster oscillatory motion. 
At the same time tlie rotational structure of the internal molecular 
\dbrations is effectively eliminated. This structure contained sums and 
differences of vibrational and rotational frequencies. Instead of this 
structure we now have combination tones between internal vibrations 
and the orientational vibrations which have replaced rotation in the 
liquid, solid, or solution. But these combination tones have as usual a 
small intensity compared to the fundamental tones, so that the strongest 
absorptions in the spectra correspond to simple vibrations. The 
disappearance of rotational structure gives rise to a narrowing 
dowTi of the absorption region wliich belongs to vibration. This 
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effect is, however, often overeonijjensated hy the one mentioned in 
the next jxiragraph. 

The internal vihrations are never completely unlnnnenced l)y 1li(‘ 
neighboring molecules. If a molecule is in a disordered surrounding 
(licpiid or solution), the internal fn'cjuencic's will be aiVected dirfer(‘n(l\’ 
according to the changing surroundings. I'or this n'ason the fre(|U(‘ncies 
are broadened as well as shifted. Strong broadening effect is to be ex¬ 
pected if the inteiaction bc'tween molecules is gr(‘at, as is the case in 
strongly polar licpiids. 'Liu* various vibrations will of course be l)road- 
cpcd to diflerent extents. 'I'he greatest broadening would be exp{*ct(*d 
for translational or rotational vibrations, wheicais the proper intei-nal 
vibrations are usually less aOected. 

The over-all displacement of a vibiational fretjuencv may be in either 
direction, but a lowering of the fre(|uency is the rule. This may be 
made plausible in the following way. Jdectronic states in molecules 
adjust themselves to give the lowest energy and therefore the strong(‘st 
possible binding. If molecules in the condensed pha.'<(* attract each 
other, tlie total energy of the system is loweix'd, but at tlu* same time 
the electronic configuration of the molecule is so modified as to giv(! no 
longer so great a bond strength within the individual molecule, (’on- 
currently, a lowering of the fie(pien(w may be expected. 

The inHuence of neighboring molecul(‘s also affects the intensities of 
infrared transitions. If a symmetrical molecule is placed in uirsymmetii- 
cal surroundings, the .symmetry reasons for the ab.s<‘nce of a frcfiuency 
from the infrared spectrum are no longer stiictly valid. Thus vibra¬ 
tions appear which are forbidden in the gas(*ou.s state. At the .same time 
the magnitude of the dipole-rnoment change in an allowed vil)ration 
ma}" be different in the condensed pha.se from what it is for the isolated 
molecule. It is of interest to consider a hypothetical example. Let the 
contribution of the intermolecular forces to tlie vibrating dipole be 
approximately one tenth of what we choose to call a normal dipole- 
moment change for an allowed vibration. Then the amplitude of a 
vibrating dipole is changed from 1.0 to I.l and the intensity from 1.0 to 
1.21, that is, b}" 21 per cent. If, on the other hand, the vibrating dipole 
of 0.1 strength is induced in a forbidden transition whose original 
vibrating dipole is zero, the resulting intensity is 0.01, that is, 1 per cent 
of the intensity in an allowed transition. Thus it is seen that compara¬ 
tively great changes of intensity in allowed transitions arc compatible 
with relatively faint appearance of forbidden vibrations. Frequently 
the arrangement of the surrounding molecules will accommodate 
itself to a lesser or greater extent to the symmetiy of the molecule 
under consideration, and then the intensity with which a forbidden 
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transition appears in the condensed phase may be very small or even 
zero. 

Although in liquids and solutions it has not been possible to take into 
account the effect of neighboring molecules on the spectrum in other 
than a qualitative way, a quantitative treatment of these effects is pos¬ 
sible in crystals. In fact, crystals can be considered as giant molecules 
and we may discuss mathematically the normal vibrations of the crystal 
as a whole. If a crystal consists of N atoms there vdU be 3N degrees of 
freedom, and, as N goes to infinity, the normal vibrations of the crystal 
^\^ll cover a continuum and often several continua. The quantitative 
treatment of these vibrations is made possible by the crystal symmetry. 
This allows the simplifying assumption that, for each normal vibration 
of the crystal, the vibrations in different cells differ from each other only 
in phase. Furthennore, if the cells are numbered systematically by 
three indices corresponding to their three-dimensional arrangement, 
then the vibrational phases in different cells can be represented by a 
linear function of the indices characterizing the cell.* A normal vibra¬ 
tion of a crystal is then characterized by the foim of vibration within 
one cell and by the linear function determining the phase relation be¬ 
tween the cells. 

For every ciystal there exist \ubrations where the motion mainly con¬ 
sists in the displacement of cells with respect to each other. These are 
essentially elastic vibrations and are known as the acoustical branch, 
because the Aubrations produced by sound in the solid belong to this 
continuum of frequencies. 

If each cell consists of one atom only, then the acoustical branch com¬ 
prises all the vibrations of the crystals. If, however, there is more than 
one atom in a cell, there will be further branches in which the main 
vibrations consist of the relative motion of atoms vitliin one cell. Since 
some of the vibrations of these further branches appear in the infrared 
spectrum, they are often referred to as optical branches. In molecular 
crystals such vibrations may closely resemble \ibrations of isolated 
molecules; however, all molecules in the crystal will participate with the 
same amplitude and with regular phase shifts. The frequency too vill 
not differ greatly from the frequency of an isolated molecule and will 
not be strongly affected by the phase shifts between neighboring mole¬ 
cules. Thus all frequencies witliin the branch lie in a narrow region. 

The frequencies within a branch are more strongly influenced by the 
phase relation between cells whenever the main vibration does not take 

* This is in close mathematical analogy" to the properties of the wave function 
of an electron moving in a periodic field. The vibrational phase corresponds to the 
exponent in tlio complex factor appearing in the electronic wave function. 
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place within isolated atom Ri-oiips or molecules. A.s an example we may 

consider the sodnnii chloride crystal who.se elemeiitarv cell consists of 

a sodium and a chlorine atom. .A lil,ration of these Uvo aeninsl each 

other involves equally important displacements of each oMhe atoms 

asainst. atom.s in iieishhorins cells, and the fre<|nenev will greatly depend 

on the phase relation.s. In this ea.se the optical hraiieh covers a ureater 
spectrnl resiofi. 

From the whole coiitiminm of eryslal vil,rations only a very fen nia.i- 
appear in the infrared speetrnm as slronj; fnnilaineiilal tones 'I'he 
tran.slalioiial symmetry of the crystal re,|nires that in an infrared- 
active vibration all crystal cells .shall vibrate in the .same j.hase-* 
otherwi-se the elTects of the various vibralina: cells would destroy each 
other by interference. Tims, at the most, one vibration of each j,ranch 
may appear in the infrared. The aeoii.stieal branch never contributes 
to the fniidamental tones appearing in the infrared. In this case equal 
Iiha-se in all cells means a simple translation of the whole crystal Thus 
if each cell contains only one atom, no fninlamental tone' is to be ex- 
liecteil at all in the infrared speetrnm. In more complicated eiaxstals 
fundamental tones do appear and should, according to the simplified 
theory Riven here, be shar,) line.s. 'J'heir sharpness is due not to lack 
of interaction between the constituents of the crystal but to their per¬ 
fectly ordered jiositions and reRular vibrational motions. 

A study of the infrared spectra of solids yields direct information 
about the direction in which a chaiiRe of dipole moment occurs diiriiiR a 
xibiation. In the Ras an analvsis of the rotational structure is nece.s- 
sai.v to obtain this information. In crystals it is merely necessarx' to 
observe the dopendence of the absorption streiiRth on the relative 

orientation of the crystal and the direction in which the incident beam 
is polarized. 

Although among the fundamental tones only a discrete set can appear 
in the infrared spectrum, there is to lie expected a continuum of the 
weaker overtone.s and combination tones. This is due to the fact that 
for the appearance of overtones and combination tones it is only re¬ 
quired that tlie phase dillcrences in the combining vibrations l)e related 
to each other in a certain manner, and it is not necessary that, in the 
individual normal vibrations, tlie vil)rations of all cells shall proceed in 
the same phase. Ihe importance of overtones and combination tones is 
enhanced by the fact that under tlie usual experimental conditions there 
is more absorbing material in a crystal specimen than in the chamber 

* In a strict sense this statement wouM he true only if the infrared radiation liad 
an infinite wavelength. The fact that the wavelength though long compared to the 
lattice distance is nevertheless finite necessitates an insignificant modification. 
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containing an absorbing gas so that weak absorption is more easily 
obsc!'ved. 

10. SCATTERING OF LIGHT The scattering of light by atoms 
and molecules is due almost exclusively to the electronic displacements 
under the influence of the incident electrical vector. This displacement is 
governed by the polarizability which is essentially a property of the 
ground state of atoms and molecules. Furthermore one specific kind of 
scattering, the Raman effect, affords a method which is fully as important 
as the analysis of infrared spectra for studying molecular vibrations. 
Experimentally the investigation of light scattering is simpler than 
work in the infrared, and thus the Raman effect has yielded more mate¬ 
rial about molecular vibrations than any other method. 

The process of light scattering is the following. The incident electric 
vibration induces a dipole in the atom or molecule. This dipole vibrates 
with the same frequency as the incident radiation. The vibrating 
dipole emits in turn electromagnetic waves, and these are the scattered 
radiation. It may be seen that this mechanism of scattering changes 
only the direction of propagation of the light and not its frequency. 

The intensity of the scattered light depends on the polarizability of 
the scattering particles, and it is possible to measure the magnitude of 
the polarizability by determining the scattered intensity. We have 
seen, howe\ cr, in section 5.11 that the polarizability is not characterized 
by a simple number but rather by a tensor. This tensor may be repre¬ 
sented by an ellipsoid whose longest axis coincides ^^dth the direction of 
greatest polarizability and the shortest axis with the direction of least 
polarizability. The total intensity of scattering depends on the mean 
value of the polarizability which is the same quantity that appears m 

the formula for the dielectric constant. 

Additional information may be derived from the scattering of light 
bv a more detailed investigation of the orientation of the electrical vec¬ 
tor in the scattered radiation. We shall assume first that the polariz¬ 
ability of the scattering particle is spherical. This means according to 
our previous discussion, section 5.11, that the inducing electric force 
and the induced dipole moment are always parallel to each other and 
that the proportionality constant between these tw^o vectors does not 
depend on the orientation of the electric force with respect to the scat¬ 
tering particle. These assumptions are fulfilled for a rare-gas atom or 
for a molecule of cubic symmetry such as GH4, CCI4, or SFe. We 
assume that the incident radiation is linearly polarized. This means 
that the electrical vector has a fixed orientation. We shall choose its 
direction as the x axis. Since we assumed that the polarizability of the 
scattering particle is spherical, the induced dipole moment also vibrates 


tup: RAMAN KFP'KCT 221 

in the r direction. If 11,e .sentte.ed ladiati.m i.s „l,.served its ele.^lrical 

vector still will point in the r ilireelion: that i.s. it will .still |„. eonijiletelv 
polarized. 

Let us assume on the other hand that the iiolarizahililv of the scat¬ 
tering particle is anisotropic. Then the induced dipole i„oi„<a,l is not 
parallel to the incident electri.-al vi.ctor hut deviates from it hv tending 
to be oriented in a direction of greater polarizahilitv. Thus if the inci¬ 
dent cloetrieal vector is again parallel to the r direction, the induce,1 
dipole moment points in general in a dilferent ilirection. If light .scat¬ 
tered in the 2 direction is olrserve.l, then the .scattered railiation will 
have .r and ,/ components. The magnitude and even the sign of the ,/ 
component depend on the orientation of the scatlming particle If light 
is scattered by an as.sembly of randomly oriented molecules with aniso¬ 
tropic polarizability, the scattereil radiation is not .aiinplctely polarize,1. 
In this way it can be detailed whetlna- or not the polarizability of the 
scatteiing paiticles is spherieal or whetlua’ it has a certain anisotropy 

A quantitative measure of the anisotropy inav be obtained by meas¬ 
uring separately the intensity of the railiation .scattered in the 2 direc¬ 
tion having an electrical vector jiarallel to th,. ,/ iliiection ami th,. ra.lia- 
tion scattered in the .same direction but with an .dei triiail via tor parallel 
to the X direction (that is, the direction of the electrical vector in the 
incident radiation). The ratio of the.se two intensities is known as the 
depolarization factor. If no anisotropy is present, the .scattered elei- 
trical vector has no y component, and the depolarization factor is zero 
The most anisotropic polarizability a molecule can po.s.sess is one where 
along one a.\is the polaiizability i.s very great compared to the polariz¬ 
abilities in any direction perpendicular to that a.xis. In this limiting 
case, the depolarization factor approaches the value ?j. 

Though a measurement of the depolarization factor does not suffice 
to determine all components of the polarizability ellipsoid, it gives never¬ 
theless a good idea of the deviation of the polarizability ellijisoid from a 
sphere. Conversely, we can give a quantitative expre.ssion for the de¬ 
polarization factor in tei-ms of the components of the polarizability ten¬ 
sor. In practice, depolarization factors lie usually rather closer to their 
lower-limit zero than to their upper-limit A large dejjolarization 
factor indicates a markedly elongated or else a veiy flat molecule. 
Double bonds and particularly a system of conjugated double bonds 
lying in the direction or directions of greatest length within the molecule 
contribute to a large depolarization factor. 


10.14 THE RAMAN EFFECT If light is scattered hr' a vibrating 
molecule, not all of the scattered radiation has the same frec|uenc\' as 
the incident light. There appear in the scattering additional freipiencics 
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wliich contain the frequency of the vibration. This effect was predicted 
theoretically; it is named after Raman who first succeeded in finding it. 

Its great importance lies in the fact that, by measurements in the readily 
acLcssible spectral regions of the visible and near ultraviolet, values of 
molecular frequencies may be obtained. 

A superposition of the \dbrational frequencies on the frequency of the 
incident light can be explained with the help of a simple classical model. 
We Avrite for the incident electrical vector 

E = Ea sin 2Trvit 10.14(1) 

Here Ea is the amplitude of the vibrating electiical vector, and vi is the 
frequency of the incident light. The induced dipole moment is then 
given by the expression, 

D = oEa sin 2Trvii 1014(2) 

We noAV assume that during the molecular vibration which proceeds 
Avith the frequency the polarizability a suffers a small change having 
the same frequency, 

a = ao + Cii sin 2TrPmt 10.14(3) 

Substituting equations 10.14(3) into 10.14(2), we obtain 

D = [ao + ai sin 2Trv,nt]Ea sin 2Trvi 10.14(4) 

= aoEa sin 2wvif 4- 2tt{vi — v„^)t — cos 2ir{vi + Vyn)t] 

The first term on the right-hand side gives rise to scattered radiation of 
tile unchanged fretiuency vi. This constitutes the main part of the scat¬ 
tering and is called the Rayleigh scattering. The second term is much 
smaller because the polanzability vanes only by a small fraction during 
the vibration. This term gives rise to the sum and difference tones of 
the light frequency vi and the molecular frequency 

The intensity ratio of the Raman scattering and the Rayleigh scatter¬ 
ing may be roughly estimated as follows. A usual small-amplitude vibra¬ 
tion may be assumed to produce a fractional change in the polarizability 
which is of the same order of magnitude as the ratio betAveen Adbrational 
amplitude and the distance of the atoms in the molecule. This ratio 
ai/ao is also the same as the ratio of the amplitudes of the electrical vec¬ 
tors in the Raman and Rayleigh radiation. The ratio of the intensity 
of these two scattered radiations is then approximately given by the 
square of the ratio of the vibrational amplitude and the interatomic dis¬ 
tance. As a rule, the. Raman scattering in a gas is from 100 to 10,000 
times Aveaker than the Rayleigh scattering. 
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According to formuhi 10.1-lfI) flu- two frcfnioncics, y, - and 
VI should appear with (aiual intensity. This predictioti is not 
veri(ie(i by experiment. Tlu' fre.iuency, v, - v,.„ appeals alino.st alwa\s 
with greater intensity, often with eon.sich'ialHy greater intensity. 'I'his 
line confoiius to Stokes luh* loi" fluor<*seent radiation, a(*eoi'(liiig to 
which the fluorescent light has a lower fre(|Uency than the oi-iginal radia¬ 
tion. Accordingly, the line v, ~ v„, is called the Stokes line while tlu' 
line VI -f- v„, is the anti-Stokes Iin(‘. 

The quantum explanation of the Itaman en'e<-t makes it clear why 
tliese two lines difler in intensity. According to tlu* original rough form¬ 
ulation of this argument, the light (luantum hvf may he ah.sorix'd hy the 
molecule even if the frequency vi is not in re.sonance with any electronic 
frequency and if accordingly tlKue exists no excited slate with any 
energyabove the ground stale. Theabsorix-d light (luantum may be 
retained, however, by the molecule only for the very short pericxi which 
would be necessary for an ab.sorbing molecuh^ to establish the fact of 
lacking resonance. After that perio<l the quantum is reradialed, but it 
may happen that part of the original (mergy hvi is r<*lained b\' the mol¬ 
ecule in the form of a vibrational (Hianlum hv,„. d'hen the reradiated or 
scattered quantum carries tin* diminished energy, h(v, - v,„), and the 
scattered frequency is therefore vi - v,„. Conversely, if the'moleeuh' 
was originally in a higher vibrational state, it may give u\i \i) the out¬ 
going light quantum the emu-gy of a vibrational (|uanlum hv,„ so that 
the outgoing energy is h(vi + v,,,), and the outgoing fre(iuency is vi + 
Since, according to the Koltzman distribution, the numl)er of molecules 
in higher vibrational states is smaller, there is a greater chance for the 
emission of the Stokes line.* It can be shown that in tin; limiting case 
of high temperatures (AT >> hv,„} the intensities of Stokes and anti- 
Stokes lines become cciual in agreement witli the classical argument. 

The previous .simple quantum argument not only is successful in 
explaining the greater intensity of the Stokes line but also helps to 
elucidate the relationship between the Kamaii effect and fluorescence. 
The latter phenomenon is usually de.scribed as the actual absori)tion of 
one light quantum followed by an omission from tlie ui)per (luantum 
state into which the absorption lias thrown the atom or molecule. The 
re-emitted light may have the same frequency as the absorbed radia¬ 
tion, or it may have a different frequency, according to whether the 
system returns into its original .state or into a difterent state. The Rav- 
leigh scattering and Raman eftect go over continuously into fluorescence 
when the incident radiation approaches resonance. A\'hile this happens, 

* This statement is true only if the usually insignificant dojK'ndencc of scattered 
intensity on frequency is neglected. 
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the polarizabilitj'^ and with it the scattering increases rapidly. There is 
also an increase of the time during which the quantum may be con¬ 
sidered as absorbed by the molecules, owing to the fact that more and 
more Hme is required to distinguish between the frequency of the inci¬ 
dent radiation and the proper frequency of the electrons within the 
molecule. If finally the frequency difference becomes smaller than the 
breadth of an absorption line, the usual description of fluorescence be¬ 
comes fully justified. 

A more elaborate quantum argument is needed to prove that in the 
proper Raman effect, that is, in the case of complete lack of resonance, 
there is very little likelihood of the molecule acquiring or losing more 
than one quantum of one normal vibration. Likewise it is possible but 
difficult to derive the selection rules operating in the Raman effect and 
the depolarization factor in the Raman effect if the quantum theory is 
used as the starting point of the investigation. It is much easier to 
approach these problems from the standpoint of classical theory. An 
extension of the derivation in the beginning of the section gives the re¬ 
quired answers, and it can be sho^vn that the results are in need only of 
two major corrections: (1) The Stokes and anti-Stokes lines are of un¬ 
equal intensity, and (2) the classical treatment is valid only in the ab¬ 
sence of resonance, that is, if the difference of the incident frequency 
and any molecular-absorption frequency is great compared to the fre¬ 
quency of molecular vibrations. 

10.15 THE VIBRATIONAL RAMAN SPECTRUM The discussion 
in the previous section involved the assumption [see equation 10.14(3)] 
that a normal vibration of frequency causes a variation of the same 
frequency in the polarizability. This assumption is justified in first 
approximation as long as the polarizability changes linearly with the 
displacement of the vibration. For diatomic molecules this is generally 
the case. But in polyatomic molecules symmetry frequently prevents 
such a linear variation. 

Consider for instance the nonsymmetrical nondegenerate vibration of 
CO 2 , Figure 10.3(3). Since all atoms remain lined up along the molecu¬ 
lar axis during the vibration, the polarizability remains an ellipsoid of 
revolution. The only change that can occur during the vibration is a 
change in the length of the axes of this ellipsoid. If the variation of 
polarizability with the displacement were a linear one, opposite dis¬ 
placements in the vibration would correspond to opposite changes in 
the length of the axes. But opposite displacements are obtained by 
reflection in the center of symmetry of the molecule, and such a reflec¬ 
tion, while changing the sign of the displacement, leaves the polarizabil- 
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ity ellipsoKl unol.ai.g(><l. Since the elianse in the iK.larizal.ilily cannot 
both alter its sign and remain the same, our assumption that the poh,, 
izabihty vanes linearly witb the .lisi.laccmcnl must hav<. bi'cn eironeoiis 
It IS of COUI-SC to be expecte<l that the vibration just considered does 
cause a change in polarizability. But such a change must be at least 
qiiadratical m the displacement, and, if the displa.aan.ait is snrd'l 
quadratieal effects are much less important. Therefore the ^ibration' 
may appear only very weakly in the Uaman elf,ad. I’urlh.amorc w,. 
have seen that op|)osite displacements of the vibration giv,. ris,. to the 
same change of the |Jolarizability. But it tak<-s onlv half a l ibralional 
period for the disi.lacement to change over into the opposite ,li.s|,lace- 
ment. Thus the polarizability resuiiK's its original value aftca' half a 
vibrational period so that the liolarizabilitv ehang...s with l»i,a' the 
frequency of the vibration. Therefore the vibration itself vill not 
appear at all in the Uaman effect. Its weak manifestation in the Raman 
spectrum will be limited to the .secon.l (and po.ssiblv high.a ) harmoni.'s 
From the preceding e.xample we .see that the ground lone of a vibra¬ 
tion may be forbidden in the Uaman eOVet for r,a,sons of sv ininetiy 
The details of the argument given in the foregoing ,aui be actiuilly g,ai- 
erahzed into the statement that in a mohaailc iiosse.ssing a (aailcr of 
s.vmmetry all vibrations are forbidden in the Uaman effect which arc 
antisymmctrical to the center of .symmetry, that is, which change their 
sign if a reflection in the center of symmetry is jierfonned. For instance 
in CO 2 all nontotally s.vmmetrical vibrations are antisvmmelri.ail to the 
center and consequently forbidden. The totally symmclricad vibra¬ 
tion, on the other hand, is allowed in the Uaman s|)ectrum. It is useful 
to notice that the corresponding selection rule in the infrared .s|iecfnim 
is just the opposite. If a vibration is s.vmmetrical to the center, then 
no change of dipole moment can occur during the vibration, and the 
vibration is forbidden in the infrared. If, on the other hand, the vibra¬ 
tion is antisymmetrical to the center, the vibration may occur in the 
infrared unless it is forbidden by other symmetry considerations. In¬ 
vestigation of both infrared and Uaman siiectra is useful not only be¬ 
cause the results complement each other, but also because they lielji to 
determine the symmetry of the molecule. Appearance of the same fre¬ 
quency in both spectra (if the frequency really corresiionds to the same 
vibration and is not due to chance coincidence) proves that the molecule 
has no center of sjunmetry. For instance, in CO 2 two of the three fre¬ 
quencies of normal xibrations may appear in the infrared spectram 
only, while the third is allowed onl 3 ^ in the Raman effect. 

Antisjunmetry to a center is by no means the only reason why a x’ibra- 
tion may be forbidden in the Raman effect. In order to decide whether 
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Fig. 10.15(1). Normal vibration of 
acetylene ami corresponding change 
of polarizability. 


the ground tone of a vibration may appear in the Raman effect, it is 
necessary to investigate for each vibrational type whether a linear 
variation of the polarizability is consistent with the symmetry. For in¬ 
stance, in ethjdene the vibration which consists of a twisting of the two 
CH 2 groups around the axis of the double bond is symmetrical to the 
center of symmetry and is nevertheless forbidden in the Raman effect. 
This vibration is also forbidden in the infrared, so that, while in ethylene 
no vibration can appear in both the infrared and the Raman spectra, we 
have an example of a vibration which is forbidden in both spectra, 

A few statements about Raman selection rules are valid for all molecu¬ 
lar sjTnmetries. For instance a totally symmetrically vibration is never 

forbidden in the Raman effect. 

Nontotally symmetrical vibrations 
may appear in the Raman spectrum. 
As an example we may consider the 
normal vibration of acetylene shown 
in Figure 10.15(1). This figure shows 
in addition to the displacements a 
tracing of the original polarizability 
(full line) and the polarizability 
changed as a consequence of the dis¬ 
placement (broken line). The lengths of the axes of the polarizability 
ellipsoid remain in first approximation unchanged but not the orientation 
of the axes. A cliangc in the orientation influences the induced dipole 
moment and creates a component of tliis ^dbrating moment that con¬ 
tains the vibrational frequency and gives rise to the appearance of the 
fundamental tone in the Raman spectrum. The vibration used here as 
an example is one of the simplest illustrations that could have been used, 
but the vibration is apparently so faint in the Raman effect that until 
now it has not been identified with complete certainty. It is an empir¬ 
ical fact that nontotally symmetrical vibrations involving primarily the 
motion of hydrogen atoms are often very weak in the Raman effect. 

Investigation of the polarization in the Raman scattering provides a 
useful way to recognize nontotally s>Tnmetrical vibrations. It can be 
shown that in such vibrations the sum of the lengths of the axes of the 
polarizability ellipsoid remains unchanged in firet approximation. This 
type of polarizability change makes it possible to calculate the depolar¬ 
ization factor, and the value f is obtained. This value is greater than § 
which was the maximum obtainable for the Rayleigh scattering. But 
the Riiylcigh scattering is due to the polarizability wliich as a rule does not 
assume negative values; that is, no component of the electric field pro¬ 
duces a component of the dipole moment in the opposite direction. The 
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Raman effect, on the other luuul, is due to a elianRo of the polarizahilit v 

and for a degenerate vibration this change is actually p„.sitivc in some 

directions and negative in others. The ani.sotropv resulting from the 

positive and negative cliaiiges arising during sii.'li vibrations is of course 

greater than the anisotroiiy in the molecular polarizability uhich is due 

to differences between positive imlarizabilities. Actually "the anisotropy 

and depolarization factor obtained in nontotallv symmetrical vibrations 

are the greatest possible, according to the siniiilo imlarizability theory 
of scattering. ^ 

Multiples, sums, and differences of the normal fre,|uencics arc some 
times observed superimposed on the fre<|uencv of the incident light 
This appearance of overtones and combination tones in the Hamaii 
effect is due to elfects similar to those causing the appearance of'thc.se 
frequencies in the infrared .siiectriim, that is, to mechanical and elec 
tncal anharmonicities. Electrical anharrnonicitv means in this case a 
nonlinear dependence of the polarizability on the displacements OveA 
tones and combination tones arc less freqiienllv observed in the Raman 
effect than in the infrared spoctriim. 'Phis is due to the fact that the 
Raman effect gives small intensities even for the ground tones The in 
tensity ratio of ground tones to overtones and (a.mbination tones is not 
e.xpected to differ in the Raman and infrared spectrum. 

In symmetrical molecules, selection rules operate for the oc'crtoncs 

and combination tones as well as for the fundamental tones in the Raman 

spectrum. However, even harmonics are never forbidden. 

In addition to the vibrational Raman lines, there e.xist in gases a pure 

rotational Raman effect, and the vibrational lines have a rotational 

structure. However, many Raman observations are made in the liquid 

state. One reason for this is the weakness of the Raman effect. The 

liquid state is of course not appropriate for studying the rotational 
structure. 

The rotational Raman effect is due to the change in orientation of the 
polarizability ellipsoid during rotation. For diatomic and linear mole¬ 
cules, the twofold rotational frequency appears rather tlian the rota¬ 
tional frequency itself, since rotation by 180" brings the polarizability 
ellipsoid back into a position equivalent to the original one. Thus the 
frequency of polanzability change caused by the rotation is equal to 
twice the rotational frequency. In nonlinear molecules the simple 
rotational frequencies appear in addition to the double rotational 
frequencies. The \dbration-rotation spectrum is due to the rota¬ 
tion of the polarizability change caused by the vibration. The 

structure arising in this way has been studied only in a few ex¬ 
amples. 
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10.16 THE ISOTOPE EFFECT Even if both the infrared spectrum 
and ihe Raman spectrum of a molecule are investigated, a number of 
moleeu^ar frequencies may not be found. For instance benzene has 
20 normal vibrations. Of these, all but four are forbidden in the infra¬ 
red spectrum, and only seven may appear in the Raman effect. All the 
predicted frequencies have been observed and identified and are in agree¬ 
ment vith the presence of a center of symmetry. The Raman fre¬ 
quencies are never duplicated in the infrared spectrum. But even so 
only 11 of the 20 frequencies are found. The remaining nine vibrations 
are forbidden in both infrared and Raman spectra. Though in other 
molecules all nonnal frequencies may be obtained from the spectra 
this is as a mle not sufficient to obtain all the elastic constants of a 
molecule. In order to find out the restoring forces arising from all the 
possible distortions of the molecule, it is necessary to know, in addition 
to all frequency values, the specific forms of the vibrations associated 
with each frequency. Information about the elastic constants of a 
molecule, though perhaps not so fundamental as the knowledge of the 
equilibrium positions, vill probably prove increasingly helpful in the 
discussion of reaction mechanisms. 

iMeasurement of molecular spectra in which certain atoms have been 
replaced by isotopes not only makes it possible to test the vahdity of an 
interpretation of Raman and infrared spectra but also offers the addi¬ 
tional data needed for finding the form of molecular vibrations and 
elastic constants of the molecule. It has been mentioned in section 4.4 
that substitution of isotopes does not affect the interaction of atoms and 
therefore does not change the force constants. But by altering the 
masses participating in the \dbrations, we produce a change in fre¬ 
quency. It is easily seen how such frequency-changes can be used to 
obtain information about the form of a vibration. If for instance an 
atom remains at rest during a normal vibration, substitution of this 
atom by an isotope docs not change the frequency. The more strongly 
the substituted atom participates in a vibration, the greater will be the 
resulting frequency change. 

Isotopic substitution may effectively destroy molecular symmetiy, 
and it may thus cause the appearance of previously forbidden fre¬ 
quencies. Lastly, simple rules exist concerning the ratio of products of 
frequencies before and after substitution. The exact form of these rules 
depends on molecular symmetry, and thus the rules can be used to verify 
assumed s^TOnietries. 

10.17 THE VIBRATIONAL SPECIFIC HEAT One of the most 
striking proofs that classical mechanics cannot be applied to inner- 
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molecular processes without some modification is obtained from the 
fact that at low temperatures vibrations do not contribute to the spe¬ 
cific heat. According to quantum theory, this is to be expected since, 
as long as kT is small compared to the quantum hv of the vibration, the 
excitation of a vibrational quantum is very improbable. If, on the othei- 
hand, the temperature is sufficiently high so that kT i.s great compaied 
to hv, many vibrational quanta are, as a rule, excited. Then the corro 
spondence principle is applicable, and the classical \'aiue of k per vibra¬ 
tional degree of freedom (or H per vibrational degree of freedom in a 
mole of the substance) is obtained for the specific heat. For intermedi¬ 
ate temperatures quantum statistical calculations give, for the contri¬ 
bution to the specific heat by a harmonic oscillator c„ 



10.17(1) 


Here, x stands for hv/2kT, v is the frequency of the harmonic oscillator, 
and the hyperbolic sine (sinh) is the function - e~^). 

In a polyatomic molecule each normal vibration contributes a term 
c„ according to formula 10.17(1), to the specific heat. In each case one 
has to substitute for v the frequency of the norma! vibration in ques¬ 
tion. Two- or threefold-degenerate normal vibrations must be counted 
as two or three nonnal vibrations of the same frequency. In a solid it 
is necessary to sum over the very great number of different vibrations. 

At low temperatures, x in equation 10.17(1) becomes great, sinh x 
increases exponentially, and the \abrational contribution to the specific 
heat approaches zero as an exponential function. This exponential be¬ 
havior is characteristic of the vibrational specific heat of molecules. In 
solids the acoustical branch contains some vibrations of arbitrarily 
small frequencies. Thus for any given low temperature there exist a 
number of vibrations for which the ratio x is unity or smaller. These 
vibrations contribute to the specific heat amounts roughly equal to k, 
whereas vibrations of liigher frequencies give diminisliing contributions, 
which, as the frequency increases, can soon be neglected. In solids we 
find therefore that at low temperatures the specific heat is projjortional 
to the number of vibrations whose quanta are comparable to kT or are 
smaller. This number, and with it the specific heat, varies at low tem¬ 
peratures as T^. 

The measurement of specific heats is useful in giving additional infor¬ 
mation about vibrational frequencies. In many solids specific heat 
furnishes until now the only available information about vibrations. 
But, owing to the rather gradual variation of equation 10.17(1), specific- 
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heat measurements are not apt to yield very accurate values of the fre¬ 
quencies, and it is necessary to know the specific heat over a consider¬ 
able temperature range to obtain useful information. 

Specific heats of gases may help to establish molecular frequencies. 
The vibrations of ethylene may be quoted as an example. This molecule 
has 12 normal vibrations of which six are permitted in the Raman effect 
while five are infrared-active. The 12th vibration consisting of a tor¬ 
sion of the two CH 2 groups about the double-bond axis is forbidden in 
both spectra. The specific heat has been used to estimate the frequency 
of tliis vibration. A value of 750 or 800 wave numbers was obtained for 
the frequency on this basis. It was verified later by interpreting weak 
lines in the infrared and Raman spectra* that the value 800 cm.“^ is 
approximately correct. 

Data about specific heats of a very great number of gases have been 
obtained from the measurement of sound velocities. These data are 
unreliable unless cognizance is taken of the fact that often the period of 
the sound is too short for the \dbi-ational energy to get into equilibrium 
\nth the translational and rotational energies. 

As soon as the vibrational frequencies of a molecule are kno^vn, the 
\dbrational specific heat can be accurately calculated. For highest 
accuracy one must take into account the effects of anharmonicity and 
of the interaction between vibration and rotation. Knowledge of the 
accurate specific heats is needed in calculations of thermodynamical 
properties and of chemical equilibria. Comparison with the experi¬ 
ments makes it then possible to check any assumptions which may have 
entered in the calculations. For instance, the question of free rotation 
in ethane has been elucidated by using data on specific heats and also by 
considering the C 2 H 4 + H 2 ^ CoHo> equilibrium. It was found that 
the forces opposing torsion of the CH 3 groups are considerable, so that 
barriers of about 3 Kcal. electron volt) restrict internal rotation. Of 
course these barriers are still sufficiently low to permit fast interconver¬ 
sion of any isomers which may be constructed from appropriately deu- 
terized ethane. So in the sense of structural chemistry, though by no 
means in the sense of physics, the rotation may be considered free. 

* .\lthough the torsion vibration cannot occur as a permitted fundamental fre¬ 
quency, its first overtone may occur in the Raman spectrum, and the fundamental 
frequency simws up as a weak forhi<lden band in the infrared. The presence of this 
wc'.ik band is probably due to interaction of the vibration with the rotation of the 
molecules. 
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11.1 ATOMIC SPECTRA Althoufj:h the electronic motion in atoms 
is in principle capable of exact treatment, the problem is in practice 
hopelessly complicated. Ihe relati\'e simjjlicity of the spectra involving 
nuclear vibrations is due to the small amplitudes of these motions. On 
the other hand, the motion of the electrons extends over the whole 
atom. Only in one particular case, namely, that of the hydrogen atom, 
has a complete solution been obtained in a simple way. But for other 
atoms, where the number of interacting particles exceeds two, mathe¬ 
matical experience has shown that no simple solutions are to be expected. 

The interpretation of atomic spectra nevertheless has been possible 
by using a scmiempirical procedure. Three circumstances facilitate 
such an analysis: (1) The high symmetry of the atoms makes it possible 
to give a rigorous classification of atomic states and to establish selec¬ 
tion rules for the transitions between these states. (2) By making sim¬ 
plifying assumptions some of which are lather drastic, a complete sys¬ 
tem of atomic levels can be obtained which though admittedly crude, 
has proved useful. (3) By varying external conditions, for instance, by 
applying a magnetic field, experimental information can be obtained 
about the nature of an atomic line so that in the analysis of the spec¬ 
trum one has a more reliable guidance than quantitative comparisons 
wth crude calculations. 

11.2 SYMMETRY PROPERTIES OF ATOMIC STATES The 

potential acting within an atom depends only on the relative positions 
of the constituent particles, the problem of finding the inner-atomic 
motions is therefore the same whatever the orientation of the co¬ 
ordinate system in wliich the atomic motion is described. In this sense 
the problem of inner-atomic motion is spherically symmetiical. Of 
course, it does not follow^ that each solution of the problem, that is, each 
atomic state, is spherically symmetrical. 

The co-ordinate system in which the motion of electrons within the 
atom is to be described can be changed not merely by a rotation but 
also by reflection; such reflection will not change the form of the prob¬ 
lem any more than a rotation. Actually it is unnecessar}' to consider all 
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possible reflections. It is sufficient to take into account reflection in the 
center of symmetry which involves replacement of the Xj y, and z co¬ 
ordinates by —y, and ~z. This inversion together with all rota^ 
tions permits the construction of every symmetry operation which leaves 
the problem of inner-atomic motion invariant. 

The systematization of all symmetry operations, the classification of 
atomic states made possible by the symmetry, and finally the common 
properties of atomic states belonging to one symmetry class are treated 
in group theory. We have discussed simple applications of group theory 
in connection with the simple vibrations of polyatomic molecules. In 
that case, normal vibrations rather than quantum states were classified 
according to symmetry. The selection rules which we have obtained 
from the molecular symmetry are among the properties investigated 
usually by group-theoretical methods. We shall not give here the 
mathematical details of group theory nor its application to atomic 
spectra, but shall restrict ourselves to the presentation of simple results 
and their connection ■with other facts of atomic physics. 

The classification of atomic states according to symmetry is twofold. 
First, with respect to inversion (reflection in the center of mass) the 
wave function describing the state may be either symmetrical or anti- 
symmetrical. In the first case the wave function remains unchanged if 
the signs of all co-ordinates are reversed. In the second case the wave 
function changes its sign when the same operation is carried out. States 
whose wave functions are sjunmetrical or antisymmetrical -with regard 
to the center are called, respectively, even and odd states. The prop¬ 
erty of a state of being even or odd is called the parity of the state. The 
difference between even and odd states cannot be interpreted in an 
immediate intuiti\e manner in classical theory. But the distinction 
between these states is of great importance in selection rules. 

Second, we must consider the classification of the atomic states with 
respect to rotations. This classification is closely connected with a classi¬ 
cal property: each atomic state is characterized by its angular momen¬ 
tum. In fact, angular momentum of a system is conserved as long as 
tliere are no external fields wdiich disturb the spherical symmetry, and 
classification with respect to rotational symmetry is rigorously valid 
under the same conditions. 

If at fii-st the spin of the electrons is disregarded, the angular momen¬ 
tum may have only the values zero or an integer multiple of h/2ir. In 
tins respect atomic proper functions behave in the same way as the 
simple proper functions describing the electronic motion in the hydrogen 
atom. Tlicre we have seen that the angular momentum may have the 
values zero (s states), /t/2ir (p states), 2/t/2jr (d states), 3h/27r (/states), 
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and so on. States relatinp; to a wliolo atom rather tlian to a .sinale elec¬ 
tron are called S, P, D. P states if tlie eoi resiioiidiiiK aiif,mlar momenta 
are 0, 1, 2, 3 times the “(|uantum” of aiif^ular momentum h 2 tt. In close 
analogy to the spherically symmetrical .s stales of hydrogen, the ,S stales 
of an atom remain imchanged under any rotation. The ground sl.ales 
of all rare-gas alkali and alkaline-earth atoms are ,S’ si,ales. The I> 
states are threefold degenerate just as the p states in hydrogen. I’nder 
the influence of rotation these degenerate stales lransfo]-m among each 
other in the same way as the t hree degenerate p stales of hydrogen In 
fact, the transformation properties of the P states are due to the spheri¬ 
cal symmetry rather than to any special pro|)erty of the hydrogen pioh- 
lem. Thus these transformation properties pei-sist as long as there is 
spherical symmetry. In a like manner I), F, etc., stales hehaye like 
d, f, etc., states of hydrogen. Ihe degree of d(*gen(*raey is .5, 7, etc for 
these states, re.spectively, and the degenorale states transform as in the 
case of hydrogen. There is just one dillerence h(‘twe(*n the si'mmeti'y of 
the hydrogen states and that of the .states of higher atoms. In hydrogen 
all states with an even angular momentum (s, d, • ■ .) are e\-en with re¬ 
spect to inversion, and all states with odd angular momenta (p, /, .. .) 

are odd.* In higher atoms there exist both even and odd S slates’ even 
and odd P states, and so on. 


If the spin of the electrons is taken into account, we find that the total 
angular momentum (including the spin angular momentum) can have 
the values r}, etc., in units of /i/27r whenever the number of elec¬ 
trons is odd.f 1 he half-integer values of the angular momentum are due 
to the fact that the spin of the eiccti'on itself is -*7j/27r. The states with 
angular momenta ^ f, etc., are 2-foId, 4-fold, etc., degenerate. The 
transformation properties of these degenerate states under the influence 
of rotations are somewhat more complicated than those of the states 
with integer values of angular momentum. If the atom contains an 
even number of electrons, tlie angular momentum can be shown to be 
an integral multiple of h/2Tr. In that case the degree of degeneracy and 
the transformation properties are the same as for 5, P, D, etc., states. 

The selection niles regulating transitions between tliese states are 
analogous to certain selection rules discussed in the previous chapter. 
We have seen that in molecules possessing a center of sjunmetry only 
such vibrations could appear in the infrared spectmm as are antisjmi- 
metrical to the center. The corresponding selection rule in terms of 


•A similar statement is true for rotational states of simple diatomic molecules. 
This ^ill be of importance in the theory of ortho and para hydrogen. 

t The possible presence of a nuclear spin is left out of account here. If present it 
manifests itself only in the appropriately named hyperfinc structure. 
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atomic states is that only transitions between even and odd states are 
permitted, but all transitions between even and even or odd and odd 
states are forbidden. 

In the infrared-rotational and vibrational-rotational spectra of 
diatomic molecules we have seen that the angular momentum can change 
only by 1 or — 1. In the vibrational-rotational spectrum of polyatomic 
linear molecules, transitions accompanied by no change of angular 
momentum were also permitted. It can be shown that general sym¬ 
metry arguments exclude all other changes of angular momenta in 
absorption or emission spectra for atoms or molecules. Thus transi¬ 
tions between states A\ith the angular momenta 0 and 1, 1 and 2, 2 and 
3, 1 and 1, 2 and 2, etc. (all angular momenta measured in units h/^'K) 
are allowed, whereas for instance a transition between states with 
angular momenta 0 and 2 is forbidden. There is only one additional 
selection rule; a transition cannot occur between two states with zero 
angular momenta. The reason for this rule is that, if the angular mo¬ 
mentum is zero, the state is spherically syimnetrical. The transition 
between two spherically sjunmetrical states may be considered as a 
pulsation of a spherically sjunmetrical charge distribution, and, accord¬ 
ing to classical electrodynamics, such a pulsation does not emit any 
radiation. 

The selection rules concerning parity and angular momentum are 
due to symmetry with regard to reflections and rotations. Therefore 
these selection rules may be violated if the sjunmetry is temporarily 
impaired by collisions. The fact that the analogous selection rules in 
vibrational spectra concern infrared transitions which are due to dipole 
radiations indicates that the atomic transitions previously discussed 
are due to an efl'ect similar to the absorption and emission of radiation 
by a vibrating dipole. The usual theory of optical transition prob¬ 
abilities is based on a generalization of this dipole radiation. But in 
connection with the extremely weak infrared.spectrum of N 2 , section 
10.G, wc have pointed out that radiation may be emitted or absorbed 
by a vibrating quadrupole. Weak transitions in atomic spectra are 
produced by quadiiipole radiation and further types of radiation. For 
such kinds of radiation different selection niles operate. 

The interpretation of observed atomic frequencies in terms of differ¬ 
ences between energy levels leads to a knowledge of the energy states of 
the atom. The application of selection rules makes it possible to find 
out the symmetry properties of the energy levels. The goal of the 
analysis is the knowledge of the encrg>^ values and symmetry properties, 
but the analysis would be very hard to carry out wthout the use of sup¬ 
plementary theoretical considerations and experimental devices. 


ATOMIC MODELS 


235 


11.3 ATOMIC MODKLS Ihe same cnKie dosoripfion of atomic 
proper functions which wc have used in connection with tlie i)eriodi(: 
system is also the one employed in the classification of atomic sfat<'s. 
In this simplified atomic model we shall at hist disri'Kard the spins of 
the electrons. As a further simplification wc^ assume that th<'re are no 
phase relations between the motions of IIk; electrons and fliat eacli of 
them moves in the field i)roduced by the char^a' of the nucleus and the 
average field of the other electrons. This simplification is eciuivahail in 
quantum theory to the assumption that the wave function can be writ¬ 
ten as a product of wave functions of the seqiarate electrons. We finallv 
introduce the simplification that the field in which each separate elec¬ 
tron moves is spherically .symmetrical; if the actual average field of the 
remaining electrons does not fulfill this refiuirement, we take the aver¬ 
age of that field over all orientations before employing it in further cal¬ 
culations. The model just de.^cribed is <-alled the llartr<‘e model. 

Since in this model each electron moves in a si>hericaliy symmetrical 
field, each has a definite orbital angular moiiK'iitum and is accordingly 
dc.scribed as an .s, />, d, etc., electron, the small letters emphasizing that 
the notation is used for single electrons. 'I'he .s .states of which an elec¬ 
tron is capable are numbered with incivasing energy giving l.v, 2.9 3,9 
etc., states. These symbols have been us(*d for the hydrogen orbits and 
also for the hydrogen-like orbits in higher atoms. Tho. jnesent defini¬ 
tion remains valiti even if the orbits are very unlike the liydrogen orbits, 
but it coincides with the previous definition whenever the orbits re.sem- 
ble those in the hydrogen atom. A similar notation is introduced for the 
p orbits, but to pre.servc the correspondence with the hydrogen notation 
we start with 2p, 3p, etc. For the .same rea.son the lowest d state is 
called 3d. 


From the angular momenta of the separate electrons, the total angular 
momentum of the atom can be composed, d'he rules of this iirocedure 
ma3" be described in terms of classical mechanics: one replaces each 
angular momentum with a vector of a length jn'oportional to the absolute 
value of the angular momentum. The total angular momentum is ob¬ 
tained by arranging the angular-momentum vectors of the electrons in 
arbitrary directions and then adding these vectors. But the restriction 
is imposed that the resultant vector must be again an integral multiple 
of h/2'!r or else zero. If, for instance, we have a d and a p electron with 

angular momenta 2 — and — , we obtain for the vector sum the values 

Ztt Ztt 



These corresi)ond to an F, a Z), and a P state 
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This vector-addition rule may be derived rigorously by group-theoreti¬ 
cal methods. As long as the Pauli exclusion principle need not be con¬ 
sidered, the results are the same as those obtained from the simple vec¬ 
tor picture. 

We use as the sjunbol of an atomic state the product of the symbols 
for the single electronic states composing it and add the symmetry 
s>-mbol of the atomic state as a whole. Thus the lowest state of the 
carbon atom is written (ls)^(2s)2(2p)^Pg. Here (Is)^ stands for the 
product of two Is functions and indicates the presence of two electrons 
in the K shell. Similar statements hold for (2s)^ and (2p)^. The sym¬ 
bol P shows that the total angular momentum is one (in units of /i/27r) 
which is one of the possible results if the angular-momentum vectors of 
four 5 electrons and two p electrons are added. The subscript g indi¬ 
cates that the atomic state is even. (An odd atomic state would be 
indicated by the subscript u,) That the state in question is even is due 
to the fact that, apart from the s electrons each of which has an even 
wave function, the atom contains two p electrons which according to 
previous statements are odd. But the product of two antisymmetrical 
functions is symmetrical, and so the product of two odd functions gives 
an even state. 

The symbols (Is)^ and (25)" prescribe in an unambiguous way the 
product of the indicated electronic wave-functions. On the other hand, 
the expression (2p)^ leaves the question open which of the three degen¬ 
erate p states or which linear combination of such states each electron 
occupies. Actually the symbol (2p)^ is somewhat misleading, because 
according to the somewhat involved quantum theory of the vector- 
addition rule we cannot construct a state of definite angular momentum 
(for instance a P state) by ascribing to each p electron a definite wave 
function and taking the product. It is necessary to construct a sum of 
products; for instance to obtain a P state, we may place the first electron 
in a px state and multiply it by the py * wave function of the second 
electron, then take the py state of the first electron and multiply it by the 
Px function of the second electron, and take the difference of these prod¬ 
ucts. In this way we obtain one of the degenerate P states and more par¬ 
ticularly a state which in analog,v to the notation just used we should call 
Px. Linear combinations of products such as have just been described 
amount no longer to independent motions of the electrons but rather to 
motions nith some definite phase relation. Tins is so because the square 
of the total wave function giving the probability of the different electron 
configurations is no longer the product of the squares of single electron- 

• The Px and py states arc similar to the states which have been designated in 
section 2.2 by (2x) and (2?/). 
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wave functions and therefore can no longer be written as the product of 
independent probabilities. Tlie three atomic states, 

as)^{2sn2pfs 

(lsn2s)^{2pfp 

(.U)^(.2sf{2i,yD 

which according to the vector-addition rule can arise from the 
(l«)2(2s)2(2p)2 electron configuration, differ in energy oiving to tlie dif¬ 
ferent phase relations of the 2p electrons in the S, P, aiul I) states 
However, the linear combinations and the resulting phase relations and 
energies cannot be discussed without at the same time the Pauli exclu¬ 
sion principle being taken into account. This principle eliminates all 
states wliich are not antisymmetrical with regard to the interchange of 
any pair of electrons, and for this reason not all states aiijicar n hich 
can be obtained from the vector-addition lule. I'he influence of the 
Pauli principle, as we have seen, is further modified by the presence of 
the electronic spin. We shall return shortly to a brief discussion of the 
Spin effects. 

The possibility of exciting one of several electrons in an atomic spec¬ 
trum together with the several ways in which the angular-momentum 
vectors of the electrons can be combined into a resultant atomic angular 
momentum accounts for the great number of atomic states in the so- 
called complex spectra. The possible electronic transitions increase 
even faster than the number of electronic states, so that the complexity, 
for instance, of the iron spectrum is not surprising. 

One class of spectra, namely, the one-electron spectra of the alkalies 
is by contrast quite simple. Here all electrons except one are in a closed 
shell, and the visible and near uItra\dolet parts of the spectra are due 
to transition between states of the last loosely bound electron, called 
the valence electron, A further simplification arises from the fact that 
the electrons of the core (that is all electrons except the valence electron) 
form a closed shell which has the total angular momentum zero and 
produces a spherically symmetrical field. Thus the angular momentum 
of the atom will be equal to the angular momentum of the valence elec¬ 
tron. Let us consider, for instance, the sodium atom. Its lowest elec¬ 
tron configuration is (ls)2(2s)2(2p)®(3s). The two electrons in (Isf 
fill the K shell; the eight electrons in (2sf(2pf fill the L shell. The six 
nonspherical wave functions of the p electrons are oriented and com¬ 
bined in such a way as to form a spherically symmetrical total wave 
function. The addition of the 3s electron in the M shell still leaves a 
zero angular momentum so that an S atomic state results. The first 
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excited state has a (ls)^(2s)^(2p)®(3p) electron configuration, and cor- 
re'’ponding to the angular momentum of the (3p) valence electron a 
P bate is obtained. The parity of the atomic states is also equal to the 
parity of the valence electrons. This is so because the closed shell form¬ 
ing the core has an even parity. Thus, for these spectra iS, Z), etc., 
states are even, and P, P, etc., states are odd. According to the parity- 
selection rule P-P, D-D, etc., transitions are forbidden, and the orbital 
angular momentum must change by ±1 in each electronic transition. 
This same result can be obtained by a crude intuitive method. In 
alkali spectra the core, being totally symmetrical and essentially un¬ 
affected by electronic transitions in the usual spectral regions, can be 
considered (nucleus included) as one particle. Then the structure of 
the alkali atom in its various states can be considered as a two-body 
problem. We have encountered a two-body problem in the vibration- 
rotation spectra of diatomic molecules. In the alkali spectra as in the 
infrared vibration-rotation spectrum of a diatomic molecule, changes of 
orbital angular momentum by =fcl occur, but no transition is found in 
which the angular momentum remains unchanged. 

We have seen that phase relations between electrons are not provided 
for in the simple scheme of the Hartree model, but they have to be taken 
into account if energy differences are to be obtained between atomic 
states belonging to the same electron configuration. To describe such 
phase relations, the wave function must be written as a sum of prod¬ 
ucts; if, for instance, we consider a state of carbon (ls)^(2s)^(2p)^, then 
each term in the sum contains two factors wliich are Is functions, two 
factors which are 2s functions, and two factors which are 2p functions. 
The wave functions obtained by limiting ourselves to these factors are 
approximate solutions. The exact solution can always be written as 
the sum of products of single-electron wave-functions, but products 
belonging to all electron configurations must be used; in addition to the 
terms of the type (Is)" (2s)^ (2p)^, other terms will occur such as 
(Is)^ (2s) (2p)^ (3d). The simplification in the Hartree model lies in 
the neglect of all but one of these electron configurations. In the alkali 
spectra this is an excellent approximation. The exact proper function 
of alkali atoms would include tenns in which electrons of the core are 
shifted into liigher shells. But the great energ>^ needed for such excita¬ 
tion makes the contribution of such terms to the wave function insig¬ 
nificant. On the other hand, in the complex spectra where the excita¬ 
tion energy of several electrons is approximately equal, the Hartree 
model leads to less reliable results (compare section 3.8). 

11.4 THE INFLUENCE OF SPIN The physical interaction be¬ 
tween electron spin and electronic motion is due to magnetic forces 
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The effect of these forces depends on tlie electronic velocity and remains 
small as long as the electronic velocity is small compared to light veloc¬ 
ity. For lighter atoms this is always the case, and the interaction be¬ 
tween electron spin and electron orbits can be neglected in tii'st approxi¬ 
mation. The influence of the spin on the symmetry types and energies 
of atomic states is nevertheless great. The wave function may often be 
written in the absence of forces between s])in and orl)it as a product of 
wave functions depending on position and on spin alone. The atomic 
energ.v depends only on the factor containing electronic positions. Hut. 
according to the Pauli principle, the fact(tr depending on the positions 
is symmetrical or antisymmetrical witli regard to the intercliange of 
two electrons according to whether the spin factor is anti.symmetrical 
or symmetrical with regard to the same operation. It may happen 
that the Pauli principle is satisfied in a more complicated way in that 
the total wave function is a sum of spin- and po.'^itiorwlependent prod¬ 
ucts in which no factor is completely symmetrical or anti.symmetrical. 
Thus, while the total wave function simply changes sign whenever two 
electrons are interchanged, the effect of this operation on the part de¬ 
pending on positions alone may be more complicated. This more com¬ 
plicated behavior has been discussed fully in terms of group theory. 


Only tliis time the operations whose effect on the wave function is 
studied are not reflections and rotations but jjermutations of the elec¬ 
trons. 

The result of this discussion can be summarized in two simple state¬ 
ments; (1) Owing to the antisymmetry of the total W’ave function the 
permutation properties of the positional factor are determined by the 
permutation properties of the spin factor. (2) The permutation prop¬ 
erties of the spin factor are characterized by the value of the angular 
momentum resulting from a vector summation of the individual spins. 
Therefore w’e need discuss only this resultant spin momentum. 

The maximum possible value of the total spin angular momentum is 
\hl2T: (wdiich is the spin of one electron) times the number of electrons. 
Other possible values differ from the maximum value by integral mul¬ 
tiples of A/27r. Thus the spin angular momentum of tw’o electrons may 
be or 0. For the value of this angular momentum in units of 
/i/27r, the notation* & is used. For two electrons we have 5=1 and 
5 = 0, and the possible values for three electrons are 5 = -^ and 5 = ^. 
For 5 = 0, the spin-dependent wave function is not degenerate. For 
5 = J there is a twofold degeneracy, for 5 = la threefold degeneracy, f 


* This is the same letter as is used for the symbol of a state with orbital angular 
momentum zero. It is easy to distinguish from tlie context in which sense 5 is used, 
t In general, w'e have a (25 + 1 )-fold degeneracy. 
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Accordingly, states with 5 = 0 are called singlet states, those with 
S = ^ doublet states, those with 5=1 triplet states, etc. The property 
of a state being a singlet, doublet, etc., state is called its multiplicity 
The multiplicity is indicated by an index on the upper left-hand side of 
the letter (S, P, D, • • •) giving the total orbital angular momentum of 
the electrons -within the atom. For instance, the ground state of the car¬ 
bon atom is a triplet; this state is written in the form (ls)^(2s)^(2p)2 
Actually even this symbol does not characterize the atomic state com¬ 
pletely. The spin angular momentum S and the orbital momentum 
called L may still be oriented with regard to each other in an arbitrary 
manner giving various values to the total angular momentum J. The 
energy difference of states belonging to the same electron configuration 
to the same S and L values but to different J values, is due to the actual 
physical forces acting on the spins within the atom. These energy dif¬ 
ferences are small in light elements resulting in a close multiplet of 
states. For hydrogen, the multiplet separations are less than 1 cm.“'^ 
But for heavy atoms where electrons have high velocities whenever they 
come close to the highly charged nucleus, multiplet separations become 
as great as 10,000 cm.“^ When the multiplet separation becomes com¬ 
parable to the electrostatic energies within an atom, the justification for 
waiting the wave function as a product of positional and of spin factors 
falls down. Then it becomes inadmissible to assign definite values to 
the spin and orbital angular momenta, and the so-called L-S coupling 
w'hich has been discussed pre\dously is no longer valid. But the total 
angular momentum J still retains its significance. The atom stilly pos¬ 
sesses a definite total angular momentum as long as the rotational sym¬ 
metry of the problem as described in section 11.2, is preserved. 

There exists an important connection bet^veen the multiplicity of a 
state and the w^ay in wliich electronic orbits are filled. We shall now 
give a few illustrations. If the spins of two electrons form a singlet 
state (5 = 0), then the w'ave function changes its sign when the spins 
of the electrons are interchanged. It foUow^s, according to the Pauli 
principle, that the orbital part of the w^ave function retains its sign if 
one exchanges the positions of the electrons. Indeed, simultaneous 
exchange of spin and positions is equivalent to the interchange of all 
properties characterizing the electrons, and, according to the Pauli 
principle, such interchange must invert the sign of the w'ave function. 

When two electrons form a triplet state, their w^ave function is a 
symmetrical function of the spins; that is, interchange of the spins leaves 
the wave function unchanged. Then the Pauli principle demands that 
the wave function be antisymmetrical with respect to exchange of the 
positions of the two electrons. 
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A consequence of the previous statement is that. wIkmi (wo electrons 
are found in the same orbit, their spin state must be ;i singlet. Only if 
the two electrons occupy different ori)its can theii- spins form a tri[)let. 
In general n electrons may add up their sjjins to a total value' S = n 2. 
Tliis is, however, possible only if all the n electrons occuj>y different, 
orbits. One more rule is of gre'at liel]j in interpreting spc-ctra. If a 
number of electrons form a closed shell, their si>in momenta have to 
cancel and form a singlet state (.S = 0). The same holds for the n 
orbital momenta, and we also have L = 0. 'J'lms a closed sh(*Il may 
always be disregarded when orbital and spin momenta of an atom are 

investigated. 

It may be of interest to mention that in tlu^ heaviest atoms a difler- 
ent kind of coupling is frequently emi)loyed willi success. The spin of 
each electron is coupled to its orbital momentum I giving the total 
angular momentum j of the single electron. 'Then the j values aie 
coupled to give the atomic angular mom(*ntum J. Of course, when¬ 
ever angular momenta are coupled, that must bo done according to the 
rules of vector addition. 

11.5 APPROXIMATE SELECTION RULES d'he e.\act sf'lection 
rules given in section 11.2 refer to the parity and to the total angular 
momentum J. According to this rule, changes in J by two or more units 
are forbidden, and in addition transitions Ixdwoen two states J = i) are 
also proliibited. If as assumed in the j)revious section the interaction 
between spin angular momentum S and orbital angular momentum L 
is weak, then less strict selection rules arc valid for .S and L separately. 

The first of these zulcs is that in an electronic transition the spin 
angular momentum S must not change. This rule can be made plausi¬ 
ble in the following way. The electronic spin interacts with the radia¬ 
tion field only tlirough its magnetic moment, and this magnetic inter¬ 
action is weak compared to the electric coupling between the radiation 
and the atom. At the same time it has been assumed that onR'' small 
forces act on the spin within the atom. In tlie absence of strong forces 
we would not expect the spin to cliange. We can indeed show in quan¬ 
tum theory that, in the ab.scnce of forces acting on the spin, only such 
transitions occur in wliich the spin-dependent factor of the wave func¬ 
tion remains unchanged. This means that the relati\'e orientation of 
the individual spin vectors and the resultant angular momentum S do 
not change during the transition. 

It was stated that certain permutation properties of the positional 
part of the wave function are associated with each spin value. Since S 
remains constant, it follow’s that the permutation properties of the posi- 
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tional factor of the wave function must not change in a transition. This 
rule is similar to the more rigorous statement requiring the total (posi- 
tio'al and spin) wave function to remain antisymmetrical with regard 
to interchange of electron pairs if this antisymmetry was originally 
established. However, the conservation of antisymmetry and the Pauli 
principle is due to the identity of the electrons and is not based on the 
neglect of the spin forces. Thus the permanence of the Pauli principle 
is an exact law while the selection rule forbidding changes in S is only 
approximately valid. 

The selection rule that the value of S, or in other words the multi¬ 
plicity, must not change is very well satisfied for the lightest atoms 
where the forces acting on the spin are practically negligible. In helium 
the spins of the two electrons give rise to iS = 0 or singlet states, or 

= 1 or triplet states. Transitions between singlet and triplet states 
are so excessively weak that they remained undetected for a long time. 
The systems of singlet and triplet levels were thus practically inde¬ 
pendent, and they were said to belong to two different atomic species 
called para-helium (S = 0) and ortho-helium (S = 1). Later, evidence 
for a weak intercombination between the two systems was found. In 
heavy atoms transitions involving a change in multiplicity which are 
also in this case called intercombinations occur with much greater in¬ 
tensity. The familiar mercury line \\'ith the wavelength of 2537 A. is 
due to a transition between singlet and triplet states. 

The approximate selection mles for L are exactly analogous to the 
rigorous rules for J. Thus the possible changes in L are limited to ztl 
and to zero, and in addition no transition can occur between two S 
states. This rule is valid only as long as forces acting on the 
spins may be disregarded. Thus for heavy atoms the rule becomes 
less rigid. 

If the Hartree model were strictly valid, further intensity rules would 
follow. Strong transitions could then occur only between states whose 
electron configuration differs only in the quantum number of one elec¬ 
tron. The orbital angular momentum of this electron would have to 
change by db 1. In transition elements where the Hartree model is often 
entirely inapplicable this last rule is not very useful. 

11.6 THE ZEEMAN EFFECT If an electric or magnetic field is 
applied to atoms, the spherical symmetry on which the strict quantiza¬ 
tion of angular momentum was based is now removed. At the same 
time in states with J different from zero the reason for degeneracy ceases 
to operate. Indeed for J 9 ^ 0, the state itself cannot be considered as 
spherical, and degeneracy arises from the equal energy of states differing 
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in orientation only. In cxtonial fid,Is, l.ouevor, riifiVienI 
may have dillcrent enei-Kio.s, ami flio ,l<.K,.,„'ial,. electi„iii,- le\'els sn|,| ' 
The effect of magnefie fiehl.s „„ alomie ..pe. tra is ,„arl<e,l 

to study, and was discovered earlier than the elTeel „f elei-trie'fi,.|,l 
This may seem surprising in view of the tact that magm'li,- forces .ne 
v/c times smaller (e = electron velo.ity, ,■ = v,.|ocitM than ,.|e,. 
trie forces. But partly beean.se of this .same fact, |,ro,lnclion of stroim 
magnetic fields is much ea.sier than proilnction of .s|,ong ,.|eelrie fiehls" 
In the latter fields, electrical breakdown is .lillicnit t,, avoid while no 
phenomenon of magnetic breakdown is known, 'hhere is a further rea 
son why the magnetic effect is more readily ob.se,wabl,.. Tl',,. imeracli,',n 
of the atom with a homogeneous li,.hl is in Inst approximation ,m,se,i 
by the permanent electric or magnetic moment of ||,e atom whil,. in¬ 
duced moments cau.se only secoiid-onier effects. Xou we have seen in 
section 5.2 that atoms do not have Jiermanent eleetiic dipoles f while 
as a rule they do have permanent magnetic dipoles whenever ,/ is dif¬ 
ferent from zero. Thus magnetic fiehls give rise to li,st-o,,le,' eff,.,-ts 
whereas the effect of electric fiehl.s ai>pears only in secoml approxima¬ 
tion. We shall limit our pre.sent disiaission to the magnetic or Zcanan 
effect, and we shall not consider the electric or Stark eltVet. 

The splitting of degenerate levels in a magmdie field mav prodm,. 
rather complicated patterns in the .speadra, partiiailarlv if a .splitting has 
occurred in both the initial and final stale. 'I'he number of icsuhing 
lines is, however, considerably reduce.l by selection rules which this time 
regulate the changes in the component of angular momentnn, about the 
direction of the magnetic field rather than the changi's in the total angu¬ 
lar momentum. A discussion of the selection rules will not be gi\en 
here. 

The reason for tiie complicated apj)carance of Zeeman patterns is (lie 
different magnetic IxOiavior of spin angular momentum and orliifal 
angulai momentum. Both angular momenta ar(‘ associated with mag¬ 
netic moments but the ratio of angular monuMitum and magnetic 
moment is twice as great for the orbital motion as for the .‘^idn. 'J'hns 
the orienting forces have a dilTcront elTect on orbit and spin which may 
manifest it.self in vadous ways in the spectrum but leads most oft<-n Vo 
a rather complicated structure. These complicated Zeeman patterns 
are known under the name of anomalous Zeeman effect, wherea.s the 
simple patterns which I’esult in some sjjccial ca.scs are called normal 
Zeeman effects. In each case, however, the Zeeman effect permits us 

* In homogeneous electric fields not all the degeneracy is removed, 
t There is an exception to this rule; in excited states' of hydrogen, degeneracy of 
the 5, p, and sometimes further states may give rise to an efTective electric dipole. 
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to draw valuable conclusions about the angular momenta and also the 
multiplicities of the combining levels. In many cases the multiplicity 
is already kho\\Ti from the appearance of the fine structure of multiplets 
which in the absence of an external magnetic field are due primarily to 
the interaction of spin and orbital magnetic moments mthin the atom. 
With the further help of models and selection rules of which the most 
important ones have been treated in the previous sections, a rather de¬ 
tailed interpretation of almost all atomic spectra has been achieved. 

11.7 ELECTRONIC STATES IN DIATOMIC MOLECULES It 
has been shown that the motion of particles within molecules can be 
described rather accurateb'" by treating electronic and nuclear motions 
separately: (1) The electrons are considered as moving in the field of 
fixed nuclei; (2) the motion of the nuclei proceeds in the average field 
produced by electrons (see section 4.1). The electronic spectra of dia¬ 
tomic molecules may be obtained in the roughest approximation by 
considering the nuclear positions as fixed and allo\ving the electrons to 
move in their field. This problem is considered in the present section. 
We shall see later that on the electronic frequencies a vibrational and 
rotational structure is superimposed in a somewhat similar way as has 
been discussed in the infrared spectrum where rotational frequencies 
have modified the vibrational spectrum. 

The electronic states of diatomic molecules are classified, and selection 
rules are obtained according to principles similar to those used for ob¬ 
taining electronic states of the atoms. A part of this classification has 
already been described in connection with the electronic structure of 
ground states in diatomic molecules. 

Fii*st, it is necessary to study the behavior of the electronic wave 
functions under the influence of the molecular symmetry. Second, we 
may again separate orbital and spin motion and introduce a further 
classification based on tlie propeities of the Avave functions, depending 
on the position and on the spin of the electrons. We shall discuss, for 
molecules, only that case where separation of spin motion and orbital 
motion is permissible. This simplifies the description since it is then 
necessary to consider the effect of molecular symmetry on the orbital 
motion of the electrons alone, rather than on the complete wave func¬ 
tion depending on spins and position. In the following the electronic 
spins will be disregai’ded in discussing the effects of molecular s^unmetry. 
As in atomic spectra, this procedure is justified only as long as no hea^'y 
nuclei are present. 

When comparing atomic states with states of diatomic molecules, we 
find that the symmetry of the problem is much liigher in the former case. 
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Diatomic molecules possess axial rather than spherical symmetry. The 
lower symmetry of diatomic molecule.s means fewer symmetry opera¬ 
tions and simpler transformation properties of the wave function 
The primary classification of the stat<>s is made accordiiiK to behavior 
with respect to rotations around the molecular axis. If a rotation 
through the angle is performed around that axis, the wai e function is 
multiplied in general by c •’ where A is an approjiriatc constant. This 
behavior is analogous to that of a wave function describing the state of 
a particle in the absence of forces. We have seen in that case that trans¬ 
lation through a distance x multiplies the wave function by Tlie 
quantity k is related to the momentum of the particle by the ecpiation 
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Similarly, A is related to the component of the angular momentum 
around the molecular axis M by the e(niation, 
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The simple transformation property expressed by the factor e'*-' holds 
as long as no forces act on the particle in the x direction, and the mo¬ 
mentum of the particle in that direction is therefore conserved Simi¬ 
larly, the transformation law e’''*’ holds as long as the potential is cylin¬ 
drical, so that no tangential forces act on an electron moving around the 
axis. In classical mechanics angular momentum around the axis is con¬ 
served under these conditions. The number A is actually the angular 
momentum measured in units of Ii/27r and is called the quantum num¬ 
ber of that angular momentum. Because of the requirement that the 
wave function shall remain unchanged by a complete rotation, A must 
be a positive or negative integer or else zero. Wave functions belonging 
to A-values with opposite sign can be transformed into each other by a 
reflection in an appropriate plane containing the molecular axis; this is 
so because the plane can be chosen in such a way that the reflection 
turns ip, the angle of rotation around the axis, into the angle -,p. Since 
the two wave functions belonging to A and -A can be interchanged by 
reflection, they must correspond to the same energy; that is, we have a 
twofold necessary degeneracy. We can visualize the reason for this 
degeneracy by remembering that A and -A belong to opposite angular 
momenta and therefore to electronic rotations in the opposite sense 
Only if A = 0 is the electronic state nondegenerate. 
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T. e statements in the previous paragraph are quite analogous to 
statements made previously about single-electron wave functions. In 
the case of single electrons one usually denotes the quantum number of 
the angular momentum around the axis by X. For the single electrons 
it is easy to use the number of nodes and their connection with the mo¬ 
mentum to ^^sualize the connection between X and the angular momen¬ 
tum. 

The letters A and X are chosen to emphasize the parallelism with the 
angular-momentum quantum numbers, L and 1) these letters are used 
in spherical fields to denote the quantum number of the angular momen¬ 
tum of the whole system and the angular-momentum quantum number 
of a single electron. This analogy is carried further by denoting molec¬ 
ular states having A values 0, ±1, ±2, ±3, • • • A\dth the symbols 2, 11, 
A, 0, • ■ • For single electrons, the letters o-, tt, b, (p, • • • are used. The 
corresponding notations for angular momenta in spherical fields have 
been S, P, D, F, • • • and s, p, d, f, • • •. 

A further classification of the 2 states is required according to their 
behavior with regard to reflections in planes containing the molecular 
axis. There are wave functions which remain unchanged under such an 
operation. These are called 2"*" states. Other wave functions change 
their sign and are called 2“ states. If A 0, no such further classifica¬ 
tion exists since reflection in planes containing the molecular axis merely 
interchanges the wave functions corresponding to +A and —A. It is 
to be noted that single-electron a functions always have c"*" symmetry 
(and for this reason, the plus sign is omitted as redundant). In fact <r 
wave functions are independent of the angle p and remain unchanged if 
<p is replaced by ~<p. The more complicated symmetry 2“ can occur 
only for a molecule containing at least two electrons. In this case the 
wave functions of the individual electrons may depend on (p, even if the 
total wave function remains unchanged under rotation. 

For homonuclear molecules a further classification must be intro¬ 
duced. These molecules have a center of s^unmetry and, in analogy to 
the case of atoms, the subscript g or w is used to show whether a wave 
function is even or odd, with respect to reflection in the center. 

For a more detailed charactenzation of molecular states we can again 
use the Hartree model. Angular-momentum and symmetry s5Tnbols 
are then assigned to single electrons, and the total wave function is 
witten as the product of the single-electron wave functions. To that 
product the symbol of the resulting term must be added, since a mere 
statement about the angular momenta of the individual electrons does 
not show whether these angular momenta must be added or subtracted. 
Thus we obtain complex symbols such as (<rg)^<r„(7r,4)^Aw. This symbol 
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means that the molecule contains two one and two 7 r„ electrons. 
The angular momenta of the last two add up to give a A state. It is to 
be noted that, since all angular momenta are now parallel to the axis, 
they must be added and subtracted like numbers (rather than like vec- 
toi-s as was the case in the atoms). The rule that the total state is even 
or odd according to whether an even or odd number of od<I electrons 
are present is the same for homonuclear molecules and for atoms. Of 
course, the same restrictions must be made about the validity of the 
Hartrec model for molecules as was made for atoms. Thus, although 
the angular-momentum quantum number A of the whole system is a 
well-defined quantity, the same cannot be .'<aid in general about X In 
reality, each electron moves in the field of the nuclei and the other elec¬ 
trons, and this instantaneous field does not possess cylindrical svm- 
metry. In practice, the Ilartree model for molecules is even less valid 
than for atoms for wliich the great energy steps l)etwecn closed sIk'IIs 
was the chief reason for the success of the approxirnatjon. 

Finally one has to add to each symbol rei>resenting a molecular wave 
function the multiplicity which, as in atoms, corresimnds to the value 
of the sum of the spin angular momenta of tlic electrons. We have singl¬ 
ets, doublets, triplets, and so on, denoted by the numbers 1, 2, 8, • •. in 
the upper left corner of the symbol of the wave function (for instance 
*n or ^A). Singlets, doublets, triplets. ••• correspond to total spin 
values of 0, ^h/2Tr, h/277, • • 

11.8 CO-ORDINATIOX SCTIFMKS Tlie classification of the states 
in diatomic molecules as given in the previous section is not so com¬ 
plete as the one we have desciibed for atoms. In the latter each electron 
had in addition to its designation as p, d, • • • a i)rincipal quantum 
number designating the shell to which the electron belongs. A similar 
simple classification is not possible with molecules. Instead we charac- 
tei-ize molecular states by their relation to atomic states which are ob¬ 
tained if the molecule is dissociated and to the atomic states which 
would be produced if the tw’o nuclei were pushed together to foiin a 
single nucleus of higher charge. Since in the two cases of distant and 
united nuclei the possible atomic states are known, we can attempt to 
obtain the actual molecular states by interpolation.* We shall fii-st 
consider electronic states as a whole, that is, without discussing in 
detail the transformations suffered by the individual electronic orbits 
The co-ordination of molecular states to states of the separated and 
umted nuclei is governed by two rules. The first is that when the atomic 
distance is changed, the symmetrj^ properties of the molecular state 

* This procedure has been developed by Mulliken and by Hund. 



248 


ELECTRONIC SPECTRA 


must remain unchanged. The second is that two molecular states of 
the same symmetry must not have the same energy for any intemuclear 
distance. The reason for the second rule is that the mathematical re¬ 
quirements of degeneracy are too exacting to be satisfied merely by 
changing one parameter, namely, the intemuclear distance. Degen¬ 
eracy can, however, be established (at least in the absence of magnetic 
forces) by adjusting two parameters. This is of importance in discuss¬ 
ing the behavior of polyatomic molecules and collision complexes. 


Is 2p % 

Is 2s 
Is 2p 

Is 2s ^Sg 


(Is)^ ^Sg 

He Ha H + H 

Fig. 11.8(1). Coordination scheme for the hydrogen molecule. 
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In plotting the energy of a molecule for various intemuclear dis¬ 
tances, we always find, of course, that the energy goes to infinity when 
the nuclei approach each other. Tliis is a consequence of the repulsion 
between the nuclei. In plotting co-ordination schemes we usually do 
not include the nuclear repulsion in order that this strong effect should 
not obscure the influence of the nuclear positions on the energy of the 
electrons. 

The simplest example of a co-ordination scheme is obtained by com¬ 
paring the energy levels of a hydrogen molecule \yiih the energy levels 
of two separated hydrogen atoms and with that of a helium atom. A 
sketch of this co-ordination scheme is sho^Mi in Figure 11.8(1). On the 
left-hand side of the figure the lowest energy levels of the helium atom 
are marked. The electronic configurations are included. It may be 
seen that only such excited levels have been drawm which may be ob¬ 
tained by lifting one electron from the K into the L shell. The energy 


CO-ORDINATION SCHEMICS 249 

differences of the levels are not drawn to scale; the oncrRy dilTrMvMcc 
between the lowest level and the gron,, of four uirper levels is iclativelv 
even greater than shown in the figure. On the right-hand si.le of the 
figure we find a similar representation of the levels of two separat.'d 
hydrogen atoms. Here the atomic .symlx.ls are iei)laeed by symbols of 
the single hydrogen electrons. 'The first excited state is'obtained l.y 
putting one of the hydrogen electrons in either a 2.s- or a 2/; state 'I'he 
state corresponding to two unexcited hydrogen atoms has been marked 
higher than the lowest state of the helium atom in order to indicate that 
it takes more energy to remove two elei-lrons from a helium atom than 
to remove them from two hydrogen atoms. But here again the drawing 
is not miule to scale in that the right hand of the figure should be shifted 
to considerably higher energies than has been done. 

The fii-st step in constructing a co-ordination scheme is to investigate 
what molecular-symmetry types may be obtained from the atomic- 
symmetry types corresponding to the two limiting cases, d'liese sxm- 
metry types have been marked below the horizontal lines drawn next to 
the atomic symbols. It is simjile to obtain the svmmetry types on the 
left-hand side of the diagram; singlets give singlets, triplets give triiv 
lets, g and u states give g and u stales, re.spectively, and the angular 
momentum around the molecular axis can have all values smaller than 
or equal to the angular momentum in the atom (for example, S gives 2 
P gives II and 2 • • •). I he rules to bo followed on the right-hand side 
of the diagram are more invohed. Here, in addition to simple rules 
regulating the angular momentum, we must determine the mulliiilieity 
and the symmetry properties with regard to a center of symmetry which 
lies midway between the two atoms. This is done by considering the 
changes in the wave function brought about by an exchange of the 
electrons on the two atoms. We have seen in section 7.4 that two hydro¬ 
gen atoms in the lowest state give a singlet and a triplet molecular state 
One can show that the singlet is cx-en and the triplet is odd. Both states 
are of course 2 states since the lowest hydrogen state has no angular 
momentum. The first excited state marked in b’igure 11.8(1) gives rise 
to 12 different molecular states listed below the corresponding line. All 

the 2 levels indicated are 2+ levels, and so for simplicity the plus sign is 
omitted. 

The energj' levels for the hydrogen molecule are shown in the middle 
of the figure by the lines connecting the levels at the two ends The 
abscissa corresponds to (but does not serve as a quantitative measure 
of) the mtemuclear distance. The method of construction is that one 
connects the lowest *2, state on the left side xrith the lowest '2, state 
on the right side. Then one connects the next ‘2* state on both sides 
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and so on for the various s^unmetry types. By this method intersec¬ 
tions between unlike symmetry types can often not be avoided, and, in 
fact, there is no rule forbidding such intersections. One such intersec¬ 
tion is seen on the left-hand side of the diagram, where the and the 
levels cross. Of course, since the lines are obtained by simple in¬ 
terpolation, the results cannot be quantitatively correct. For instance 
the and the lines at the top of the figure have been drawn as 
coinciding simply because they are interpolated between the same levels. 
In reality these states will have different energies in H 2 . The figure 

indicates why the lowest level 
is attractive while the lowest 
is repulsive. The former leads to 
a much more firmly bound helium 
level than the latter. The follow¬ 
ing four levels showm in the figure 
seem to be attractive since they 
behave similarly to in connect¬ 
ing hydrogen and helium levels of 
like degree of excitation. Further 
levels indicated on the upper right 
side of the diagram but not con¬ 
tinued through to the helium side 
must lead to high helium states 
and are probably repulsive. 

We may attempt to obtain a more detailed descnption of the molec¬ 
ular states by applying to each electron separately the same reasoning 
which has just been earned out for the molecule as a whole. The same 
rules can be applied for setting up electronic orbits in the two limiting 
cases and for interpolating between them. Again states of like sym¬ 
metry must be connected, and again intei-sections of curves of like sym¬ 
metry must be avoided. But it must be noted that these rules hold for 
individual electrons only approximately, because, as has been stated in 
the previous section, the symmetry classification for individual electrons 
is not rigorous. It ma>' happen that through consideration of electronic 
orbits we are led to conclude that two molecular states of the same sym- 
metiy cross for a certain internuclear distance. In such cases the two 
energy levels in question usually approach each other but the intersec¬ 
tion is avoided by a more or less sudden turn of the curves in which 
each curve approaches the continuation of the other one, Figure 11.8(2), 
In Figure 11.8(3) the states of an electron in the field of two protons 
are obtained by interpolation. On the left-hand side the states of the 
He*** ion are indicated, whereas on the right-hand side we have the 


Fiq. 11.8(2). Avoidance of intersection 
of two potential curves. 
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states of the hydrogen atom whicli in tliis limiting case are iminnuenced 
by the distant H+ ion. Near these e.xtreme cases the symbols of the 
corresponding molecular symmetries ajipear. Near the limiting case of 
united nuclei the electronic symbol for the united atom is jait donn in 
front of the moleculai- symbol (for example, l.w,). This symbol is often 
used for a more complete charaeterization of an electronic orbit in the 
molecule. Less freciuently the electronic state is characterized by the 
molecular-symmetry symbol which is followeri by the symbol of the 


2s. 2p 


2s<Tg, 2p<Tu 
2p7r„ 


^ g I ^41 


^8 2P. 2p 
2p. TT^ 2p 


2s, 2p 



Oa 1«, <7„ Is 


He+ 


ls<r. 


Ht 


H + H + 


Fia. 11.8(3). Co-ordination scheme for the electron in the H 2 + ion 


atomic orbit obtained by dissociation, 
the right side of the diagram. 


I liis notation is shown close to 


We shaU use the more common notation (including the electronic 
symbol for united nuclei) in discussing the energy levels of the hydrogen 
molecule in terms of the individual electronic levels shown in Fig¬ 
ure 11.8(3). For a low energy-level, one electron will be always in the 
lowest, that is, Iso- state. For the lowest level of the molecule we find 
the configuration (Isa)^ >2,. The configuration gives the singlet state 
because of the Pauli principle. Next we may put one electron into the 
ls<r* state and a second one into the 2pa^ orbit. This configuration 
gives a (ls<r,)(2p<r„)32„ and a (lw,)(2p,r„)‘2„ state. The former is 
easily identified with the repulsive state of Figure 11.8(1). The 
second must be the 'S„ level appearing on the top of the same figure. 
We see that the two methods of obtaining this ’2„ level lead to rather 
different energy values for this level. Figure 11.8(1) shows conclusively 
that the state must dissociate into a hydrogen atom in the ground state 
and into one in the first excited state. Figure 11.8(3) cannot be used to 
obtain the dissociation products, because the method of independent elec¬ 
tron orbits does not take into account the fact that for great interatomic 
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distances the electrons tend to distribute themselves onto the two dis- 
jciation products in a definite manner—in the present case so as to 
give two neutral atoms rather than a positive and a negative ion. In 
fact, in the Hartree approximation which is the same as the molecular- 
orbital approximation of Chapter 7, each electron moves independently 
of the instantaneous position of the other electron, and so it may be 
easily seen that tliis method must break down for great intemuclear 
distances. On the other hand, Figure 11.8(3) brings out the fact that 



Fig. 11.8(4). Poteutial energy' curves for hydrogen. The repulsion between the 

protons is included. 


the curves of and are closely related to each other. This leads 
us to suspect that the curve lies considerably lower than the 
curve N\ith which it coincides in Figure 11.8(1). According to Fig¬ 
ure 11.SIS'), tlic latter state may be obtained from the electron con¬ 
figuration (ls<rs)( 2 p 7 r„) wliicli contains the higher 7r„ electron. Experi¬ 
mentally Irotli the and the ' n„ cuiwes are known. They are shown 
in Figure 11.8(4), together with the curve of the ground state ‘Sg and 
tliat of the repulsive state Corresponding to our expectation, the 

state lies lower tlian 'll,,. At somewhat greater intemuclear separa¬ 
tions tiro 'S„ curve starts to rise, indicating the point where the Hartiw 
approximation breaks down, and tlie energ.v level, instead of continuing 
along the energy curve of <r„ in Figure 11.8(3), turns toward the higher 
dissociation pioduets sliown by the termination on the right-hand side 
of tlie curve in Figure 11.8(1). This example shows that co-ordina- 
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tion schemes of individual electrons and of molecular states arc both 
needed if we wish to represent the experimental results in even a quali- 
tatively satisfactory manner. 

The comple.xity of the methods just outliued increases consideraLly 
when applied to heavier molecules. But a classification of molecular 
levels seems hopeless without such a procedure. This clas.sification has 
the same importance for an understandiiifr of the chemical bond as the 
classification of atomic states has for an imderstandiiif; of the p(!nodic 
system. In the latter case information about excit(;d atomic states 
leads to the prediction of the lowest states of the fcjllowing atoms. For 
molecules, on the other hand, information about e.xcited electronic 
states permits us to predict the aijpearance of bonding or antibonding 
electrons in the ground state of molecules carrying one or several addi¬ 
tional electrons. It can actually be shown tliat ( 7 ,., tt,,, 5,., •.. electrons 
are bonding whereas 5^, ... electrons are antiboiKling. In this 

way, facts of spectroscopy and chemical binding are interrelated 


11.9 SELECTION RULES IN DIATOMIC MOLICCULFS As in 

the previous sections we shall consider here only the rules valid for 
coupling. 


The same mie holds for the si)in in molecules as in atoms. Transi¬ 
tions with strong intensity occur only between levels of the same sj)in 
value, that is, the same multiplicity. Transitions between levels of 
different multiplicity are weak—for the lightest molecules extremely 
weak. Such transitions are again called intercombinations. 

In the allowed bands, simple selection rules hold for the angular 
momentum A. For atomic spectra it has been stated that the angular 
momentum L may change in transitions by the amounts 0, ±1. The 
same rule holds for essentially the same reason for A. If the change in 
A is zero, then the initial and final wave functions have the same sym¬ 
metry with regard to rotations about the molecular axis. In this case 
transition can occur only if the vibrating electric dipole responsible for 
the transitions does not disturb the axial symmetry, that is, if the dipole 
is parallel to the molecular axis. Such transitions are therefore called 
parallel transitions. On the other hand, transitions with A = ± 1 
occur between levels which have different s 3 Tnmetry with regard to 
rotations. To make such a transition possible, the radiating or absorb- 
ing dipole must disturb the axial symmetr 3 '^, and one can show that it 
must be perpendicular to the axis. The corresponding bands are called 
perpendicular bands. We shall see later that parallel and perpendicular 
bands can be experimentally distinguished from each other because of 
the difference in their rotational structure. 
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For diatomic molecules consisting of two different kinds of atoms the 
only additional selection rule is that and 2“ levels do not combine. 
For homonuclear molecules only transitions between g and u states are 
allowed, those between g and g states and u and u states are forbidden. 

Among the permitted transitions we can make a further selection of 
those combinations which are apt to occur ^\ith greatest intensity. As 
in atoms we will expect above all such transitions in which only one elec¬ 
tron changes its orbit and where the selection rules applied to the sym¬ 
metry character of this one electron are not violated. (For instance 
transitions are allowed but — 5g or itg — TPg transitions are 
forbidden.) One kind of transition which is apt to occur with particu¬ 
larly great intensity is one in which the electronic configuration remains 
unchanged except that a bonding electron goes over into the correspond¬ 
ing antibonding state or vice versa. In such a transition the electronic 
wave functions in the initial and final states differ essentially in the 
same manner as the two lowest functions of a two-minimum problem 
(see section 7.9) differ from one another. Thus the electron transition 
corresponds to a \dbration of the electron between the two minima or, 
specifically, between the two atoms. This vibration gives a large radiat¬ 
ing dipole and consequently a strong transition probability. 

11.10 VIBRATIONAL STRUCTURE OF ELECTRONIC TRAN¬ 
SITIONS Transition between two electronic states may be accom¬ 
panied by various changes of the vibrational quantum number. As is 
seen later, a definite electronic and ^^brational transition further con¬ 
sists of a number of rotational lines which, except in the H 2 spectrum, 
are spaced closely enough so as to give at low resolutions the appear¬ 
ance of a band. (Hence the name of band spectra for molecular spec¬ 
tra.) Bands belonging to the same electronic transition but to different 
vibrational transitions form a band system. The classification of the 
molecular spectral lines into bands and band systems is a natuial one 
because electronic energies are great compared to vibrational energies, 
and these in turn are great compared to rotational energies. * 

For vibrational transitions in electronic spectra no such simple and 
stringent rules hold as for pure vibrational transitions. In the latter 
only changes by one quantum number occur ndth great intensity. In 
an electronic spectrum, on the other hand, the most intensive vibra¬ 
tional transition may bo one in which the \dbrational quantum number 
has remained unchanged or one in which a change of many quanta has 
occurred. At the same time many vibrational transitions may occur 
for the same electronic transition; that is, a band system may contain 
many bands. The reason for the difference between the electronic- 
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vibrational transitions and the pure vibrational transitions is that in 
the latter the nuclei move in the same potential in the initial and in the 
final states, whereas in the former the averaRe potential due to the elec¬ 
tronic motion has changed during the transition so that the nuclei are 
subjected to difTerent forces before and after the transition. 



Fiq. 11.10(1). Transitioas between vilirational levels of different electronic slates 

in a diatomic molecule. (Franck-Condon principle.) 

The changes of vibrational energies occurring in electronic transitions 
can be systematized by the simple rule that during an electronic transi¬ 
tion neither the positions nor the momenta of the vibrating nuclei have 
time to undergo an appreciable change. This statement was first made 
by Franck on an intuitive basis and then proved by Condon on the basis 
of quantum mechanics (Franck-Condon principle). 

The curves in Figure 11.10(1) show the potential energj^ of the nuclei 
as a function of the internuclear distance r. As has been stated before, 
this potential energy is due to the repulsion of the nuclei and to the 
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average action of the electrons in their orbits. The curves A, B, and 0 
<^''rrespond to three electronic states, and the difference in potential 
energies is due to the different average action of the electrons. The vi¬ 
brational levels arc indicated by horizontal lines in the potential curves. 

We shall consider a molecule in the third excited vibrational state of 
the lowest curve, indicated by a heavier line. According to the laws of 
classical mechanics the vibrating molecule mil spend a relatively long 
time near the turning points of the vibration where the vibrational 
velocity becomes equal to zero, so that if the vibrating particles are 
observed at a given instant we are apt to find them close to the maximum 
or minimum r value. The same is true in the quantum treatment of the 
vibration; except for the zero-point vibration the absolute maxima of 
the probability function [ 4 ' occur close to the turning points, in our 
special case, the points Ui and a 2 in Figure 11.10(1). In an electronic 
transition the nuclear position remains essentially unchanged. K by 
absorption of light the molecule is lifted from curve A to curve B, and 
if the nuclei are caught near the position ai, they mil land near the same 
position, that is, near hi on curve B. Near ai the vibrational velocity 
was close to zero, and therefore the vibration near bi will start with the 
relative velocity of the two nuclei practically equal to zero. We con¬ 
clude that the molecule is lifted by the absorption into a vibrational 
state whose energy level crosses curve B near hi. This state is indicated 
in the figure by a heavy line. It is the fourteenth excited level rather than 
the third, so that a considerable change in ^ibrational quantum number 
has occurred. The electronic transition can occur mth practically 
equal probability from the point ao. Then the molecule arrives at the 
point b:. The zero’th vibrational level which is reached in this way is 

again represented by a hea\’ier line. 

One often finds that transitions occur from a single initial vibrational 

state into a long sequence of final \'ibrational states. This is to be ex¬ 
pected if the potential curve in the final electronic state is steep near 
one of the turning points of the initial \’ibrational state. In this case 
the turning points of sc\'oral finai vibrational states will lie close to the 
turning point of the initial vibrational state, and transitions to all these 
states may become strong. It is furthermore not certain that the transi¬ 
tion will start from a point near ui or an. If the transition occurs near 
tlie minimum of curve A, the vibrational velocity in the initial state 
will be greater, and the nuclei mil arrive in the curve B mth a relatively 
high velocity. In this way additional transitions to levels of curve B 

can occur. 

An actual calculation of the transition probabilities involves the 
detailed vibrational wave functions. These more compUcated calcula- 
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tions explain charactenstic fluctuations in the band intensities. TIius it 
may happen that transition to a vibrational level occurs with hif<h in¬ 
tensity; the band carrying one more vibrational ([uantum in tlie excited 
state may be quite weak, and tlie l)and carrying one additional (luantum 
may be again strong. The simple consideration just given is a (lualita- 
tive but nevertheless useful guide which allows us to tiiul the a|)proxi- 
mate changes in vibrational quantum number occurring with the highc.st 
intensity. 

In an electronic transition from curve A to curve C the vibrations 
behave in an entirely different manner. The curves A and C difTer from 
each other only by a constant shift in energy. Both the shapes of the 
curves and the r values for which the minima occur an* the same. The 
same simple construction being used as iireviously, transition from 
points ai and ^2 lead to the points Cj and Cg which arc the terminal i>oints 
of the third excited vibrational level in the C curve. In fact, every 
detail of the vibration in the third level of the A curve is the .saine as in 
the third level of the C curve, and the vibrational wave functions are 
also the same. Under these specialized conditions only such transition.s 
occur in wliich the vibrational quantum number remains unchanged 
during the transitions.* In the case just discussed no vibrational 
structure would appear at all since the vibrational energies in the initial 
and final state are the same, anti therefore the transition between the 
two zero’th levels has the same fretiuency as tlie tiansition bel\veen the 


two first levels, between the two second levels, and so on. This is of 
course an idealized case in that the two potential curves are assumed to 
be exactly equal. A case frequently encountered in absorption or emis¬ 
sion spectra is one in which the two combining curves have minima at 
closely equal r values but have different shapes. In general, the vibra¬ 
tional frequencies will be different in the upper and lower curves, and so 
the bands corresponding to the 0-0, 1-1, 2-2, • • • vibrational transi¬ 
tions do not coincide. But the band sj'stem will still preserve the simple 
appearance of a relatively closely spaced grouj) of bands as long as the 
equilibrium positions in the initial and final states do not differ greatly. 


11.11 DISSOCIATION ENERGIES Although the facts mentioned 
in the previous section permit inferences about the shapes of the poten¬ 
tial curves and the positions of their minima, even more important re¬ 
sults may be obtained from the spectrum concerning the beha\'ior of 
the potential energy curves at very great r values. As soon as r is suffi¬ 
ciently great, the molecule may be said to have separated into two 


•This rule is strictly valid except for the usually weak influence of the inter- 
nuclear distance on the electronic transition probability. 



258 


ELECTRONIC SPECTRA 


atoms. Thus at great distances the energy becomes equal to the sum 
of the energies of the two separate atoms. The difference between the 
asymptotic value which the energy approaches as r approaches infinity 
and the energy of the minimum of the potential curve is the dissociation 
energy. The most direct method of obtaining information about dis¬ 
sociation energies from molecular spectra is to study the appearance of 



Fig. II.IUD- Molocuhir transitions leading to a discrete state and to dissociation. 

continua in the spectra. In the potential curve C of Figure 11.11(1) a 
number of vibrational levels are shown, the liighest one of which lies 
very close to the dissociation energ.v. Above the dissociation energy 
indicated by the letter d the nuclear motion may possess any amount of 
energy. Strong transitions from the third vibrational level of curve A 
(drawn as a heavy line) lead to the second Aubrational level of curve C 
and also to a level within the continuum adjoining the vibrational levels 
of C. (This final energy state is also drawn as a heavy line.) Of course, 
transitions arc possil>le from the neighborhood of Oi into the neighbor¬ 
hood of cu and so a finite portion of the continuum appears in the spec¬ 
trum. If the transition leads to a repulsive curve, the spectrum is 




DISSOCIATION ENI!:HGIKS 


259 


always continuous. Such would be tlic case in a transition from curve 
A to curve B in Figure 11.11(1). 

From the presence of a continuum we can merely c{)nclu(Io lhat 
absorption of light led to dissociation. It is of further interest whether 
the atoms obtained in this process are in their ground states or in an 
excited state; we may ask furthermore, liow much kinetic energy (io 
the atoms carry as they fly ai>art? The state of excitation of the dis¬ 
sociating atoms must be decided by a more extensive study of the 
spectrum and possibly by using co-ordination scliernes. 'J'iie question 
concerning the kinetic energy may be answered by direct observation if 
a transition in the spectrum leads to the region of q in Figure 11.11(1) 



6500 6000 5500 , 5000 


Angstrom units 

Fia. 11.11(2). Drawing .showing an ah.sorption limit in IIk- io<Jim- s|H'Ctruin. The 

black linc.s represent the absorption l)an(ls. 


where the C curve and the dissociation 
tions will occur to discrete vibrational 
into the continuum above (/. 


energy d intersect. Then tran.si- 
states below the level d and also 


From the onset of the continuum the dissociation energy can l)e 
determined in a direct way. In Figure 11.11(2) a portion of the /2 ab¬ 
sorption spectrum is shown where the onset of the continuum is visible 
at a wavelength of 4900 A. whicli corresponds to 2.472 electron volts. 
The molecule dissociates at this point into an iodine atom in its ground 
state and another one with the known excitation energy of 0.937 elec¬ 
tron volt. While these dissociation products are obtained from the 
potential cuiw^e in the upper electronic state, the lower electronic state 
can be sho^\^l to dissociate into atoms in the ground state. The di.sso- 
ciation energy in this state can be obtained as a difference of the energy 
corresponding to the frequency of the limit of continuous absorption 
and the excitation enevg}^ of the iodine atom obtained in the dissocia¬ 
tion. The formei’ energy is 2.472 \'olts which gives with the excitation 
energy of 0.937 volt the dissociation energy of 1.535 volts. In Figure 
11.11(3) the magnitudes just mentioned are shown. The energy cor¬ 
responding to the continuous limit is F, the excitation energy is E, and 
their difference, the dissociation energjq is D. The dissociation energy 
is counted from the zero’th vibrational level; the corresponding dissocia- 
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tion energy is Dq. This value differs somewhat from De which is coxmted 
from the bottom of the potential curve but the relevant quantity in 
spectra as well as in thermochemistry is Dq. However, when molecules 
containing isotopes are compared, the vibrational frequency and with 
it Dq will be different while De remains unchanged. 

We can determine dissociation energies by a more indirect and a less- 
accurate method (the Birge-Sponer method) which, however, has the 



Fig. 11.11 (3). EiuMguvs occurring in the spectroscopic detorniioation of a dissociation 

cnerg}’. 


advantage of muclr wider applicability. This method is based on the 
change in spacing of the vibrational levels. In Figure 11.11(4) a poten¬ 
tial cuiwe is shown witli its nbrational energ>^ levels. For the sake of 
clarity the total number of Aibrational levels has been kept small. It 
may be seen tliat the spacing of the vibrational levels becomes closer 
as the energy increases. Tliis belnmor is the rule for diatomic mol¬ 
ecules. It can be undei*stood by remembering that the energy differ¬ 
ence of two consecutive levels corresponds to the ^^b^ational frequency, 
and the frequencies of higher-amplitude vibrations are lower because 
they penetrate into the fiat region of the potential curve. As the vibrar 
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tional energy approaches the dissociation level, the frequency and also 
the energy difference between two neighboring levels approach zero 
The dissociation energy can be obtained if a .suniciently great number 
of vibrational levels arc known to permit extrapolation to the jjoint 
where the energy difference of two consecutive le\-els r anishes. Hesults 
of this method are of course all the more reliable, the greater the num¬ 
ber of vibrational levels that are known exiierimentally and the greater 
the regularity shown by their spacing. The exiiapolation is greatly 



Fia. 11.11(4). Convergence of vibrational levels near dissociation. (Birgo-Sponcr 

method.) 


facilitated by the fact that the number of vibrational levels in most of 
the potential curves is finite. It can be shown that, if the potential 
curve behaved as 1/r at great distances, infinitely many vibrational 
levels would be obtained in analogy to the infinitely many electronic 
levels in the l/r potential of the hydrogen atom. In tliis case extrapola¬ 
tion to the dissociation energy is more difficult. But this liappens only 
if the dissociation products are ions.* If the molecule dissociates into 
neutral atoms, the potential curve approaches the dissociation energy 
more rapidly, and only a finite number of vibrational levels are found. 

* More accurately an infinite number of vibrational levels is found if the curve 
approaches the dissociation energy less rapidly than h-/Z2iT~nr‘^ (where n is the re¬ 
duced mass), and a finite number of levels is found if the dissociation energy is 
approached more rapidly. 
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In that case it is easier to obtain the dissociation energy by extrapoW 
tion. 


11.12 THE ROTATIONAL STRUCTURE IN DIATOMIC MOL¬ 
ECULES The rotational structure superposed on the electronic and 
vibrational frequencies differs from the rotational structure in infrared 
spectra in one important respect. In the latter spectrum the moment 
of inertia is closely similar in the initial and final states. In a spectral 
transition the angular momentum does not change greatly. Therefore 
the rotational velocity in infrared spectra is similar in the initial and 
final states. This rotational velocity can be pictured as a classical rota¬ 
tion, and the shape if not the fine structure of the infrared rotational and 
vibrational-rotational bands can be obtained from classical considera¬ 
tions. In the electronic spectra the equilibrium distances and therefore 
the average moments of inertia differ often greatly in the initial and the 
final states. The angular momentum remains again almost the same 
so that this time the angular velocities may be considerably different in 
the two combining states. Therefore we cannot select a single angular 
velocity which can be used to give a classical description of the influence 
of the rotation on the spectrum. The rotational structure must be dis¬ 
cussed in terms of energy levels, selection rules, and transition prob¬ 
abilities. 

The rotational energies of a diatomic molecule are * 


+ 1 ) 1 


11 . 12 ( 1 ) 


Here J, the rotational quantum number, can be any positive integer or 
zero, M is the reduced mass of the molecule, h is Planck’s constant, and 

\ is the inverse square of the interatomic distance averaged over the 

vibration. This average value is in general different for the initial and 
the final states. In the following discussion we shall write the rotational 
energy as 

hBJ{J -1- 1) 11.12(2) 

h T 

where B stands for the factor -— 2 - in equation 11.12(1). The quan- 

OTT /4 r 

tities B and J for the upper and lower electronic states in an electronic 
transition are distinguished by using a single and a double prime. 

The selection rules for J are essentially the same as the selection rules 
for the total angular-momentum quantum number of an atom. The 

* In this expression the influence of the electronic angular momentum is neglected. 
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pemutted changes in J arc +1 0 and - I. I,, a.hlith.n, the transition 
IS forbidden if J - J =0. While these selection rules are of gener il 
validity, further approximately valid rules are useful in obtaining infor 
mation about the symmetiies of the electronic functions of the combin 
ing states. It has been stated in section 11.9 that electronic transitions 
are permitted only if A, the electronic orbital angular momentum about 
the molecular axis, changes by +1, (), or -1. Now whenever A remains 
unchanged the transitions with J' - J" = Q are much less int.mse than 
the transitions with J - J" = ±l. i„ ti.e tcrminologv introduced in 
section 10.9 the P and R branches are much more intense than the Q 
branch. If A is zero in both the combining states (S - 2 transition! 
the Q branch is completely absent. (J' - J" = q fo.bidde,', )' This 
behaxnor is essentially the same as found in the infrared vibrations of 
diatomic molecules where the electronic dipole vibrates in a direction 
parallel to the molecular axis. It was stated in section 11.9 that in the 

parallel to the molecular axis (parallel bands). Thus a similaritv of 
rotational selection-niles is not surprising. In those transitions in 
which A changes by ±1 the vibrating electronic dipole is perpendicular 
to the molecular a.xis (perpendicular bands, see section 11 9) ]„ tlii.- 

case P, (3, and if branches {J' - J" = o, ±1) appear with’comparable 
intensities in close analogy to the appearance of these branches in the 

vibration-rotation bands of linear polyatomic molecules in which the 
vibrating dipole is perpendicular to the axis. 

In order to find the position of the rotational lines relative to the 
frequency due to the electronic and vibrational motions we subtract 

hB"J'V" + 1) from hB’JV + 1) and ilivide by For’the /'C ncl 
in which J" = J’ +I we obtain for the rotational frequencies 

B’JV + 1) - B"J'V" + 1) = B'J'(J- + 1) - + i)(j' + 2) 

= {B’ — B")J'^ - {ZB" — B')J' - 2B" 11.12(3) 

For the R branch where J” = J' ~ ^ve have 


B'JV' + 1) - B"J"(J" + 1) = (B' - B")J-- + {B' + B")J' 11.12(4) 
and the frequencies for the Q branch, where J" = J\ are 

B'J'{J' + 1) - B"J"{J" + 1) = {B' - B")J'^ + {B' ~ B")J' 11.12(5) 

In all three branches the frequencies for high J values increase (or de¬ 
crease) as y . If the equilibrium distance in the upper electronic state 

is greater than in the lower electronic state, then — in equation 11.12(1) 
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is likely to be smaller for the upper electronic state, and B' is smaller 
than B". In this case the rotation for high J values gives a negative 
contiibution to the frequency, and the corresponding rotational lines 
extend toward the red end of the spectrum. The bands are said to be 
shaded off toward the red. If, on the other hand, the equilibrium dis¬ 
tance is smaller in the upper electronic state, then B' is greater than B", 
the rotational lines extend towards the short wavelengths, and the 
bands are said to be shaded off toward the violet. 

The appearance of the bands actually shows this fading out toward 
the red and toward the violet. But in the opposite frequency direction 
the bands termiirate sharply; this end of the band is referred to as the 
head. The occurrence of a head can be understood from the foregoing 
equations. Let us suppose that B” is greater than B', Then the rota¬ 
tional contributions in the R branch are positive for low J' values and 
become negative only for high J' values. Thus the beginning of the B 
branch proceeds toward the \dolet. At the approximate value J' ^ 

-a maximum shift toward the violet is reached. For hieher 

2(B" - B') ^ 

J' values the lines proceed toward the red. Near the violet end, where 
the direction in which the lines proceed is reversed, there is an accumula¬ 
tion of lines which brings about the phenomenon of a sharp head. 

The band heads are striking and easily measurable, but investigation 
of other regions in the band yields more useful information about the 
molecule. Near the head the lines are most crowded and most difficult 
to resolve. But resolution of the lines is needed to calculate the moment 
of inertia and the average distance of nuclei in the two electronic states. 
These quantities not only are interesting in themselves but also help in 
recognizing a common electronic state occurring in two different band 
systems. 

In the analysis of the rotational structure one of the most important 
points is to locate the pure electronic vibrational frequency, the so-called 
zero line, and to investigate the rotational lines close to the zero line. 
It can be shown that, depending on the electronic angular-momentum 
quantum numbei*s of the combining states, a certain number of rota¬ 
tional lines are missing in the neighborhood of the zero line. In 2-2 
transitions of the simplest type one line is missing (namely the zero line 
itself), in 2-n two lines, in II-II transitions three lines, and so on. This 
peculiarity can be derived from the fact that the total angular-momen¬ 
tum quantum number J of the molecule can never be smaDer than the 
electronic quantum number A. It may be seen that not only can per¬ 
pendicular and parallel bands be distinguished on the grounds of the 
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presence or absence of a strong Q branch, but also tlie specific kind of 
electronic transition may be determined by a close study of the neigh¬ 
borhood of the zero line. 

The rotational structure described in tlic foregoing is the one obtained 
for most molecules in the singlet state. We have omitted in the discus¬ 
sion the interaction energ}^ between the rotation of tlie electrons around 
the molecular axis and the rotation of the molecule as a whole. If this 
interaction is taken into account and if the total electronic spin is dif¬ 
ferent from zero, that is, if we are dealing with a doublet, triplet, etc., 
state, further complications arise in the rotational structure. The spiti 
may be coupled to the electronic orbital angular momentum A (Ihind’s 
case a), or through gjToscopic ctfects to the total angular momentum J 
(Hund’s case b). If the spin is coupled to A, dt)ublet, trii)lct ■ • • systems 
\\ill have the appearance of 2, 3, • ■ ■ bands with 2, 3, ■ • • zero lines and 
2, 3, • • • heads. If, on the other hand, the spin is coupled to J, one band 
appeal's \\dth double, triple, ••• branches all originating closely from 
the same zero line. Further complications arise sometimes from the 
fact that for low J values the spin may be coupled to A, whereas, follow¬ 
ing a region of transition, for high J values the spin is eoupled to J. 

These coupling cases are but a few among several po.ssibilities. How¬ 
ever, the theory appears to be relatively simple when we consider the 
number and complexity of spectra explained. And the method is fully 
justified by the body of reliable data obtained about diatomic molecules 
including those stable in the ordinaiy chemical sense as well as those 
unobseiwable by other than spectroscopic means. 

11.13 ELECTRONIC SPECTRA OF POLYATOMIC MOLECULES 
Though the same general rules apply to the spectra of polyatomic mol¬ 
ecules as to the spectra of diatomic molecules and atoms, yet for practical 
reasons these spectra must be treated in a rather different manner. One 
of the significant differences is that a polyatomic molecule can dissociate 
in several wa 3 "s, and for this reason dissociation continua are much more 
frequent in these spectra. For the same reason emission spectra cannot 
be produced so easily in an electric discharge since the conditions in the 
discharge are apt to destroy the molecule. Therefore most available 
information concerns absorption and sometimes fluorescence spectra of 
chemically stable molecules. 

The possible s 3 Tnmetries of polyatomic molecules are very great in 
number. They range from the axial s 3 Tnmetry of linear molecules 
through molecules containing reflection planes and rotation axes in 
various arrangements to the highl 3 ’’ s 3 Tnmetrical compounds of tetrahe¬ 
dral and octahedral S 3 "mmetry. It is possible to systematize these sym- 
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metries and derive electronic selection-rules for each symmetry type 
but we shall limit ourselves here to a few general statements and to a 
few examples. The arbitrariness in selecting these examples is not very 
great, because there are only a few polyatomic spectra where a fairly 
complete analysis has been made. 

The vibrations have a more thorough influence in polyatomic spectra 
than in diatomic spectra. The reason is that the vibration of a diatomic 
molecule never changes the symmetiy of the molecule whereas in every 
polyatomic molecule there exist vibrations, the nontotally symmetrical 
vibrations, which change the symmetry. Such vibrations may cause a 
violation of selection rules for electronic transitions which are based on 
the molecular symmetry or to be more exact on the symmetry of the 
equilibrium configuration. 

The rotations too have a different influence on spectra in polyatomic 
molecules. The greater moments of inertia of these molecules have the 
consequence that the rotational frequencies are smaller and the rota¬ 
tional structures are less extended and more difficult to resolve. The 
difficulties of resolution are increased by the great number of frequencies 
occurring in the complicated rotation of asymmetric top molecules. 
Nevertheless rotational structures of triatomic molecules have been 
analyzed successfully. 

11.1-1 SYMIMETRY OF ELECTRONIC FUNCTIONS AND SE¬ 
LECTION RULES In this section we shall describe a few symme¬ 
try ty'pes of electronic wave functions, and we shall mention a few 
selection rules applicable to a relatively great variety of molecular 

svmmetries. 

% 

In polyatomic molecules as in diatomic molecules and atoms, transi¬ 
tions between states of different multiplicity are forbidden. This rule is 
violated to an increasing extent if the electron or electrons involved in 
the transition get close to a nucleus of high charge. 

We call electronic proper functions totally s>Tnmetrical if the wave 
function remains unchanged in all possible symmetry operations. One 
selection rule is that a transition from a totally symmetrical state into 
another totally symmetrical state is forbidden if the symmetry, of the 
molecule is incompatible with a permanent electric dipole. 

Electronic states in molecules having a center of sjnnmetry are called 
even or odd according to whether they retain or change their sign on 
reflection in the center. A selection rule essentially similar to rules 
about even and odd functions given in previous sections forbids transi¬ 
tions between even and even states and also transitions between odd and 
odd states. 
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There are in polyatomic molecules (le<;eiieratc electronic states- that 
is, several wave functions may beloiiR to the same enei'Ky, and symmetry 
operations change these wave functions into each other or into linear 
combinations of each other. Electronic degeneracy oc(air.s only if the 
molecule possesses at least one threefold- or higher-symmetry axis If 
only one such symmetry a.xis exists, no degeneracies higher than'twofold 
exist. In such molec.des wc call the axis of high svmmetry the figure 
axis. Molecules of higher symmetry such a.s tetiahedral or octahedr.-d 
sj-mmetry possess twofold and threefold degenerate states. I\’e sh.-dl 
mention as an example one selection rule for these highly .symmetrical 
molecules which permits an electronic transition only if at least one of 
the two combining states is threefold degenerate. 

Electronic transitions in polyatomic molecules may differ with ivgard 
to the onentation of the vibrating electronic dipole relative to the mol¬ 
ecule. This is a phenomenon anaiogotis to the parallel and p<'rpendicu- 
lar transitions in diatomic molecules. As an examine wc may mention 


H 


H 



that in the ^^b^ating dipole may be parallel to the C-0 direc¬ 


tion, parallel to the II-H direction, or finally, perpendicular to both 
these directions. A molecule posses.<^ing a figure axis may ha\-e parallel 
bands, that is, bands with the vibrating dipole parallel to the figure axis, 
and perpendicular bands with the dipole perpendicular to tlic figure axis! 
A selection rule states that in parallel bands either both the combining 
states must be nondegenerate or both must he degenerate; in perpendicu¬ 
lar bands at least one of the combining states must be degenerate. 

The previous classifications and rules may serve as a sample of the 
theoretical results on polyatomic spectra. Those rules are deiivcd and 
systematized by group theory which is the appropriate method of dis¬ 
cussing the connection between different S3'mmetnes and the effect of 
the symmetry operations on wave functions and dipole moments. 


11.15 STABILITY OF S\"j\IAIETRICAL POLYATOMIC MOL¬ 
ECULES A great number of molecules with liigh S 3 ^mmetry are known, 
and we would almost be led to the conclusion that, if the arrangement 
of atoms and valence bonds is compatible with a symmetrical configura¬ 
tion in a pol3'atomic molecule, the S3'mmetrical configuration corresponds 
to the equilibrium position of the nuclei. 

Now it can indeed be shown for nondegencrate electronic states of 
polyatomic molecules that the S3mimetrical configurations correspond to 
equilibria though not necessarily to stable equilibria. Alore explicitly, 
the symmetrical configuration corresponds to a minimum or a maximum 
of the potential. Actually it occurs frequently that the potential is a 
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maximum, and the most S3rnametrical configuration is not a stable one. 
This is, for instance, the case for the linear symmetrical arrangement in 
H 2 O. But in a very large number of examples the potential has a mini- 
mur in the sjunmetrical configuration, and that configuration is stable. 

p ir ‘ "igenerate electronic states, on the other hand, it does not follow 
thaw the symmetrical configuration corresponds to an equilibrium. De¬ 
generacy of the orbital motion of the electrons is due to the symmetry of 
the field in which the electrons move. Displacements which destroy the 
molecular symmetry split the orbital degeneracy. Thus near the sym-. 
metrical configuration we shall find two or more potential surfaces rep¬ 
resenting the potential energy of the nuclei as a function of their con- 




Fig. 11.15(1). Behavior of potential curves near a symmetrical configuration. 
A. Case of a nondegenerate wave function. B. Case of a degenerate wave function. 

figuration; these potential surfaces coincide in the symmetrical configur¬ 
ation but get separated in the regions near the symmetrical configura¬ 
tions. Tliis picture of potential surfaces must remain unchanged under 
all s>'mmetrv operations. For nondegenerate orbits it follows that the 
derivative of the potential surface vanishes in the symmetrical configura¬ 
tion and a maximum or minimum results. But for degenerate electronic 
functions we can only conclude that the picture of interpenetrating 
surfaces shall be symmctncally arranged. As a qualitative example we 
may consider Figure 11.15(1). In A a potential curve is given as func¬ 
tion of the displacement r. Symmetry around a point r = 0 requires 
that at r = 0 the derivative should vanish. On the other hand B shows 
two potential cu^^'es which intei'sect at ?* = 0 so that at this point de¬ 
generacy is established. Symmetry around r = 0 may be satisfied 
without a minimum occuning at that point simply by the assumption 
that interchanging positive and negative values of r interchanges the 
two potential curves. 

It may happen even for degenerate electronic states that symmetrical 
nuclear configurations correspond to stable equilibria. In particular, it 
can be shown that for a configuration where all atoms lie on a straight 
line all potential-energy curves have zero derivatives ^^^th regard to aU 
nontotally symmetrical displacements. Thus linear molecules may be 
stable even though the electronic state is degenerate. But in all other 
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types of molecules it can be shown that in the syininefricai coiiti^rnra- 
tion potential surfaces will intersect each other at finite angles so tliat 
the nuclei are not at equilibrium in tlie symnu'trical configuration. It 
is of course possil)lc that the angle at which the surfaces intersect is 
small, and the actual equilibrium might occur in special cases cIos(; to 
the symmetrical configuration. But we cannot expect tliat the e(pii- 
librium configuration should coincide exactly with the symim^trical on<‘. 

A consequence of this theorem is that orbital-electronic degeneraev 
cannot persist in the equilibrium i)osition of tlie molecule excc'pt, if all 
atoms lie on a straight line. Indeed, degeneracy is to be expi^cted only 
for sjTnmetrical configurations, and it has been stated that for degen¬ 
erate states syimnetrical configurations are unsfal)le. 

S>TnmetricaI configurations seem frequently to l)e stable even though 
the electronic orbits arc degenerate. This is the case in manv rare-earth 
salts where a rare-earth ion is found in a .symmetrical surrounding in a 
crystal in spite of the fact that electronic degeneracy is jjreserit in tlie 
incomplete/ shell. Symmetrical eciuilibrium configurations are found 
also for degenerate electronic states in excited molecules in which the 
degenerate electronic orbit is at a rather great distance from tho.sc 
nuclei whose asymmetiical displacements may cause a splitting of the 
degeneracy. In all thc.se cases it is reasonable to assume that the cou¬ 
pling between the degenerate electrons and the nontotally symmetrical 
vibrations is small. Thus the eciuilibriurn configuration may lie sep¬ 
arated from the symmetrial configuration by a very small disidacemcnt. 
If this displacement is smaller than the amplitude of the zero-point 
vibration, then the molecule will be symmetrical for all practical purposes. 

Degeneracy due to electronic spin affects the equilibrium configura¬ 


tion to a varying extent according to the strength of the spin-orbit 
coupling. For weak coupling, that is, in the absence of heavy nuclei, 
the influence of the spin will be unimportant. But in the presence of 
heavy nuclei the coupling may become strong, and in this case spin 
degeneracy has a similar effect on the equilibrium positions as orbital 
degeneracy. There is one exception to this loile. If the number of elec¬ 
trons is odd, then twofold degeneracies are not sjfiit by any electric 
fields or by any displacements of nuclei. Such twofold degeneracies, 
therefore, do not make the symmetncal configuration unstable. Actu¬ 
ally such twofold degeneracies may be removed only by magnetic inter¬ 
actions. This peculiar behavior is due to the symmetry with regard to 
reversal of time direction (that is, the differential etiuations desenbing 
the motion of particles remains unchanged if t is replaced by —/). The 
twofold spin degeneracy is independent of the spacial symmetry of the 
molecule and persists if the molecule is distorted. 
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In linear molecules electronic degeneracy does not make the sym¬ 
metrical configuration unstable. But the splitting of energy levels by 
asymmetric displacements makes the molecular vibrations and the vibra¬ 
tional structure of the electronic bands very complicated. The elec¬ 
tronic states into which a degenerate state is split by the displacement 
of the nuclei have small energy differences. The usual simple scheme of 
separating the molecular energy into electronic, vibrational, and rota¬ 
tional energies is based on the different orders of magnitude of these 
energies. In the present case electronic- and vibrational-energy dif¬ 
ferences are similar and can no longer be separated. Thus a rather 
complicated scheme of electronic-vibrational levels results. 

11.16 VIBRATIONAL SELECTION RULES The vibrational 
structure of electronic bands in polyatomic spectra can be obtained 
from the same Franck-Condon principle which governs the vibrational 
structure of diatomic molecules. During the electronic transition no 
great change of the positions or velocities of the nuclei can take place. 
The consequences of this rule are simplest for allowed electronic absorp¬ 
tion bands. For sufficiently low temperatures we may assume that 
the molecule in the lower electronic state does not possess any vibra¬ 
tions. Absorption of light will throw the molecule into the higher 
electronic state with the nuclei still possessing the equilibrium configura¬ 
tion of the original electronic state. A vibrational motion -vsill result, 
carrying the nuclei from the old equilibrium configuration toward the 
new one. This motion will have to be resolved into a number of normal 
vibrations. The excitation of each normal vibration depends on the 
question of how^ greatly the two equilibrium configurations differ mth 
respect to the displacement of the normal vibration in question. If, in 
particular, the equilibrium configurations in the two combining states 
possess the same symmetry, then the vibration carrying the molecule 
from the old toward the new^ equilibrium configuration may be decom¬ 
posed into totally symmetrical normal vibrations. In fact, there is no 
reason for the molecule to deviate from its original symmetry at any 
time during the vibration. The initial and final states do not differ in 
any nontotally symmetrical displacement, and such vibrations are 

therefore not excited. 

From a single initial state transitions may occur—in polyatomic mol¬ 
ecules as in diatomic ones—to a w'^hole sequence of vibrational states. 
In fact, the vibrational structure may be analyzed in general into as 
many sequences as there are normal vibrations affected by the elec¬ 
tronic transition. If the symmetry of the equilibrium configura¬ 
tions are the same in the tw'o combining states, then the number 
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of sequences cannot exceed the number of totally symmetrical normal 
vibrations. 

The sequences just described include only the stronj^est vibrational 
transitions. Considei-ably weaker vibrational bands may be attributed 
to changes in quantum numbers in nontotally symmetrical vibrations. 
They occur if the fonn or frequency of these latter vibrations dilTer in 
the initial and final states. A more detailed consideration of the vibra¬ 
tional wave functions leads to the conclusion that in the simplest cases 
transitions in which only one noirtotally symmetrical vibration is 
changed by one quantum number arc forbidden. 

The effect of vibrations on the electronic transitions is impor-tant, 
because nontotally symmetrical deformations may remove electronic 
selection rules based upon molecular symmetry. We might suspect 
that if the molecule has an asymrneti-ic equilibrium configuration in the 
final state the selection rules based on the symmetry of the initial state 
may cease to operate. This is, however*, not so. According to the Franck- 
Condon principle, we can think of the electronic transition as occurring 
in the initial configuration of the nuclei, and therefore the initial con¬ 
figuration is the relevant one for the selection rules. Actrral \’iolation of 
selection rules may occur weakly owing to thermal excitation of an 
appropriate nontotally symmetrical vibration. Even the zero-jroint 
amplitude of such a vibration causes forbidden electronic transitions to 
appear with very small intensity. 

Forbidden transitions brought out weakly by a nontotally symmetri¬ 
cal vibration differ in their vibrational structure from allowed transi¬ 
tions. In the latter changes of nontotally symmetrical vibrations by 
one quantum number are forbidden, whereas in forbidden electronic 
transitions the specific nontotally symmetrical vibration which causes 
the breakdown of the selection rule must change by one quantum num¬ 
ber. As an example w'e may consider the w'eak electronic-band system 
in benzene having a frequency of approximately 40,000 cm.”' This 
transition might be interpreted as a vibration of the electrons betw^een 
the twn Kekul4 structures. In quantum language the transition occurs 
betw'een the ground state, the wave function of which can be symbol¬ 
ically written 



+ 


k/ 




and an excited state with the w'ave function, 


11.16(1) 
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Just as in the case of the two-minimum problem discussed in Chapter 7, 
the transition between the sum and difference function corresponds to 
the oscillation of the electrons between the two configurations whose 
sum and difference enter in the wave functions. It may easily be seen 
that omng to the high symmetry of benzene this electronic vibration 
does not produce any dipole. But, if by a nuclear vibration the regular 
hexagon of benzene is deformed into an elongated hexagon, then the 
electronic oscillation does produce a small dipole. An analysis of the 
vibrational structure of the 40,000-cm.“^ benzene band shows that in all 
strong vibrational bands the nontotally symmetrical vibration of ap¬ 
proximately 600 cm,“^ which causes an elongation of the hexagon 
changes its quantum number by ±1. This fact is in agreement with 
our conclusions, and it can be used as supporting evidence that the 
upper electronic state of the 40,000-cm.“^ band system actually has the 
electronic symmetry to be expected for the wave function 11.16(2). 
It may be seen that a vibrational analysis leads to conclusions about 
symmetries of electronic functions. The same purpose was achieved 
for diatomic molecules by an analysis of the rotational structure. 

11.17 COLOR AND RESONANCE The absorption spectra of 
most stable compounds lie in the ultraviolet. In fact, stability implies 
that no electron is easily removable and also that the molecule has no 
empty electron orbits of low energy which would cause the compound 
to have a high electron affinity. Thus much energy is needed to lift one 
of the firmly bound electrons into one of the loosely bound excited 

states. 

IMost of the substances that absorb in the visible either are to some 
extent unsaturated or contain an atom with an incomplete inner shell. 
The latter is the case for inorganic salts containing colored ions like 
chromium. In tliis case the relatively small energy differences giving 
rise to the color are due to a regrouping of the electrons in the inner 
incomplete shell. Because of their shielded positions these electrons do 
not participate strongly in the chemical binding, and so a high degree 
of chemical stability is compatible with the presence of low excitation 
levels. In these transitions the excited level belongs to the same elec¬ 
tron configuration as the ground state. The difference lies only in the 
coupling between the electrons, most frequently in the resultant angular 
momentum of the ion. In such a case it is easy to show that the two 
states in question have the same parity (they are both even or both 
odd). Therefore transitions between these states are forbidden. Never¬ 
theless, the transitions occur though they have a small intensity. This 
may be due to the asymmetric surroundings of the ion which removes 
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the sjTnmetry center. However, the elTect of such external fields on tlie 
electrons of internal shells is not strong. The transition may also be a 
quadi-upole transition for which even-even and odd-odd transitions arc' 
allowed. 

An absolute measure of the intensity is provided by the so-callc'd 
/value of the transition. The quantity/gives the ratio of the intensity 
of the transition to the intensity which would be obser\'ed if the transi¬ 
tion were due to a harmonically vibrating electron. The / values for 
colored metal ions are often about 10"*. But even such weak ab.sorj)- 
tions are capable of giving rise to very strong colors in the condc'iised 
state. 

Another extensive class of colored substances is that of the organic 
dyes. Here as in the case of benzene the color is often due to a transi¬ 
tion between two states resulting from the resonance of two or more 
electronic configurations. As in benzene a cla.ssical picture of the light- 
absorption process can be obtained by consideiing the electrcm distribu¬ 
tion as fluctuating between the resonating states. In benzene the 
transition lies in the ultraviolet and is furthermore forbidden, 'i'here 
are, however, many cases where a transition lies in the visible region 
and is allowed. This explains the extremely intense coloring of some 
organic dyes. 

As an example we shall consider the organic cyanine ion. The lowest 
electionic state can be written as a superposition of two electronic 
configurations: 
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11.17(1) 

The + sign between the two formulae means as usual that the wave 
function is a sum of the tw'o wave functions crudely rci^resented by the 
two valence pictures. An excited electronic state may be obtained hy 
superposing the tw'o w’ave functions with the — sign. A transition 
betw'een the lower and higher electronic states draws its intensity from 
a dipole that can be pictured as a fluctuation of charge from one of the 
two chemical formulae to the other. Actually the empirical fact that 
organic dyes frequently can be equally or almost equally represented 
by two structural formulae has been knowm for a long time. Quantum 
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mechanics has sho^vn that in such cases it is best to symbolize the 
ground state of the molecule as well as the upper state in the absorption 
process by a superposition of at least two structural formulae. As has 
been stated in Chapter 7, the energy of the lowest state is lowered by 
this resonance between two configurations of equal or not too widely 
different energies. This is due to the uncertainty principle according to 
which the average momentum and kinetic energy of the electrons may 
be lowered if their spacial distribution becomes less sharply defined. 
This lowering takes place, however, only if the electronic wave functions 
corresponding to the different structural formulae are superposed with 
appropriate phases. Actually the energy of the upper state in the char¬ 
acteristic absorption of dyes is increased rather than lowered by res¬ 
onance. 

According to the correspondence principle, the strong absorption of 
light in case of resonance is due to the oscillation of the charge between 
the two resonating configurations. The frequency of this oscillation is 
as a rule lower if the two electron configurations between which the 
oscillation takes place differ strongly from each other. In this case a 
longer time is needed for the more thorough regrouping of the electrons. 
As an example we may mention the next member in the homologous 
series of cyanine ions, the foimula of which, in the ground state, may 
be written as 
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11.17(2) 


Comparing this molecule ^\dth the one shown in equation 11.17(1), we 
see that with the lengthening of the carbon chain the charge is shifted 
during the resonance over a greater distance and that mthin the chain 
additional rearrangements are necessary as new carbon atoms are 
added. Actually the absorption of the bigger molecule lies farther 
towards the red, the center of absorption of the larger and smaller mol¬ 
ecules being, respectively, 18,000 cm.“^ and 24,000 cm."^ 
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There is a second difference between the ions of the dye inolecnles 
sho^vn in equations 11.17(1) and 11.17(2). The second molecuh* w liicli 
contains the longer chain has an appreciably strong(*r absorption sjkm*- 
trum than the smaller molecule. The reason is that a ))igger oscillating 
dipole is associated with the longer chain. 

The chain in the cyanine dyes may be lengthened by the insertion of 

H li 

additional | I groups. Each added group causes a decrease in 

—C==C— 

absorption frequency. Actually the frequency is inversely i)roi)ortional 
to the length of the chain and seems to decrease toward zero with in¬ 
creasing chain length. At the same time an increase in absorption 
strength is observed. All this is in good agreement with our (|ualitative 
expectations. The time needed for the exchange of charges betwecai 
the terminal groups should increavse in proi)ortion to the intervening 
substituents, and the frequency should decrease in inverse proportion. 
The length of the vibrating dipole and the strength of I lie alisorption 
increase with the separation of the end groups between which the charge 


oscillates. 

Further support for the resonance picture is obtained if one con.siders 
ions in which the terminal groups are different. We consider the ion, 
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11.17(3) 


Here a and are two numbers which multiply the wave functions indi¬ 
cated by the chemical symbols. Because of the lack of symmetry, it is 
no longer true that the two configurations occur with equal probability, 
and therefore ot and are different. 1 he excited state will be obtained 
by replacing, in equation 11.17(3), a by 0 and ^ by —a. 

H H 

Insertion of further | I groups causes a decrease in frequency, 
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but, as the chain becomes longer, the frequency seems to approach 
20,000 cm.“^ rather than zero. This is easy to understand. For long 
chains resonance causes a small energy difference, but in case of dif¬ 
ferent terminal groups, as sho^^^l in equation 11.17(3), there remains an 
energy difference between the ground state and the first excited state 
which is due to the fact that a different energy is obtained if the charge 
of the ion attaches itself to one or the other of the end groups. Math¬ 
ematically the decreasing importance of the resonance is expressed by 
stating that, of the two quantities a and /3, one will vanish as the length 
of the molecule increases. Thus in the limiting case, the absorption 
corresponds to a transition from a state described by one of the chemical 
foimulae given in equation 11.17(3) to a state characterized by the 
other formula. 

It is, of course, possible that two different terminal groups may attract 
the charge of the ion with approximately equal strength. Then the ion 
behaves as though the end groups were equal. The frequency approaches 
zero as the chain is lengthened, and in the wave function describing the 
lowest state of the ion we have a = ^. This seems actually to happen 
Avhen, in the ion showm in equation 11.17(3), the N-CO-CH 3 group is 
replaced by NH. 

Any attempt to work out the quantitative theory of these resonating 
ions results in finding that the explanation of light absorption by dyes 
as previously given is oversimplified. It is not sufficient to consider just 
two valence formulae in describing the electronic states of the molecule. 
According to the previous simple representation it would be, for instance, 
impossible to understand why a charge resonating between two very dis¬ 
tant points still gives rise to a fairly high visible frequency. If, as im¬ 
plied by the simple picture used here, the energy would be considerably 
higher whenever the charge is in between the two positions indicated by 
the two valence pictures, then the resonance would require the tunnel¬ 
ing of the charge through a broad potential barrier. With the broaden¬ 
ing of the barrier, the frequency of the transition should soon shift into 
the infrared and should approach zero much more rapidly than is actu¬ 
ally the case. The tendency of organic dyes to give rise to fairly high 
frequencies requires that intermediate positions of the charge and in 
general partial regroupings of the electrons leading from one of the 
resonating states to the other shall not have much higher energies than 
the two resonating states considered in the beginning. Rather than 
being forced to consider a whole series of resonating states, it is often 
better to represent such molecules by the molecular-orbital picture. 
According to the latter description, electrons can move more or less un- 


COLOR AND RESONANCE 


277 


hindered through the whole molecule. It is interestiiig to point out in 
this connection that resonance between two region.s of a biggcu- niolecuk^ 
requires as a rule that these two ivgions shall be connected through 
an uninterrupted chain of conjugated double bonds. An inter¬ 
ruption in such a chain would mean fi-om the i)oint of view of 
resonance that in regrouping the electrons an intermediate state 
of considerably higher energy' will occur or else that we have to 
consider a direct interaction between states of strongly differing elec¬ 
tron configurations. 

We arrive at the same conclusion if we consider the problem from the 
point of view of the molecular-orbital ai)proximation. It must be 
remembered that this approximation is l)esf adapted to the more loosely 
bound double-bond electrons. A salurat('d carbon atom which intca- 
rupts a chain of conjugated double bonds acts as a iJofential barrier ori 
the molecular orbits of the double-bond eh'cfrons. 'i'liis is so Ijecauso 
near a saturated atom all the low-lying oihits are already occupied by 
single-bond orbital functions which are best coMsider<-d as localized. 
Thus an intermediate saturated link in an imsafurated chain iiiight 
greatly reduce the effects of resonance so that only small energy dif¬ 
ferences and small absori)tion frequencies are obtained. 

The properties and the absorption of resonating organic ions can be 
considerably influenced by solvation cfTects. Solvation energies are in 
general not simply proportional to the average charge on the solvated 
ion. In fact, solvation energies for positive and negative ions have the 
same sign, and one should, therefore, expe<-t that solvation energies are 
proportional to the square of the charge [com])are e(iuation ().8(1)1. In 
the molecule represented b 3 ^ equation 11.17(1) the average charge on 
each of the two N atoms is one half of the elementary charge. In tlie 
absence of resonance one of the N atoms would have one charge, and 


the other would be neutral. The hydration energy in this latter case is 
different, most probably higher than the h 3 'clration energ,v in the re.s- 
onating state. Thus solvation may stabilize one of the two resonating 
structures. 

The theoiy of acid-base indicators is closely related to the effects of 
solvation on resonance. But in the case of indicators the resonating ion 
interacts ^vith another ion in the solution and this ionic interaction is as 
a rule considerably stronger than the effects of solvation. Let us con¬ 
sider the two positions in the resonating ion which compete for the 
charge of the ion. If an ion of the opposite charge approaches one of 
these positions, the charge of the dye ion gets localized near the charge 
of the approaching ion, resonance is removed, and the color of the com- 
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pound is changed. As an example we consider the phenolphthalein ion 
in alkaline solution. 




11.17(4) 


Presence of ions may destroy the resonance between the two struc¬ 
tures shown in equati on 11. 17(4). Indeed, as an ion attaches itself 

to the organic ion, a ^ ^ —OH group and a ^ =0 group are 

obtained which no longer resonate. 

11.18 PREDISSOCIATION, RADIATIONLESS TRANSITIONS 

It has been observed in spectra of diatomic molecules that in certain 
regions the rotational lines become diffuse rather suddenly. The broad¬ 
ening of the lines very often obliterates the rotational structure. Even 
the band as a whole often broadens until the vibrational structure is 
also submerged, and a continuous absorption is obtained. Very fre¬ 
quently broadening appears as the energy of the final electronic state 
in the transition increases toward a certain value. At energies higher 
than the critical energy a continuum due to dissociation of the molecule 
may exist. The broadening which precedes the true dissociation con¬ 
tinuum is called predissociation.* In some cases it is observed that, 
when the energy in the final state increases beyond the critical state, 
the lines become again sharper, and the diffuseness of the spectrum may 
thus be restricted to a more or less narrow spectral region. 

The phenomenon of predissociation is explained by actual dissociation 
of the molecule. But, whereas in a dissociation producing a structure¬ 
less continuum the time required for the dissociation is just the time 
needed for the atoms to move apart, in predissociation the molecule 
stays together for several periods of vibration and sometimes even for 
several of the much longer periods of rotation. The breadth of the lines 
is due to a "breadth” of the dissociating levels. The latter is equal 
according to the uncertainty principle to 7i/27rr where t is the average 
time needed for dissociation. If r becomes short compared with the 
period of a rotation, then the breadth of the lines becomes great com¬ 
pared to the distance betw^een rotational lines, and the rotational struc- 

* The expression predissociation w’as introduced by Victor Henri who discovered 
the phenomenon and investigated it. Originally the name predissociation carried with 
it the suggestion of a process different from simple dissociation. As we shall see sub¬ 
sequently, no essentially new process need be introduced to explain predissociation. 
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ture vanishes. If t becomes shorter even than the period of a vibration, 
then the breadth exceeds even the distance between vibrational bands, 
and a structureless continuum is obtained. Actually the minimum time 
needed for the atoms to get apart cannot be expected to be much shorter 
than the vibrational period. 

One necessary condition for predissociation to occur is for the molecule 
to have sufficient energy to dissociate. For this reason upper limits for 
dissociation energies may be obtained from observation on prcdissocia- 



Fig. 11.18(1). Stable molecular energy levels possessing energy in exces.s of the dis¬ 
sociation cnergj'. 


tion. But the energy of a state may be above the dissociation limit, 
and yet predissociation may fail to occur. In Figure 11.18(1) the vibra¬ 
tional level Ia on the potential curve A has a considerably higher energy 
than two separate atoms in the ground state whose energy has been 
chosen as the zero of the ordinate. But the level Ia lies on a potential 
curve which does not dissociate into two atoms in the ground state. As 
long as the electronic motion proceeds in the instantaneous field of the 
nuclei and the nuclear motion in the average field of the electrons, an 
unperturbed molecule behaves as though no other potential curve 
existed except the one in which the molecule happens to be found. Thus 
no dissociation or predissociation is to be expected from the vibrational 
level If the molecule is found on the potential curve B, it may dis¬ 
sociate into atoms in the ground state. From the vibrational level Ib 
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predissociation might occur, because this level lies higher than the dis¬ 
sociation energy belonging to the curve B. Curve B has been assumed 
to have a somewhat unusual shape in that the potential goes through a 
maximum. If, as has been sho\vn in the figure, Ib lies far below the 
maximum of the curve, the nuclei must pass through a considerable 
barrier before dissociation can occur. This requires a tunnel effect 
which takes a long time and leads to an unobservably small broadening. 



Fio. 11.18(2). Intersection of potential curves illustrating a possible reason for pre¬ 
dissociation. 

Only if the vibrational level lies immediately below the maximum, can 
we expect that the tunneling has a sufficiently high probability to cause 
a perceptible broadening. If then the energy is increased by a further 
small amount, the dissociation may occur over the top of the barrier 
rather than through the barrier. Then dissociation occurs within one 
vibrational period, and a true structureless continuum arises. In the 
case just discussed, the continuum will persist in the curve B for all 
vibrational energies high enough to carry the molecule over the max¬ 
imum. 

A different behavior of the potential curves must be assumed in order 
to explain predissociation restricted to a certain spectral region with 
sharp lines of the same band system occurring at both lower and higher 
frequencies. In Figure 11.18(2) are shovm two potential curves A and 
B wliich cross at point P. An electronic transition leading into curve A 
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gives rise to a continuum. A transition leading to curve H give.s rise to 
a discrete spectrum in whicli, however, some lines may be l)road(aie(l, 
owing to the fact that at point P the molecule may go over from curve 
B to curve A. Then dissociation will take place. The rule that a mol¬ 
ecule must not change from one potential curve to another is actuallv 

% 

derived from the separation of the molecular motion into an electronic 
and a nuclear part (compare C’hapter 4), and tliis is ju-stified only as 
long as the frequency of the nuclear motion remains small compared to 
the frequency of the electrons. If two i)otential curves intersect, an 
electronic energ>' difTerence, and with it an electronic freciuency, !)e- 
comes equal to zero. Therefore in the region of the intcr.section, nuclear 
and electronic motions can no longer be separated, and a transition from 
one potential curve to the other becomes possil)le. 

In discussing co-ordination schemes we have se<*n that as a rule two 


potential curves in which the electronic wave functions have tlui same 
symmetry and in which the total electron spin (multiplicity) is the .same 
do not intersect. On the other hand, the interaction between two eh'c- 
tronic states of different symmetry or of dilTerent spin is in first approxi¬ 
mation zero. An interaction has to be established in order that a tran¬ 
sition from the potential curve H to the i>otentiaI curve A may occur. 
Such an interaction may be cau.sed for curves belonging to different 
multiplicities by the spin-orbit coupling, and for some states differing 
in symmetry properties by the interaction of molecular rotation and 
electronic motion. The interaction can be represented by changing the 
potential curves in such a way as to avoid an actual intersection. In 
Figure 11.18(3) the behavior of the potential curves near the point of 
intersection P is shown in detail. The original curves A and B are 
shown by the broken lines together with the adjoining parts of tlie solid 
lines. The sharply bent parts of the solid lines near P represent parts 
of the potential curve which are strongly affected by the interaction 
between the original unperturbed curves A and B. On the left-hand 
side of the upper cur\^e, the electronic-wave function is the one char¬ 
acteristic of curve A. On the right-hand side of the upper curve, the 
electronic-wave function is the one belonging to B. The reverse state¬ 
ments can be made about the left and right sides of the lower cuiwe. 
"When the solid upper curve approaches P, its electronic wave function 
changes to a superposition of the wave functions characteristic of A and 
characteristic of 5, and the wave function for the lower solid curve in 
this region is a different superposition of the same original functions. 

If during the molecular oscillation the molecule passes through the 
neighborhood of point P very slowly, then the molecules follow the solid 
potential cur\^es. In this case transition from an A-like portion to a 
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B-like portion is a certainty. If on the other hand the intemuclear dis¬ 
tance changes rapidly, the electronic wave function cannot change over 
from the B state to the A state sufficiently rapidly, and the molecule 
will follow the broken curve. Which of the two paths will be taken with 
greater probability depends on the ratio of two time intervals: the time 
spent by the molecule in one transition near P and the period of the 
electronic vibration at P. The former time is d/v where d, as shown in 
Figure 11.18(3), is the distance throughout which the two curves are 



Fiq. 11.18(3). Behavior of potential curves near an intersection. 

close to each other, and v is the relative velocity of the two nuclei. The 
period of electronic \dbration at P is /i/(27r AB) where AB is the minimum 
energy difference between the two curves. If the time of transition is 
the longer one, the molecules remain on the potential curves indicated 
by the full lines, and the situation is the same as though the potential 
curves were far apart. If the peiiod of the electronic vibration is 
greater, the molecule behaves as though AB were zero and as though 
the curves actually crossed. If the two times are comparable, either 
path can occur with the probabilities depending on the actual ratio of 

the two times. 

The foregoing discussion explains the peculiar fact of predissociation 
restricted to a certain special region. If in Figure 11.18(2) the vibration 
in curve B has just enough energy'' to reach point P, then the interatomic 
distance will change slowly near that point, and a transition to the re¬ 
pulsive curve can occur ^\^th great ease. Thus predissociation is to be 
expected. For lower energies P is not reached, and no predissociation 
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occurs. For higher energies the atom.s move fast through P, and a 
transition into ciu've A is improbable. Tims sharper bands are obtained 
for increasing vibrational ener^cs. 

An example of one type of reaction of two atom.s in which transitions 
between two curves should be considered is the reaction ])etween aii 


alkali atom and a halogen atom. The i)otential curves for this reaction 


are sho\ni in Figure 11.18(4). The curves in the figure approach, on 



Fig. 11.18(4). Lowest potential curves for an alkali-halide molecule.* 

the right side, the energy of the dissociation products. The lower level 
corresponds to two neutral atoms while the upper lever represents the 
energy of a positively charged alkali and a negatively charged halogen 
ion. The order of the two curves at great distances corresponds to the 
actual situation for all alkali halides excepting caesium fluoride for 
which case a separated Cs"*" and F“ ion have a lower potential energy 
than the two separated neutral atoms. As the interatomic distance 
decreases, we proceed from the extreme right of the figure toward the 
left. In the ionic state the long-range attraction between the ions 
causes a lowering of the upper curve while the lower cui^^e still nins 
practically horizontally. At the point P the curves cross. The ionic 
curve continues to fall as a result of the coulomb interaction until finally 
at small distances repulsion sets in so that a stable minimum is formed. 
The atomic curve continues to be almost horizontal until the two atoms 
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toucli and commence to repel each other. The main features here 
described are supported by spectroscopic evidence. 

Both curves in Figure 11.18(4) can be shown to correspond to 
states. According to the general statements made previously, the two 
curves should not cross. However, two curves will come very close to 
crossing each other, not only if the two electronic states differ in their 
symmetry properties or in their spin, but also if the two electronic 
states differ sufficiently strongly in another characteristic such as the 
position of an electron. In the present instance the ionic and atomic 
states differ from each other mainly in the position of one electron, and, 
as long as the two atoms are far apart, the difference in the electronic 
position is great. Thus we cannot expect that a crossing of the two 
curves is avoided to an appreciable extent if the crossing point lies at 
a great value of the abscissa. In fact, it is plausible to assume that the 
ionic curve is not greatly affected at the point P by the circumstance 
that a state of the same energy can be formed by detaching an electron 
from the negative ion and transferring this electron to the distant posi¬ 
tive ion. Actually at point P a resonance exists between the ionic and 
atomic states, but the influence of this resonance is small since it can be 
established only by a tunneling of the electron between two distant 
positions. Thus the two curves will actually avoid each other at P, but 
their closest approach AP is equal to h/2Tri where t is the long time re¬ 
quired for the tunneling of the electron from the one atom to the other. 

It will be interesting to reconsider from our present point of view the 
concept of an ionic molecule. If we start from the equilibrium con¬ 
figuration of an alkali halide and separate the two atoms very slowly, 
we shall obtain not two ions but two neutral atoms as dissociation 
products. This is so because at P the two curves avoid each other just 
as has been showm in Figure 11.18(3), and, approaching on the lower 
curve, we always mil leave the region of P on the lower curve. We 
might argue therefore that the alkaU halides are atomic molecules be¬ 
cause with the exception of caesium fluoride they dissociate into atoms. 
But in order to obtain atoms as dissociation products, we must pass 
the point P at a sufficiently low speed to allow sufficient time for the 
tunneling of an electron from one atom to another. In most actual ex¬ 
periments the speed of the atoms ^dll not be slow enough to allow the 
tunnel effect to take place, and in this case the dissociation will proceed 
further along the ionic curve. It seems therefore more reasonable to 
talk about ionic molecules whenever the lower state remains an ionic 
state for intemuclear distances greater than the sum of the ionic radii 
and if a possible radiationless transition to an atomic curve can only 
occur at a great interatomic distance. But this definition, though more 
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reasonable, is less clear-cut since the (|ucstion remains open what inter- 
nuclear distance shall be considered as j^reat. 

In the spectra of polyatomic molecules i>rcdissociation is even mon* 
frequent than in diatomic molecules. Some of the reasons are: The 
great number of potential surfaces whicli may intcisect each other in a 
variety of ways, the operation of selection rules for symmetrical config¬ 
urations and their modification for asymmetric po.sitions, and finally 
the fact that a polyatomic molecule has often several possil)le ways of 
dissociating. It is possible that two electronic states of a polyatomic 
molecule iuive different symmetry proj)eiiies and may therefore inter¬ 
sect each other as long as the molecule is symmetrical. For a symmetri¬ 
cal configuration the two potential surfaces would cross witliout inter¬ 
acting. On the other hand, an asymmetric di.splacement of the nuclei 
causes interaction between tlie i)ofentiaI surfaces but at the same tinu' 
tends to prevent an interpenetration of the surfaces. For a slight 
asymmetric displacement all conditions for predissociation may easily 
be fulfilled. For the neighboring symmetrical configuration actual 
crossing of the suriaces may occur while the small asymmetric dis¬ 
placement provides an interaction between the suifaces. 

There is an additional reason why interinaietration of i)otentiaI 
surfaces and radiationless transitions are more likely for polyatomic 
molecules than intereection of potential curves in diatomic molecules. 
Diatomic potential curves belonging to states of the same kind do not 
intersect because variation of just one parameter, namely the internu- 
clear distance, is as a rule insufficient to establish degeneracy at the 
point of intersection. In polyatomic molecules the nuclear configura¬ 
tion is described by several parameters, and variation of two parameters 
is sufficient to establish degeneracy.* Potential surfaces depending on 
two parametere can be represented as ortlinary two-tlimensional sur¬ 
faces in three-dimensional space. Since variation of one j^arameter is 
insufficient to cause degeneracy, the two surfaces will not intei-sect along 
a curve, but they may interpenetrate at a point in the same w ay as the 
two halves of a double cone do. Such an interpenetiation if occuriing at 
an appropriate point may enable the molecule to get from one potential 
surface to another, transforming in the process the original potential 
energy into kinetic energy of the nuclei- As an example of this process 
we may mention the chlorophyll molecule. This molecule absorbs red 
and blue light, the two absorptions apparently leading to two different 
excited electronic states. But the light re-emitted by chlorophyll, that 
is, the fluorescence of the molecule, lies in the red region of the spectrum 
and corresponds to the lower of the two excited states. This is true 

*In the presence of magnetic forces variation of three parameters is needed. 
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both if the irradiated light was in the red or the blue region. Apparently 
excitation of the higher excited state by light is followed by a radiation¬ 
less transition to the lower one of the two excited states, and this state 
is the initial state in the fluorescence. Similar radiationless transitions 
may be responsible for quenching of fluorescence by collisions in which 
at least three atoms take part. In photochemical processes the same 
rearrangement of atoms within a polyatomic molecule may be due 
to excitation of different electronic states; it is plausible to assume 
that any excess excitation energy is dissipated by a radiationless 
transition. 

In one important respect the appearance of predissociation in poly¬ 
atomic molecules differs from predissociation in diatomic molecules. lu 
the latter molecules predissociation sets in fairly suddenly. In poly¬ 
atomic molecules predissociation may start with an almost impercepti¬ 
ble diffuseness of the lines; this diffuseness then slowly increases over a 
spectral region often extending over several hundred angstroms until 
the bands merge into a continuum. The reason for this phenomenon is 
that dissociation in a polyatomic molecule may often occur only from 
certain regions of the potential surface, and the molecule may have to 
perform many oscillations before it finds the region in question. With 
increasing oscillation energy a wider region becomes accessible from 
w^hich dissociation can take place, and thus for high oscillation energy 
dissociation occurs in a shorter time. 

In the discussion of photochemical processes it is often of importance 
to know whether or not predissociation has occurred. Actually when¬ 
ever predissociation is observed, w'e can conclude that the time needed 
for atomic rearrangement is quite short, and this process has become 
much more likely than the loss of energy by radiation. It is, however, 
difficult to say whether w^e are dealing with an internal rearrangement 
or whether actual predissociation is taking place. Radiationless transi¬ 
tion leading to an internal rearrangement of a polyatomic molecule 
might cause an apparent broadening which w^e cannot readily distin¬ 
guish from the broadening due to radiationless transition into a dis¬ 
sociated state. 

If predissociation is indicated by no broadening, it is nevertheless not 
permissible to conclude that no dissociation has taken place. The time 
needed for reradiation of an absorbed quantum is equal to or greater 
than about sec. If the time needed for dissociation is 10“® sec., 
the broadening caused by this w'eak predissociation is only -g^ of a wave 
number and is therefore practically imperceptible. If no collisions with 
other molecules interfere, dissociation Avill occur with a quantum effi¬ 
ciency close to one, a fact which cannot be deduced from the appearance 
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of the bands. Such cases of weak pre{lissociation may be indicated hy 
the absence of fluorescence, thouKli the absence might be due to other 
causes such as quenching of the fluorescence by collisions. 

11.19 ELECTRONIC EXCITATION OF A CRYSTAL LAri'ICE 

A crystal lattice differs from a large molecule in that it possesses an 
additional type of symmetry—the symmetry of translation. In an ideal 
lattice, each cell is identical with each other cell. The simplest way to 
visualize a higher electronic state of a crystal would be to localize excita¬ 
tion in one of the lattice cells. This picture leads us to expect highly 
degenerate excited states. In fact, dilTerent excited states could lx? 
obtained by exciting dilferent cells, and on account of the translational 
symmetry all of these states would have the same energy. 

Actually it may be preferable to consider excited states of the crystal 
in which excitation is not localize<l to the neighborhood of a delinite 
lattice point. Even if at a given time the excitation were localized, 
there is no reason why it should stay linked to that point; at a later time 
we might find the originally excited lattice cell l)ack in its lowest stat(! 
while another one of the cells is excited instca{I. This wandering of the 
excitation is caused by the coupling of neighboring lattice cells, and the 
time required for interchange of excitation between two neighboring 
points may be as short as the time of the revolution of an electron in its 
orbit. We might expect that the excitation moves along in the lattice 
according to the rules of diffusion. This would indeed bo the ca.se if 
transfer of the excitation from a lattice cell to a neighboring cell were 
independent of the previous “patli” of the excitation. But it can be 
shown that, whenever the transfer of the excitation occurs rapidly, the 
excitation has a tendency to be propagated in a straight line. This 
behavior is analogous to that of the motion of electrons in conductors. 
There too a diffusion of the electrons was expected, and a rectilinear 
motion was found. 

Mathematically, the propagation of excitation in a crystal can be 
described by an expression analogous to the wave function of an electron 
in a metal. Let rf/j be the wave function describing the lattice in which 
the jth cell is excited. Then the function. 




11.19(1) 


corresponds to a wave of excitation passing through the lattice. The 
summation in equation 11.19(1) is to be taken over all lattice cells j. 
The co-ordinates Xj, yj, and Zj in the exponent specify the position of the 
jth lattice cell. The wave numbers kx, ky, and kz describe the wave 
process; the wavelengths and the direction of propagation of the wave 
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can be obtained from these quantities. We can associate momenta 
with the wave numbers: 

"jpx “ hkx 

Vy = hky 11 . 19 ( 2 ) 

Vz = hkx 

These momenta have a similar significance and are subject to restric¬ 
tions like those affecting the analogous quantities for an electron which 
moves in a strong periodic field. The energy of excitation depends on 
these momenta. If the time required for the exchange of excitation 
between two neighboring lattice points is short, the energy of excitation 
can be shovn to depend sensitively on the k values. If, on the other 
hand, a long time is required for the transfer of the excitation between 
neighboring cells, then all excitation waves will have nearly the same 
energy. The plane waves given by equation 11.19(1) describe excita¬ 
tions w^hich are not localized at all. By superposing such plane waves 
w^e may obtain w^ave packets corresponding to excitations localized to a 
vai\ying extent. The resulting w^ave packet travels in a straight line. 
Its velocity is connected with the momentum vector, hkxy hky, hk^, by 
a law wiiich depends on the relation betw^een the momentum of the 
w^ave process and the energy of the excitation. 

Statements of the previous paragraph can be summarized in a simpler 
w'ay by associating with the excitation an imaginary particle which has 
been called by Frenkel, the exciton. The momentum vector described 
previously is the momentum of the exciton. The difference betw^een the 
excitation energy for a given momentum and the excitation energy for 
a zero momentum can be called the kinetic energy of the exciton. The 
velocity of the exciton can be obtained from its momentum and from 
the mass of the exciton, the mass being determined by the connection 
betw^een momentum and kinetic energy. In particular, if the kinetic 
energy depends sensitively on the momentum, the mass is small, and 
excitons will have high velocities. If the energy is practically inde¬ 
pendent of the momentum, the exciton velocities will be small, corre¬ 
sponding to a sluggish exchange of excitation betw’^een neighbors. 

This simple description of the exciton becomes more complicated on 
detailed consideration. To describe the dependence of energy on 
momentum, it is necessary to assume that the mass depends both on 
the magnitude and direction of the momentum. It may happen that 
the state with kx = ky = kx = 0 has the highest energy, in which case 
the kinetic energy of the exciton is alw^ays negative, and we must there¬ 
fore endow this particle with a negative mass. But other simple state- 
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ments about particles would continue to remain true. Thus a particle 
with momentum zero ahvays has zero velocity. 

If light is absorbed by an ideal crystal anti if ci\ystal \ibration.s may 
be disregarded, then the exciton which is created must have tlie same 
wavelength as the light which was absorb(*d. As a rule this wavelength 
is very long compared to the lattice period so that the wave numlxu* 
and the momentum of the exciton are negligibly small. We find tliat 
light absorption creates excitons which have a velocity zero and arc? not 
localized.* One practical conseciuencc is that in absorption proc(‘sscs 
excitons are created with no kinetic energy. Thus, even if the po.ssible 
excitation energies cover a cxjnsiderable energy region, the absoi-ption 
of a crystal should still remain a sharj) line. Of course, diiTerent kinds 
of excitation should give rise to diiTerent kinds of (?xcitons with a cor¬ 
responding number of regions of excitation. But in the spectrum 
merely a number of sharp lines should appear. 

Such sharp lines are, experimentally, the exception rather than the 
rule. Usually, more or less broad bands of absorption ai)pc^ar. Broad 
bands are actually to be expected when absorption leads to ionization 
(internal photoeffect) rather than to excitatiem. Broadening may also 
be due to interaction w’ith crystal vibrations. The vibrations frc'Cjuently 
continue to influence the spc?ctrum even at vc'ry low' t('mperatur(*s. But 
it is to be expected that more sharp absorption lines in solids will appear 
at low temperatures. 


11.20 INTERACTION OF LATTICE EXCITATION AND VI¬ 
BRATION Excitation waves aie not the only i)rocesses in a lattice 
which may be usefully described by a particle ijicturc. The same 
description may be applied to lattice vibrations. A quantum of such 
a \dbration is often called a sound quantum or phonon. The energy of 
a phonon is h times the vibrational frequency, and its momentum is h 
times the wave number. A complex lattice has several kinds of phonons 
corresponding to the several normal vibrations in a lattice cell. They 
can be studied with the help of infrared and Raman spectra just as the 
normal vibrations of a molecule. With regard to the behavior of wave 
packets and peculiarities of the dependence of mass on energy, similar 
statements can be made about the phonons to those which have been 
made in the previous section about the excitons. In simple lattices 
only such phonons are present which correspond to compression and 
shear waves in the lattice. They differ from other phonons in that their 
velocity approaches the velocity of sound rather than the velocity zero, 

• A certain amount of localization near the surface of the crystal is to be expected 
since the intensity of liglit decreases jls it penetrates into the crj’stal. 
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if the wave number becomes very small. This special class of phonons 
o ten called acoustic vibrations is responsible for the specific heat of 
solids at low temperatures. Phonons may be pictured as particles 
which are independent of each other as long as normal vibrations are 
independent of each other, namely, as long as the restoring forces are 
strictly haimonic. As soon as anhaimonic terms are taken into con¬ 
sideration, it is found that phonons interact and collide with each other. 
Heat conductivity in an insulator is best described by the diffusion of 
the phonons which are scattered by each other and by lattice irregu¬ 
larities. 

Phonons may also interact with excitons. This is the case if the 
excitation energy depends on the position of the nuclei. Such an inter¬ 
action may have two consequences. One is that absorption of light 
instead of producing a simple excitation will simultaneously give rise to 
an exciton and a phonon. If the coupling between the exciton and the 
crystal vibrations is particularly strong, it may even happen that sev¬ 
eral phonons are created together with the exciton. The second conse¬ 
quence of the coupUng is that an exciton after having been created may 
collide \\ith phonons. Such collisons may involve a change in the num¬ 
ber of particles participating; that is, it may happen that phonons or 
excitons may appear or disappear in collisions, passing on their energy 
and momentum to each other. 

The simultaneous creation of an exciton and one or more phonons in 
a light-absorption process is analogous to those absorption processes in 
a molecule in which vibrational quanta are excited by an electronic 
transition. But in solids a continuous distribution of normal vibrations 
is available, or in other words a phonon of any momentum might be 
created along \rith the exciton. Thus a continuous absorption band is 
to be expected. There is a further difference between absorption spectra 
of molecules and of solids. In the former the energy differences between 
vibrational bands may be interpreted in terms of the vibrational fre¬ 
quencies of the initial and final electronic states. In solids a new quan¬ 
tity enters into the energy balance: the kinetic energy of the exciton. 
We have seen in the previous section that, if light absorption results in 
the creation of just an exciton, the momentum of this exciton is zero. 
If, on the other hand, an exciton and a phonon appear together, all we 
can say is that the sum of the momenta of these two particles is zero. 
Therefore, excitons with varying kinetic energies may be obtained by 
the absorption process, and the breadth of the absorption band may be 
more strongly influenced by the kinetic energy of the exciton than by 
the vibrational energ>', that is, the kinetic energy of the phonon. From 
the preceding argument it may be seen that the actual absorption spec- 
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trum might mluce to a sharp line with no j)honons cicaled; or, if pho¬ 
nons appear with a small probability, wc may still obtain a shaip line 
with a weaker continuum accompanying it; or, finally, if the coupling 
with vibrations is strong, the sharp line may have disappeared com¬ 
pletely. Which of these cases occurs depends on the strength of the 
coupling between the vibrations and the electronic excitation and also 
on the vibrational amplitudes found in the lattice previous to the ab¬ 
sorption of light. 

Collisions between excitons and phonons change the rectilinear motion 
of the excitons into diffusion. Collision processes in which excitons di.s- 
appear can be classified under radiationless transitions discussed in 
section 11.18. 

Strong interaction between an exciton and phonons may have a 
peculiar consequence: the trapping of the exciton. As a result of this 
process, the lattice is distorted within and around a certain cell, and this 
same cell carries the excitation energy. The distortion is such as to 
lower the energy of the particular state in which that lattice cell is 
excited. For instance, an electronic orbit may have obtained a greater 
radius owing to the excitation; then in the trapped state the lattice is 
distorted in such a way as to give a great(*r volume to the excited cell. 
In the trapping process, phonons carr}^ away the encrg>^ that is liberated 
b}-^ the lattice distortion. A trapped exciton coi responds to a degenerate 
state of the crystal since the trapping can occur at any cell with equal 
ene^g>^ But in order to transfer excitation energy fiom one trapped 
position to another, it is not sufficient to change the electron configura¬ 
tion, but nuclei must be moved as well. The nuclei have a minimum 
energy for the trapped configuration, and in order to get into another 
trapped state they must jjass a potential barrier. Thus propagation of 
the excitation is now linked with a tunnel effect which, as a rule, takes 
a very long time. Therefore in such crystal excitations in which trap¬ 
ping occurs as a rule, the possibility of exchange of excitation between 
cells is of no practical importance. The absorption process itself leads 
in such cases to trapped states. Such crystal spectra can be treated 
more nearly as molecular spectra. The distorted crystal cell can be 
considered as the molecule. The remainder of the crystal ser\'es mereb" 
as a medium carrying away phonons emitted during the process of light 
absorption. The emission of these phonons broadens the absorption 
lines. 


11.21 PHOTOCONDUCTIVITY, PHOSPHORESCENCE Not all 
electronic absorption processes in a crystal can be described with the 
help of excitons and phonons. Absorption of light in certain frequenc}' 



292 


ELECTRONIC SPECTRA 


regions makes a crystal conducting for the period of the illumination 

and for a small fraction of a second following the illumination. This 

conductivity is due to the internal photoeffect which consists in tearing 

an electron loose so that this electron can now move in an empty 

Brillouin zone as a conduction electron. At the same time a hole 

appears in a filled Brillouin zone. This hole behaves like an electron of 

positive charge and contributes to the conductivity. Other absorption 

processes are not connected with an internal photoeffect. In such 

processes, the excited electron remains linked to the region of its 

original position in the lattice. The excitation may still travel in 

the lattice, but positive and negative charges travel together so that 

no current results. This case is analogous to the excitation of atoms 

01 molecules while the internal photoeffect corresponds to a photo¬ 
ionization. 

The fact that photoconductivity persists only for a very short time 
after illumination has ceased, calls for an explanation. The easiest 
interpretation would be that the freely moving electrons have foimd 
the holes from which they have been lifted by the original radiation and 
that the crystal has reverted to its original state. But this explanation 
though perhaps partly true in some cases often fails to explain the brief 
persistence of photoconductivdty and is completely inadequate in those 
cases where a field applied during illumination has separated geometri¬ 
cally the mobile electrons and holes from each other. In addition, there 
is direct expeiimental e\idence in a number of cases that, though con¬ 
ductivity has disappeared, the crystal has not returned to its original 
state. After the decay of conductivity, new absorption bands may 
appear in the visible or in the infrared, and irradiation by some of these 
bands may restore the conductivity. The same effect may be produced 
by merely heating the crystal. It seems that the electrons which have 
been made mobile by the original absorption have been trapped in the 
lattice sufficiently firmly to prevent their following an electrostatic 
field. But a light quantum of smaller energy or even elevated tempera¬ 
ture may suffice to set them free again. 

The nature of these trapped states might be explained in different 
ways. One explanation is that the lattice gets distorted around an 
electron. This low'em the energy so that the electron cannot move away 
without a readjustment of the lattice. This readjustment requires a 
tunnel effect of the nuclei and is therefore slow^. The similarity between 
this process and the trapping of an exciton is evident. Details of the 
extensive experimental e\idence on alkali halide crystals seem to require 
a different explanation. The photoelectrons are trapped at lattice 
irregularities w'hich are present in every crystal hoAvever carefully pre- 
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pared. It is assumed in particular that some lattice points on which an 
ion should be present are vacant. Electrons will then be trapped pref¬ 
erably at points where a negative ion is missing and which region there¬ 
fore is deficient in negative charge. The presence of such vacancies in 
crystals formed at high temperatures can be understood readily. The 
vacancies correspond to the statistical equilibrium state at elevated 
temperatures at which the crystal has formed, whereas at lower tem¬ 
peratures the mobility of ions becomes so small that the vacancies can¬ 
not be eliminated. 

The striking fact of very long-lived metastable electronic states in 
crystals brought out by the experiments on photoconductivity is also of 
importance in connection with the phenomenon of phosjihoresccnce. It 
is common knowledge that crystals can absorb light energy and re-emit 
the light after a considerable time interval. This reradiation can be 
stimulated by various methods, for instance, by heating. Phospho¬ 
rescent substances are usually crystals containing slight amounts of 
impurities. One explanation of phosphorescence is that the original 
irradiation ionizes the impurity atom. 7die photoelectrons get trapped 
by some mechanism, and reradiation occurs when the electrons find 
their w'ay back to the ionized impurity atoms. It is not astonishing 
that the properties of phosphorescent crystals depend greatly on the 
W'ay in which they have been prepared. The evenness of the distribu¬ 
tion of the impurities, the sizes and imperfections of the crystals are all 
factors which can influence the process. By changing these conditions 
we may influence the length of time during which a phosphorescent 
substance retains its excitation energy, and we may obtain crystals 
w'hich will reradiate this energy under various conditions. We may even 
produce crystals in which the electrons return to their original state by 
a radiationless process. 

11.22 SPECTRA OF CONDUCTORS Insulators are the only solids 
the spectra of w'hich show', or can be expected to show, any details. 
Conductors and even semiconductors have continuous spectra. The 
absorption coefficient may become smaller in certain spectral regions 
and may, in principle, even vanish. But as a rule materials wliich show' 
any electronic conductivity are opaque. 

The general reason for this fact is easily found. A necessary condition 
for conductivity is that a Brillouin zone should not be completely closed 
and that therefore electrons should be present which are capable of 
taking up arbitrarily small amounts of energy. These electrons w'hich 
can be accelerated freely under the influence of an electric field and 
which can lose their energy by collision with lattice vibrations account 
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for absorption in the infrared, and in fact absorption extends as a rule 
into the visible. 

There is one conspicuous difference between the appearance of metals 
and semiconductors. The former are shiny; the latter are black. This 
can be explained by considering the conductivities. The high conduc¬ 
tivity of metals has the consequence that in their interior the electro¬ 
magnetic fields must satisfy equations which are quite different from 
those that hold outside the metal. As a result the electromagnetic 
equations can be satisfied only if but a small fraction of the electromag¬ 
netic radiation enters the metal; the rest is reflected. In semiconduc¬ 
tors, on the other hand, a considerable fraction of the light penetrates 
since for these substances the conductivity is small and does not cause 
so sudden a change of the optical properties on the surface. But the 
conductivity is still great enough to absorb the light that does enter. 

In general, extended absorption in the visible shows that a consider¬ 
able number of low energy levels are present. Apart from conductors 
and semiconductors, extended absorption is also sho^vn by insulators in 
which resonance occurs. Thus crystals, in which ions of the same 
atom but of different valency occupy equivalent lattice points, are as a 
rule opaque. As an example Fe 304 may be mentioned. 

Sufficiently thin sheets of metals transmit a certain amount of light, 
and moreover the transmitted light is colored, showing a variation of 
the absorption coefficient with frequency. In fact, the absorption co¬ 
efficients of some metals show marked dips usually at rather short wave¬ 
lengths. For liigher frequencies it is in fact not justified to consider 
the electrons as free, and it is clear that, if the frequency of light becomes 
comparable to the frequency of electronic motion about a lattice point, 
resonances are bound to occur even in metals. The behavior of elec¬ 
trons in metals under the influence of ultraviolet light can be under¬ 
stood in greater detail if the Brillouin zones are considered. An absorp¬ 
tion process can lift an electron from one Brillouin zone to another. 
Because electrons of vaiying energies are present in the filled and partly 
filled Brillouin zones and broad bands of unfilled states are available as 
final states of the electrons, we might expect continuous absorption and 
little ^'ariation in the absorption coefficient. But the same reason which 
gave rise to the concept of zero-momentum excitons in a simple absorp¬ 
tion process imposes limitations on electronic transitions between Bril¬ 
louin zones. In particular, an electron must not change its momentum 
when an absorption process transfers it from one Brillouin zone to 
another, or, if the notation of section 8.14 is employed, the quantity k 
must change in such a transition by a multiple of 27r/a, Thus each 
electron can go into but one state of a given Brillouin zone. Because of 
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the continuous distribution of electrons in the filled and partly filled 
zones and because each electron will absorb a difTerent frequency, we 
still must expect continuous regions of absorption. But it is no longer 
surprising to find frequencies which happen not to be absorbed by 
any electron of the metal and for which the metal is practically 
transparent. 



12. NUCLEAR CHEMISTRY 


12.1 SIZE OF ATOMIC NUCLEI The great; similarity of the. 
chemical and physical properties of isotopes gives a strong indication 
that the atomic nucleus is much smaller than the atom. Since two iso¬ 
topes differ only in their nuclei, we would expect that any appreciable 
size of the nucleus or any long-range force that is not the same for the 
nuclei of the various isotopes would cause a difference in their chemical 
behavior, whereas actually such a difference is absent to a very high 
degree of approximation. 

As it is, the only long-range force emanating from the nucleus is the 
coulomb force due to its positive charge Ze, where Z is the atomic num¬ 
ber and € is the absolute value of the charge on the electron; Z being the 
same for isotopes, the long-range forces are the same. Chemical experi¬ 
ments on isotopes, even if carried out vdih very great accuracy, do not 
reveal any difference in properties that could not be explained merely 
by the difference of the mass of the nuclei. More detailed information 
about the forces acting between nuclei can be obtained by observing 
the deflections that a nucleus of high speed suffers when passing through 
various kinds of materials. The first experiments of this kind were 
carried out by Rutherford who observed the scattering of alpha parti¬ 
cles by thin foils. The alpha particles are helium nuclei of high speed 
(about of the velocity of light) w'hich have been emitted from some 
radioactive source. It was found that most alpha particles pass through 
a sufficiently tliin foil \rithout any noticeable change of direction, but a 
few suffer deflections through various angles. Very few are deflected 
through great angles. The law according to which these angles are dis¬ 
tributed is in most cases in quantitative agreement with the idea that 
the deflections are due to the electrostatic field of the nuclei which are 
subjected to the alpha-particle bombardment. The resulting law of the 
distribution of deflections is called the Rutherford law. 

The greatest possible deflection, that is 180®, ^^ill be obtained in a 
straight head-on collision. At the moment of closest approach in a 
head-on collision all the available kinetic energy is converted into poten¬ 
tial energy. Thus the two nuclei get closer to each other in a head-on 
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collision than in any other kind of collision. The minimum distance of 
approach rn,in is obtained by setting the potential and kinetic energies 
equal to each other. This gives 

r.nin = —- 12.1(1) 

where Zi is the charge of the bombarded nucleus and /?2 = 2 is tlu^ 
charge of the alpha particle. Using high-energ>' alpha particles and not 
too heavily charged scattering centei's we can obtain r,„i„ values more 
than 10,000 times smaller than atomic <limensions. In this way it has 
been verified that the coulomb law liolds, down to a distance of 10~*^ cm. 

By using light nuclei and fast alpha particles, deviations from the 
Rutherford law have been found. These deviations can be described 
by stating that more particles are scattered at great angles than are 
predicted by Rutherford’s formula. This “anomalous” scattering in¬ 
dicates a deviation from the coulomb law for close distances of apj^roach, 
and this kind of scattering can be roughly explained by assuming that 
at small distances a repulsion sets in that is much stronger than the 
coulomb repulsion. Actually the assumption of clastic spheres would 
give rise to an isotropic scattering and therefore to more scattering at 
great angles than is found in the normal Rutherford scattenng. The 
distance at which the deviations from the coulomb law set in can be 
assumed to be approximately equal to the sum of the radii of the two 
colliding nuclei. From this assumption and also from other sources, 
the size of the nuclei may be estimated; our present knowledge may be 
summarized by stating that the nuclear radii are approximately propor¬ 
tional to the cube root of the nuclear mass. Or, numencally, 

Nuclear = 1-5 X 10-’^ 12.1(2) 

where M is the mass of the nucleus and Mp is the mass of the proton. 
Actually the nuclear radii range from 2 X 10“*^ to 10 X 10“^^ cm. It 
may be noted that the preceding law for rnucici implies that in the dif¬ 
ferent nuclei the density of matter p> is the same, namely, 

p = 10'^ grams per cubic centimeter 12.1(3) 

This high density is descriptive of the great concentration of mass within 
the small radius of the nucleus. 

The repulsive forces which we have assumed when two nuclei touch, 
can be considered as the analogue of the van der Waals repulsion for 
atoms, of course, with the significant differences that the forces are 
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much greater and extend over a much smaller region. The reason for 
such repulsive forces might be, however, essentially the same as for atoms. 
The Pauli principle does not permit increase in density over that ob¬ 
tained for the lowest quantum state of the particles without a rather 
big increase in energy. 

12.2 THE NEUTRON One characteristic of the atomic nuclei is 
their relatively great mass. There is only one known particle of a com¬ 
parable mass which is not an atomic nucleus, namely, the neutron. Its 
mass is closely equal to the mass of the proton. (Actually the neutron 
is about 0.1 per cent heavier than the proton.) The property that sets 
the neutron apart from the atomic nuclei is that it does not carry any 
charge and therefore does not attract electrons and does not surround 
itself ^vith an electronic shell. Neutrons are produced in some close 
nuclear collisions, that is, in collisions in which nuclei get into contact 
with each other. 

The only interaction of neutrons with atomic nuclei is one of short 
range which is of the same type as the forces giving rise to anomalous 
alpha-particle scattering. Thus a neutron must as a general rule get to 
the surface of a nucleus in order that it should be deflected. The only 
established interaction of neutrons with electrons is a weak force of the 
magnetic type. Further short-range interactions do not exist or are 
extremely small. It can be sho\vn that o\ving to the small mass of the 
electrons these weak forces are particularly ineffective in the interaction 
of free electrons with neutrons. The probability of electronic excitation 
by neutron impact is very small. But electrons in atomic orbits can 
influence the path of a neutron vnth higher probability if during a colli¬ 
sion the electrons do not become excited. In this case the electrons act 
as parts of the atom and can be said to possess effectively the mass of 
the whole atom. In such collisions the weak magnetic interaction was 
detected. All interactions of neutrons with electrons seem, however, to 
be of small importance in our discussion. 

The most important interaction of neutrons with matter remains the 
collisions ^vith atomic nuclei. According to a geometrical picture these 
collisions ought to have a cross section of the order of 10“^^ cm.^ (or 
one barn *). This would lead to a mean free path of a neutron in a solid 
which may be longer than a centimeter. As a general rule neutrons do 
penetrate solids as easily as is suggested by this long free path. This 
fact is a very direct illustration of the small extension of nuclear par¬ 
ticles, 

• The unit barn = 10“^^ cm.^ was introduced into nuclear physics because in some 
types of nuclear reactions the cross section 10“^* cm.® may be considered “as big 
.os a barn.” 
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12 3 CONSTITUENTS OF ATOMIC NLK'LEI It has l)ccn nu'ri- 
tioned already that in nuclear collisions neutrons may be emitted. In 
other collisions fast protons are obtained. We sliall call sucli trans¬ 
formations of nuclei nuclear reactions. Nuclei are usually considere<l 
as consisting of neutrons and protons. This view is supported not only 
by the fact that neutrons and protons are knocked out of the nuclei in 
many reactions but also by tlie mass of the nuclei. All nuclear mass(‘s 
are close to simple multiples of the protonic mass which is to be expected 
if they are built from the almost ccpially heavy protons and neutrons. 
Actually the nuclear masses are about I i)er cent smaller than would la; 
expected by adding the masses of an appropriate number of protons 
and neutrons. This is explained by the binding energy of nuclei. 

As may be seen by the great energies sometimes consumed and some¬ 
times liberated in endothermic and exothermic nuclear reactions, tlie 
energies holding the nuclear constituents together are api>roximately a 
million times greater than chemical binding energies. Thus in I)uilding 
up a nucleus from free neutions and protons a gnuit amount of energy is 
emitted. Emission of energy causes, according to tlie theory of rela¬ 
tivity, a decrease in mass which is calculated by dividing the energy by 
the square of the velocity of light. On the average, the binding energy 
per proton has turned out to be about 8 X 10^’ volts which corresponds 
to 0.008 part of the protonic ma.ss. This explains why the isotoj)ic 
masses are close to integer numbers if the units arc so chosen that the 
mass * of the hydrogen atom is approximately 1.008. Nuclear reactions 
can be investigated more simply than chemical reactions in one respect; 
by measuring the mass of the nucleus (with the help of a mass spectro¬ 
graph) the total binding energ>^ of that nucleus can be obtained. Dif¬ 
ferences of these energy contents show up as kinetic energy liberated or 
absorbed in nuclear reactions. The relations so obtained always check, 
except when some of the nuclei are produced in an excited state. In 
principle, it would be possible to obtain energy contents of molecules by 
simple measurement of their masses and from these to calculate energies 
of reactions. Unfortunately, the energy clianges in chemical reactions 
give rise to changes in mass which are too small to be observed. Thus, 
if water is formed from hydrogen and oxygen and the energy of reaction 
is radiated or conducted away, there will be a decrease in mass of one 
part in 6 X 10^. 

A nucleus is characterized by two integers, its charge number Z and 
its mass number M. The firet number is equal to the number of protons 
in the nucleus; the second is equal to the sum of the number of protons 
and neutrons. To characterize a nuclear species we add the mass num- 

* More exactly, the mass of the hydrogen atom in conventional units Is 1.00812. 
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her as an index in the upper right-hand comer of the atomic symbol and 
the charge number in the lower left-hand corner. Thus the abundant 
isotope of neon is written ioNe^°. The charge number is often omitted. 
The atomic symbol actually makes it redundant. 

Nuclei of the same charge number are called isotopes. Nuclei of the 
same mass number are referred to as isobars. 

12.4 SPIN AND STATISTICS, PARA- AND ORTHO-HYDRO- 

GEN Protons and neutrons are similar to electrons in two respects. 
They have a spin of f; that is, there is attached to both of them an 
angular momentum of the magnitude h/^ir which can orient itself only 
in two ways, namely, either parallel or opposite to any given field. The 
other similarity between protons and neutrons on the one hand and 
electrons on the other hand is that all these particles obey the Pauli 
exclusion principle. This means that two particles of the same kind 
never can occupy exactly the same quantum state, or, speaking in the 
more general terras of wave mechanics, the wave function must be anti- 
sjunmetrical vdth regard to an interchange of two particles of the same 
kind. 

The spins of both proton and neutron give rise to magnetic moments 
attached to these particles. In the case of the neutron this seems some¬ 
what surprising since the particle itself does not carry a total charge. 
A direct demonstration of the spins of the neutron and proton is made 
possible by the associated magnetic moments. Studies of the deflection 
of atomic amd molecular hydrogen have given precise information 
about the magnetic moment of the proton. The neutron magnetic 
moment has been measured by its interaction vdth electrons; this inter¬ 
action leads to observable effects if the neutrons penetrate a magnetized 
sheet of a ferromagnetic substance. In such a sheet there is an excess 
of electron spins in one direction which produces an over-all effect in 
being more transparent to neutrons of one spin direction than to neutrons 
of the opposite spin direction. 

That protons obey the Pauli principle is showm by the behavior of 
two hydrogen modifications known as ortho- and para-hydi'Ogen. Para- 
hydrogen consists of hydrogen molecules in which the molecular rota¬ 
tion has an angular momentum of 0, 2, 4, etc., times h/2Tr, In the 
ortho-hydrogen the angular momentum of the rotation is 1, 3, 5, etc., 
times h/2w. It can be sho^vn that, if the two protons not only were 
absolutely alike but also could not be distinguished from each other by 
any internal characteristics such as the spin, then any collision a hydro¬ 
gen molecule makes or any other action on the hydrogen molecule 
could change the rotational angular momentum only by even multiples 
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of Actually the spins are only very weakly coupled with (he 

motion of the hydrogen nuclei, and for this reiison the molecules l)ehave 
during collisions very nearly as though the spins were absent so tliat 
change of rotational momenta by an odd multiple of hi'l-K is rare. 'I'lius 
conversion of the ortho and para molecules into each other will be slow. 
There are only two ways in which such a conversion can lx; (‘ffectc'd, 
namely either by a strongly inhomogeneous magnetic field or by dis¬ 
sociation and recombination. An inhomogeneous imignetic field e.\er- 
cises forces on the magnetic moments of the i)rot()ns and in this way 
establishes a coupling bctwceii tlie spin of the i)roton and its orbital 
motion. Inhomogeneitics whi(‘h occur in macroscopic^ magnetic fields 
are far too small to act efTectively on the minute nuclear magnets. More 
strongly inhomogeneous magnetic fields are produced locally by para¬ 
magnetic molecules; collisions with such molecules, for instance with 
O 2 or NO, give rise to the ortho-para transformation in conveniently 
measurable times. The other type of conversion does not rely on the 
spin-orbit coupling; if the hj’drogen molecules are dissociated and 
protons coming from difTercnt molecules arc reunited, there is no rule 
prohibiting the atoms from forming an ortho or a para molecule. 

Experimentally pure para-hydrogen can be produced at low tempen-a- 
tures at which according to the Maxwell distribution only molecules in 
the rotational state with zero angular momentum (nonrotating mol¬ 
ecules) are present in appreciable quantitj'. Para conversion will be 
completed if an appropriate catalyst is introduced which may act with 
the help of inhomogeneous magnetic fields or else by dissociating some 
of the hydrogen molecules. If this para-hydrogen is heated in the ab¬ 
sence of a catalyst, no conversion takes place. Subscriuent con\'ersion 
by added catalyst can be used to get information about reaction mech¬ 
anisms involving hydrogen or to show the magnetic nature of the 
catalyst. The conversion can be followed with the help of the differ¬ 
ence of the thermal and spectroscopic properties of the two modifica¬ 
tions. 

In thermal equilibrium at high temperatures there are three times as 
many ortho as para molecules. This remarkable preference of the 
hydrogen molecules for an odd rotational angular momentum can be 
explained by assuming the validity of Pauli's exclusion j^rinciple for the 
protons. In fact the ortho-para ratio at high temperatures is the best 
proof for the exclusion principle. The connection between the abun¬ 
dance of ortho- and para-hydrogen and the Pauli principle are outlined 
in the follo\ving paragraphs. 

If a hydrogen molecule is rotated by 180®, the electronic structure 
gets back into exactly the same spatial position as originally, and the 
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only alteration effected is the exchange of the two protons. The rota~ 
tional wave functions have the property of rema inin g unchanged by 
rotation through the angle 180® if the angular momentum is an even 
multiple of h/2Tv and of changing their sign if the angular momentum is 
an odd multiple of }i/2Tr. A similar statement holds for the motion of 
an electron in the hydrogen atom. Rotation by 180° changes the sign 
of the wave function for odd values of I and leaves the wave function 
unchanged for even values of 1. This can be verified by inspecting Figure 
2 . 8 ( 1 ). 

Now, if the Pauli principle is assumed, the wave function should 
change sign when both the positions and the spins of the two protons 
are exchanged. In even-rotational states, rotation by 180° interchanges 
the positions of the nuclei and leaves the wave function imchanged. 
Therefore interchange of the spins should cause a change in sign. This 
is possible only if the spins point in opposite directions, which amounts 
to the old rule that, if there is symmetry in the wave functions, the 
spins cannot be in the same state. Actually the two spins will have to 
form one well-defined state called a singlet state in which their angular 
momenta and magnetic moments compensate (see section 11.4). This 
is the same kind of a spin state as formed by two electrons occupying 
one orbit such as the wave function of a shell or the bonding orbital 
function in the H 2 molecule. 

In odd rotational states, when nuclei are interchanged by rotation 
through 180°, the rotational wave function changes sign. Therefore 
exchange of spins should leave the wave function unaltered. Tins can 
be accomplished by allo^\ing both spins to point in one definite direc¬ 
tion, that is, by letting them occupy the same spin state. There exist 
three independent spin states for which symmetry Avith regard to the 
interchange of spins is established. These three states have practically 
identical energies because the spins interact very weakly with each 
other and vith other degrees of freedom. The three states together 
form a triplet state. 

According to the laws of quantum statistics the a priori probability 
for any state to be occupied is the same, and therefore it is three times 
more probable to find a hydrogen molecule in an odd-rotational state 
which in reality is a tiiplet (that is a collection of three states as far as 
spin is concerned) than to find the molecule in an even-rotational state 
which stands for a single definite spin state. Thus ortho-hydrogen will 
be three times more abundant than para-hydrogen. This is essentially 
due to the fact that there is just one way in which an antisymmetrical 
spin function can be constructed but three ways in which a symmetrical 
spin function can be obtained, and the Pauli principle links the para- 
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hydrogen state with antisymmcti'ical spin furu^lions and ortluj-hytirogon 
states with symmetrical spin functions. 

If in the hydrogen molecule one of the two protons is re[)lace{l hy a 
deuteron,* the HD molecule so obtained will be able to changt^ its lota- 
tional quantum number by even or odd multiples of h/2Tr with approx¬ 
imately equal ease. In fact, the reason why a change l)y odd rotational 
quantum numbers was practically ruled out for hydrog(‘n was that any 
kind of force could act in almost exactly the same way on the two atoms 
of the molecule. In tlic rotation of flic HI) molecule, the H atom is 
farther from the center of mass which is also the center of rotation and 
for this reason the H atom and the I) atom will act differently in a col¬ 
lision. Thus transitions between odd and even rotational states will 
become possible, and the reason for a distinction between para and 
ortho modifications disappears. 

The two kinds of modifications will regain their importance in the D 2 
molecule in which again both atoms act in an exactly similar manner as 
long as the influence of spins is disregarded. In the case of deuterium, 
it is usual to designate the even and odd rotational states as ortho¬ 
deuterium and para-tleuterium, respectively. Thus the prefixes ortho- 
and para- are associated with different rotational states in H 2 and 1 ) 2 . 
The even rotational states, or ortho-deuterium .states, can be i)roduced 
by similar methods as the para-hydrogen states, and also their conver¬ 
sion into odd rotational states or para-deuterium states is effected by 
the same kind of magnetic or dissociating catal 3 ’st. There is, however, 
this difference between hydrogen and deuterium molecules; in eejui- 
librium at high temperatures para hydrogen is three times less abundant 
than ortho-hj'drogen whereas under the same conditions para-deuterium 
is less abundant by a factor of two. 

The beha\dor of ortho- and para-deuterium can be explained by 
making an assumption about the exchange of deuterium nuclei, opposite 
to the one we made about the exchange of protons: we assume that the 
wave function remains completelj^ unchanged when both positions and 
spins of the deiiterons are exchanged. This links the para-deuterium 
states with antisymmetrical spin functions which can be constructed in 
smaller number than the S3"mmetrical spin functions associated with 
the ortho-deuterium states. The fact that the numerical ratio between 
symmetrical and antisymmetrical spin states is now 2:1 instead of 
3:1 can be explained by endowing the deuteron with an internal angu¬ 
lar momentum h/2Tr rather than hf-iir found for the proton. A count 
of the possible spin states then gives the experimental result. 

• The deuteron, denoted by D, is a hydrogen isotope containing a proton and a 
neutron. 
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The difference in spin and statistical properties between protons and 
deuterons can be easily understood if the deuteron is considered as 
composed of a proton and a neutron. If both of these component parti¬ 
cles carry the angular momentum A/47r, it is not strange that the nu¬ 
cleus which they form should have an angular momentiun /i/27r. To 
explain why wave functions are symmetrical vdth. regard to exchange of 
deuterons, we shall have to consider the application of the Pauli prin¬ 
ciple to neutrons as well as to protons. In fact, since direct interactions 
of neutrons are experimentally almost impossible to observe, the study 
of the behavior of the deuterons is the simplest method through which 
the application of the Pauli principle to neutrons can be verified. 

We assumed that a wave function changes sign if positions and spins 
of two protons are interchanged, and we now assume the same thing 
for the neutrons. If we interchange spins and positions of two deu¬ 
terons, then we have effectively interchanged spins and positions of a 
pair of protons and a pair of neutrons. The wave function therefore 
must have suffered two changes of sign; that is, the wave function 
finally returns to the same value that it had before the exchange of the 
deuterons. This is the same behavior Avhich we had to postulate in 
order to explain that the abundance of ortho-deuterium is greater than 
the abundance of para-deuterium. 

Similar considerations apply to other diatomic molecules in which 
the two nuclei are the same isotopes. For instance the existence of a 
para- and ortho-nitrogen modification has been effectively proved by 
the alternating intensities of rotational lines in the nitrogen spectrum. 
A chemical separation has not been possible up to now. If it were 
attempted by similar methods to those used for hydrogen, the lower 
energy of rotational quanta in nitrogen would necessitate a cooling of 
nitrogen to lower temperatures (about 1® K.) at which nitrogen is 
solid * and the use of any kind of catalyst extremely difficult. 

Spectroscopic observations on diatomic molecules yielded values for 
angular momenta of a few nuclei, and it has also showm whether or not 
a change in sign is caused by the interchange of the two nuclei. It has 
been found that a change in sign occurs if the mass number of the 
nucleus is odd, and a change in sign does not occur if the mass number 
of the nucleus is even. This is in agreement with the assumptions that 
the nuclei are composed of protons and neutrons and that the protons 
and neutrons behave according to Pauli’s axclusion principle. 

An interesting situation arises if the nucleus does not possess any 
spin, that is, if its internal angular momentum is zero. This is the case 

• Potential barriers occurring in the solid state are likely further to reduce the 
energy difference between ortho- and para-nitrogen. 
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for the predominant isotopes of oxygen or of carlwn. Tlie foregoing 
niles show that, for instance, exeliange of two 0“' nuclei will leave the 
wave function unchanged. Since no spins are present, this imposes a 
strict symmetry condition on the exchange of the two oxygen jxjsitions, 
and we obtain the result that only every second rotaticaial level of 
oxygen is actually realizable. Thus only one oxygen modification exists. 

In the pursuit of the chemical separation of modifications similar to 
ortho- and para-hydrogen we need not !)e confined to diatomic, mol¬ 
ecules. Such modifications must he expe(ded whenever rotation can 
result in the exchange of similar atoms. For instance, we would expect 
two water modifications and three dilTererd. methane modifications. 

The behavior of the nuclei in changing or retaining signs when inter¬ 
changed corresponds closely to the Ix'havior of electrons. In discussing 
the Pauli principle for electrons we were led to the conclusion that elec¬ 
trons arc indistinguishable. 'I'lie same lino of reasoning leads to the 
result that protons are identical in their i)roi)erties and that there is no 
difference between neutrons. 

12.5 BETA RADIOACTIVITY It has been assumed in the early 
speculations about nuclear structure that the nucleus contains electrons. 
Experimentally this idea is supported by the fact that .some nuclei emit 
electrons and ^re transformed into isobaric nuclei of practically the 
same weight and one more charge. The fast electrons emitted by nuclei 
are known by the designation of beta rays and the spontaneous nuclear 
transformations giving rise to these rays as beta radioactivities. 

It has proved impossible to obtain a consistent theory of nuclear 
structure in which electrons occur as nuclear constituents. The main 
reason why attempts at such a theory must fail is the uncertainty 
principle. We have seen that a particle can be localized with high pre¬ 
cision only if wide tolerance is allowed in the accuracy of the momentum. 
When an electron is confined to the small volume of the nucleus, the 
electronic momentum will assume high values with considerable pi-ob- 
ability. High momentum means, for a light particle, high kinetic 
energies, and we find that we cannot have an electron within the nu¬ 
cleus without giving it a kinetic energy that is great compared with the 
binding energies of the nucleus, so that an electron even if present in a 
nucleus cannot be held there. 

The mere argument that, if an electron comes out of a nucleus, it 
must have been ^ntliin the nucleus previously is not more convincing 
than the statement that, if a light quantum is emitted by an excited 
atom, this atom must have bodily contained the light quantum pre¬ 
vious to the emission. 
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The argument about the presence of electrons in nuclei was further 
influenced by the discovery of the positron beta activity. Although all 
the kno\\Ti naturally beta-active elements emit electrons, it was found 
possible to produce by nuclear collisions, a number of elements which 
showed an activity similar to the beta activity in all respects save the 
one, namely, that they emitted positrons rather than electrons. Such 
positron activity results in the transformation of the element into an 
isobar of one less charge. Would it then be necessary to assume the 
presence of both electrons and positrons in the nucleus? Such an hy¬ 
pothesis would put into the nucleus two kinds of particles which outside 
the nucleus are kno^Mi mutually to destroy each other. The only reason 
why in atomic reactions electrons are conserved and thus act as inde- 
stmctible particles is that the appearance or disappearance of an elec¬ 
tron-positron pair is accompanied by an energy change of 10® electron 
volts, that is more than 10® times the energy available in a chemical 
reaction. 

The electron and positron activities which are both called beta- 
activities have been systematized by the assumption that transforma¬ 
tions of this kind can take place for the simplest nuclear particles, that 
is, for protons and neutrons. Actually a neutron has a slightly greater 
mass than a proton plus an electron, and it is assumed that a neutron 
is in reality beta-active and can transform into a proton and an electron. 
In this process the excess mass of the neutron would be transformed 
into the kinetic energy of the radioactive products. From the knowl¬ 
edge of the available energy and from the experimental fact that the 
periods of beta transformations decrease rapidly with the energy of 
transformation, we can estimate that the lifetime of the neutron is of 
the order of one hour. Direct verification of this is still lacking. 

Conversely, we may consider the possibility of the transformation of 
a proton into a neutron and a positron. This process actually does not 
occur since the proton is lighter than a neutron plus a positron, and so 
this nuclear transfoimation is “endothermic.” But, if a proton happens 
to be ^^^thin a nucleus in such a state that its transformation into a 
neutron would sufficiently increase the binding energy, the originally 
endothermic, proton neutron + positron, transformation can be 
changed into an exotheimic one, and the positron activity may proceed. 

It may be noticed that, according to the picture that is presented 
here, protons and neutrons cannot be considered as two really different 
elementary particles. Nor is it very clear whether the designation 
“elementary particle” is descriptive for entities which can suffer trans¬ 
formations. 
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12.6 THE NEUTRINO HYPOTHESIS The electrons (or posi¬ 
trons) ejected in a definite beta transformation emerge from the nuchuis 
\nth varying energies. Tliis fact is remarkable because in a beta trans¬ 
formation a nucleus starting from a definite initial state is as a general 
rule transfoi*med into a definite isobanc end state, and so the nucleus 
should lose in the transformation a definite amount of energy. There 
seem to be only two ways in which to explain the vaiying kinetic en¬ 
ergies of the ejected electrons. We must assume that in the beta proce.ss 
either energy is not conserved or leaves the nucleus in some other form. 
Nonconservation of energy would necessitate far-reaching (changes in 
many branches of physical theory and would meet with great difficulties 
in the theory of gravitation. The second as.sumption is preferred; in 
fact, as we shall see presently, there are further indications that in a 
beta process the electron (or the positron) is not the only particle 
ejected. 

This can be illustrated in connection with the assumed beta trans¬ 
formation of neutrons into protons. Lot us consider two neutrons just 
before the beta transformation. The wave function of these neutrons 
is antisymmetrical with regard to their exchange. Now lot us assume 
that the two neutrons undergo beta transformations. If they have 
been sufficiently far apart, and if the two transformations octairred in 
a sufficiently short time interval, then immediately after the transforma¬ 
tion there mil be two electron-proton paii-s near the original [lositions 
of the two neutrons, and these paii-s are far apart comj)ared to the 
distance between members of one pair. Exchanging the two pairs, we 
find that the wave function must undergo two changes of sign, one 
because of the exchange of the protons, another because of the exchange 
of the electrons. Thus, after the transformations the wave function is 
symmetrical with regard to the exchange of pairs, whereas before the 
transformations the wave function was anti.symmetrical with regard 
to the exchange of the neutrons. This would mean a change in the 
long-range behavior of the wave function caused by spontaneous local 
processes. Such long-range effects seem unlikely and actually cannot be 
incorporated in the present formalism of atomic physics. 

It is assumed therefore that a further particle, a neutrino, is emitted 
simultaneously mth the electron (or the positron) in the beta process. 
The wave function for neutrinos is supposed to be antis>TnmetricaI 
with regard to their exchange, and thus the difficulty described in the 
previous paragraph is avoided. It is also assumed that the neutrinos 
carry an amount of kinetic energy w hich added to the kinetic energy 
of the electron gives a constant energy emitted in every individual 
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process of a definite beta disintegration. If we furthermore endow the 
neutrinos with the internal angular momentum we may accoimt 

for the spin changes accompanying beta transformations which changes 
would other^vise present as great a difficulty as the apparent noncon¬ 
servation of energy and of the symmetry with regard to exchange. 

The existence of neutrinos has not been proved by any direct experi¬ 
ment. An attempt has been made to measure the total energy liberated 
in a beta transformation by calorimetry. The amount of heat obtained 
corresponds to the integrated energy of the ejected electrons. The 
energy supposedly carried by the neutrinos must have escaped through 
the walls of the calorimeter. 

The neutrino is a particle devoid of charge (its emission does not 
cause change of charge), devoid of rest mass (details of beta disintegra¬ 
tion are best explained by the assumption that all or almost all the 
energy or mass carried by the neutrino is carried as kinetic energy), and 
also devoid of noticeable interaction Avith other particles. We hope, 
however, that the neutrino is not devoid of existence since it is needed 
as the carrier of energy, angular momentum, and symmetry properties 
which seem to disappear in beta transformations. There is no definite 
proof that only one such unobserved particle accompanies the emission 
of a beta ray, but the assumption of more than one particle of this kind 
seems only to give rise to unnecessary complications. The assumption 
of the emission of one neutrino not only accounts for the qualitative 
changes taking place during the beta process but also gives a good quan¬ 
titative explanation of the energy distribution of the observed beta rays 
and of the connection between disintegration energy and lifetime of the 
radioactive substance. 

12.7 ENERGY-PERIOD RELATION IN THE BETA DECAY 
One characteristic constant is attached to each radioactive transfor¬ 
mation: the decay constant. Given at an instant a radioactive nucleus, 
that is one which can undergo a radioactive transformation, the decay 
constant is the probability that the nucleus will disintegrate in the next 
second. Apparently this probability statement is the only prediction 
that we can make about an impending disintegration. There is noth¬ 
ing in the nucleus that would indicate that the time of occurrence of 
the process is near. 

From this probability law we can obtain the law of survival of radio¬ 
active nuclei. If we have initially iV such nuclei, then after a time t, 

there will remain Ne ^ unchanged nuclei. Here 1 /t is the decay constant 
and T is the average life of a nucleus. The number of disintegration 
processes occurring in unit time is proportional to the number of im- 
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changed atoms. Thus, if there is no fresh supply of radioactive atoms, 
the number of disintegration processes will change proportionately to 

We can therefore determine the lifetime t l)y counting the decay 
processes over a time not short compared to r. 

The decay time will in general be dilTerent not only for dilTerent 
species of radioactive atoms but also for two radioactive isotopes. 
There are even cases of radioactive excited nuclei wliich stay in the 
excited state for a sufficiently long time to be studi('d separately. Such 
nuclei are called isomers; they differ only in their energy content and 
not in their charge or mass number. Each isomer has its own character¬ 
istic decay constant and lifetime. 

The kno^\^l decay periods range from a fraction of a second to tim<‘ 
intervals comparable with the usually assumed age of th(‘ univers<‘ 
(a few times 10” years). The latter periods are of course* haseel not on 
any observation of the change of radioactivity with time hut ratlu'r on 
an actual count of decay processes in a given mass of the faintly radio¬ 
active material. There is no clear-cut rule which would allow us to 
calculate the periods, but some regularities can be detected. As a gen¬ 
eral rule, the lifetime will be the shorter, the more energy the beta 
particles carry. A quantitative relation has been suggested betwe(*n 
the decay energj^ and the lifetime. Here the decay energy is defined as 
the energy of the fastest beta particles that leave the nuchais. 'J’his 
upper limit can be determined fairly sharply; it is assumed that, if an 
electron is emitted with an energy close to the upper limit, only the? 
small difference between the upper limit and the electron energy is left 
over for the kinetic energy of the neutrino. If the nunibcr of emitted 
electrons are plotted against their energy, we find tluit this number 
tends to zero as the upper limit is approached. This behavior is to b(? 
expected on the basis of the neutrino hypothesis, and in fact the energy- 
distribution curve of electrons can be obtained from the hypotliesis by 
making very simple assumptions about the emission probabilities of 
electron—neutrino pairs. If the neutrino does not possess any mass, the 
whole change in energy and mass accompanying a beta decay is given 
by the maximum energy carried by the beta particle. 

According to the empirical data, the lifetime changes roughly as the 
fifth power of the decay energy. This relation holds approximately if 
series of “similar’^ beta transformations are considered. In Table 
12.7(1) a few artificially radioactive (positron-emitting) elements are 
listed which are similar in that they all contain one more proton than 
neutron, and they all transform into an element with one more neutron 
than proton. It may be seen in the last column that the decay period 
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times the fifth power of the decay energy does not change much through¬ 
out the series. 

The increase of decay probability with the fifth power of the decay 
energy can be understood on the basis of the neutrino hypothesis. The 
reason briefly is that, if more energy is available, there are more possi¬ 
bilities of dividing up this energy between the electron and the neu¬ 
trino and a greater range of momenta can be given to the two particles. 
The same simple assumption which explains the energy distribution 
of the beta rays also leads to the observed fifth-power relation at least 

TABLE 12.7(1) 


Energy-Lifetime Relation for Some Positron-Emitting Elements 


& Activity 

Maximum Energy 
in 10® Volts 

Average Lifetime 
in Minutes 

Lifetime X (Energy)® 


1.17 

30.2 

66.2 

C^3 

1.25 

14.3 

43.5 

Qis _ 

1.70 

3.02 

42.8 


for decay energies higher than a million volts. For low decay ener^es 
the lifetime should vary less rapidly with the energy. 

The fifth-power law here discussed holds only very roughly when 
applied to nonsimilar nuclei. It seems that besides the decay energy 
the lifetime depends on another factor which can be interpreted as the 
jj 0 Qgggary rearrangement of nuclear constituents which accompanies 
the beta decay. The more unlike the initial and final nuclear configura¬ 
tions are, the less probable is the decay. In particular, transformations 
may become veiy improbable when the nucleus has a greatly different 
angular momentum before and after the disintegration. This is illus¬ 
trated in the beta decay of Rb®^ into Sr®^; the decay energy is 1.26 MeV. 
If rubidium were a member of the series given in Table 12.7(1) it would 
probably have a lifetime of a quarter of an hour whereas actually the 
lifetime is 0.27 X 10^^ years. The angular momenta of the rubidium 

and strontium isotopes are - — and - — , respectively. It may be seen 

Z ZtT £• ^TT 

that the rubidium activity is very closely analogous to a forbidden 
transition in spectroscopy. 

Among the radioactive elements there are a few that do not emit 
positive or negative beta rays. We shall use the element Be^ as an ex- 
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ample. If the Be^ nucleus had more energy than the + positron, 
transformation into Li^ could occur by emission of a positron, and in fact 
Be^ would then be a member of the family given in Table 12.7(1). Ac¬ 
tually there is not enough energy available for this transformation. 'J'he 
Li^ nucleus in turn cannot transform into the Bc^ nucleus, because the Li^ 
nucleus is lighter than the Be^ nucleus. But a transfonnation of Be^ 
into Li^ is possible if Be^ captures one of its own electrons. The Bo^ 
atom is heavier and has more energy than the Li^ atom, and so, ener¬ 
getically, the transformation is feasible. It follows from the theory of 
the positrons that it is no more difficult to absorb an electron and create 
a hole in an inner shell of an atom than it is to emit a positron, that is, to 
create a hole in the omnipresent (and unobservable) .sea of electrons 
with negative energy. In the Be^-Li^ transformation only the neutrino 
is emitted immediately. Subsequently electromagnetic gamma radiation 
may be emitted by the nucleus if it happened to transform into an 
excited state of Li^. Iliidiation will be nece.ssarily emitted by electrons 
falling into the hole that was created during the transformation. This 
latter radiation consists of well-known X rays of the product nucleus. 
In the case of the Be^ + electron —* Li^, the gamma- and X-ray activ¬ 
ities are the only experimental indications of the transformation. 

If there are two isobaric elements, the charges of wliich differ by one, 
then according to the preceding argument it should be always possible 
for one of these isobars to transform into the other. If the atom with 
the smaller Z value is heavier, then the weight of its nucleus must exceed 
the weight of the isobaric nucleus by more than the mass of an electron, 
and the element vdth the smaller 7j may therefore emit an electron. If 
the atom vdth the higher nuclear charge is heavier, then its niu’lcus can 
capture an electron and transform into the other isobar even though the 
nuclear mass should have to increase in the transformation. This argu¬ 
ment of course presupposes that there is no fixed amount of mass or 
energy that has to be carried away in a beta transformation. In par¬ 
ticular, the argument is not valid if we assume that the mass of the 
neutrino is different from zero. According to experimental evidence, 
the neutrino mass is not more than a small fraction of the electronic 
mass, but it has not been demonstrated that the mass of the neutiino 
actually vanishes. 

Several isobaric pairs ^^dth charge numbers differing by unity are 
known. For instance Cd^^^ and In^^^ both seem to be stable isotopes. 
It is possible, however, that one of them is actually beta-active but that 
the activity is so weak that it has not been observed. Such exceedingly 
weak activity may be due to the smallness of the available decay energy 
or to a strong selection rule or to both. 
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12.8 NUCLEAR STABILITY If it were not for the possibility of 
beta decay, the number of stable isotopes would be very much greater 
than it is. As has been stated in the previous section, an atomic species 
is usually unstable if one of the neighboring isobars in the periodic table 
(that is, an element with the same mass number but with one more or 
one less nuclear charge) has a smaller mass. Among all possible isobars 
of a given mass number there must of course be one which has the lowest 
mass, and this isobar alone is absolutely stable with regard to beta decay. 
It is, however, quite frequently found that isobars differing by two charges 
exist while the intermediate isobar is missing. This can be explained by 
assuming that the intermediate isobar has a greater mass than either of 
its neighbors so that it could disintegrate into either of them. Of the 
two stable isobars one will in general have a greater mass, and its “exo¬ 
thermic” transformation into the other stable isobar is possible in prin¬ 
ciple, but such transformation would require as a first step the change 
into the intermediate isobar which is energetically impossible. We 
might assume that two beta processes take place simultaneously and 
that the charge number jumps by two units. The beta transformation 
is, however, a very improbable process since it takes, even in the most 
favorable cases, a much longer time than the periods with which parti¬ 
cles inside the nucleus are supposed to move, approximately 10“^^ sec. 
There is at present no knovm theoretical reason why particles in the 
nucleus take much longer to emit an electron than to change their posi¬ 
tions and why the beta process is on the nuclear scale of time so slow. 
The improbability of beta transformations is an empirical fact which 
enters into the present beta theory in the form of a constant, the value 
of which is unexplained. If a beta process takes a time equivalent to 
10 ^^ nuclear vibrations, then it \A'ill be necessary to wait for 10^® vibra¬ 
tions for two such transformations to occur “simultaneously.” The 
period for a double decay is therefore estimated as lO"*"*® nuclear time 
units which is about 10^® years. A transformation of this period would 
not be observable. 

It is interesting from the point of view of nuclear structure that all 
stable isobaric pairs, the charge number of which differ by two, have 
even mass numbers and even charge numbers. This means that they 
have an even number of protons and an even number of neutrons. On 
the other hand, stable nuclei wdth an odd number of protons and an odd 
number of neutrons are found only in the beginning of the periodic 
system (H^, Li®, N^^). No stable nucleus of this kind heavier 
than N^^ is known. It seems that, if the total number of parti¬ 
cles is even, the neutrons and protons have a marked tendency to 
occur in pairs which is in simple and significant analogy to the fact 
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that very few stable chemical compounds possess an odd number of 

electrons. 

Another tendency particularly stronply noticeable for tlie light ele¬ 
ments is that the number of neutrons and protons are a])proxiniafcIy 
equal so that the mass number is aj>i)roximately twice tlu* chargt' 
number. This fact can be qualitatively e\|)lained by assuming that 
the orbits in which neutrons and protons can move within tlui nucleus 
are similar to each other. If for the stable nucleus the lowest availal)le 
orbits are to be filled up successively, we find that each neutron orbit 
will be capable of holding two neutrons, and there will be a proton orbit 
of similar energy capable of holding two i)rotons. 'I'hus the tilling ui> 
of neutron and proton orbits will progress in a rouglily j)arall(‘l way. 

The absence of hea\icr nuclei with an odd number of ])rotons and an 
odd number of neutrons is explained most easily by assuming that the 


presence of two neutrons or two protons in the same orl)it is energeti¬ 
cally favorable. This makes elements with an odd proton and an odd 
neutron unstable, because energy may be gained by transforming the 
odd neutron into a proton and putting it into the same orbit with the 
odd proton already present; or else it should be possible to transform 
the odd proton into a neutron and pair it off with the neutron which is 
alone in its orbit. However, the existence of light odd-odd nuclei shows 
that these qualitative considerations do not suffice to systematize our 


knowledge of nuclear stability. It seems that a neutron-proton inter¬ 
action leads to a lower energy than a neutron-neutron or a proton- 
proton interaction provided that the interacting neutron and proton 
occupy practically identical orbits. One can show that this last condition 
can be fulfilled only for light elements. 

The stability relations for isobars with an even mass number are 
represented in Figure 12.8(1). The figure refers to nuclei of a given 
even mass number. These nuclei differ in their charge, that is, in the 
number of their protons, and this number is plotted as the abscissa. 
The ordinate is the energ>" content of the nuclei which are represented 
by various kinds of circles. The nuclei containing an even number of 
protons and an even number of neutrons fall on one curve in this figure, 
whereas the nuclei ^^^th an odd number of protons and an odd number 
of neutrons have their positions along a roughly parallel line of higher 
energy. Somewhere in the region of equal numbers of neutrons and 
protons both curves will have a minimum. 

The atom of low'est energy is the only really stable nucleus of the 
isobaric set. It is represented in the figure by a full circle. Tw'o other 
nuclei on the lower curve indicated by empty circles are metastable 
since no exothermic transformation into a neighboring isobar is possible. 
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The other nuclei, indicated by circles containing a cross, are unstable 
and emit electrons or positrons or both. Arrows in the figure indicate 
possible beta transformations. The figure illustrates the reason for the 
inst-ability of the odd-odd nuclei and also the possibility for several 
even—even isobars which cannot undergo single beta disintegrations. It 
also shows that, if an even-even isobar is too far removed from the most 
favorable neutron-proton ratio, it becomes unstable, thus explaining 



Fiq. 12.8(1). Stability relations for isobars of even mass number. 

• Stable nucleus. 

O Metastable nuclei. 

© Unstable nuclei. 

v'hy all knowm isobars of any mass number are found within a relatively 
narrow range of charges. 

For nuclei ^v^th an odd mass number it does not seem to make much 
difference whether the odd particle is a neutron or a proton. Thus a 
diagram similar to Figure 12.8(1) would reduce essentially to one curve 
in which beside radioactive elements only one stable nucleus is to be 
expected. There is no reason for the occurrence of metastable nuclei. 
Actually among the nuclei with odd mass numbers only a few neighbor¬ 
ing stable isobaric pairs are kno\\’Ti. As has been said, the reason for 
their stability is uncertain. 

In reality, nuclear energies wiU probably not lie on such smooth 
curves as indicated in the figure, but the usefulness of this representa¬ 
tion in understanding the stability of isobars sliows that the distinction 
indicated by the two separate curves in Fig. 12.8(1) is not ^vithout point. 
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It may happen that all nuclei of a certain charge number are unstal)ie. 
Thus wc would expect from the proton-neutron ratios of tlie neiglibor- 
ing element-s that the clement with the charge -13 would liave a mass 
number in the neighborhood of 98. But the element widi the eliargt^ -12, 
that is, molybdenum, has isotopes with the masses 02, 91, 95, Ob, 97, 98, 
and 100. The nucleus with the charge -11, that is ruthenium. iiasVso- 
topes with masses 96, 99, 100, 101, 102, and 101. d ims, if flu* element 
43 is to have a mass number different from its neighbors, this ma.ss 
number must be as low as 93 (which happens to be the mass number of 
the element 41), or as high as 103 (which happens to be the mass num¬ 
ber of the element 45, that is, rhodium). It seems therefore likely that 
none of the conceivable nuclei with the charge 43 are stable and that 
no stable element 43 exists. An unstable element of this charge lias, 
however, been produced by nuclear reactions. This artificial element i.s 
valuable in rounding out the systematic chemical knowledge incorpo¬ 
rated in the periodic table. It has been named technetium. In the same 
way the element 61 may fail to appear in a stable form since all mass 
numbers which we may expect associated with this charge actually 
occur in the neighboring elements. 


12.9 THE INFLUENCE OF COULOMB FOHCE8, THE END OF 
THE PERIODIC SYSTEM In light nuclei the number of neutrons 
and the number of protons are frequently ccjual and are always nearly 
equal; yet a dissymmetry between neutrons and protons is noticeable. 
There are only two stable nuclei, the proton and Ile'^ in which the num¬ 
ber of protons exceeds the number of neutrons, and for higher mass 
numbers the number of neutrons becomes maikedly greater than tlie 
number of protons. For instance, the most abundant isotope of kryp¬ 
ton has 36 protons and 48 neutrons, whereas the most abundant isotope 
of lead has 82 protons and 126 neutrons. This is due to the effect of 
the coulomb forces. 

For light nuclei the coulomb forces are rather unimportant. For 
heavier nuclei, however, they become more significant. The reason for 
this is that the nuclear forces ha^'e a short range and act practically 
only between neighbors, whereas the coulomb forces have a longer range 
and act effectively over the whole nucleus. Thus whereas the binding 
energy of a nucleus, owing to the short-range nuclear forces, increases 
proportionally to the number of particles within the nucleus, the cou¬ 
lomb interaction increases as the number of pail's of protons, that is, as 
the square of the number of protons. Though the increase of nuclear 
radius cuts do^vn in heavier nuclei the coulomb effect, its relative impor¬ 
tance continues to increase. 
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The behavior of light nuclei indicates that the optimum neutron- 
proton ratio, as far as the short-range nuclear forces are concerned, is 
one to one. As the coulomb effect becomes important, however, energy- 
can be gained by converting some protons into neutrons. Though this 
is somewhat disadvantageous for the close-range forces, the lowering of ' 
coulomb repulsion overcompensates the loss. 

Another important consequence of the coulomb forces is that they 
make the heaviest nuclei unstable in that it becomes energetically 
fa\^orable for them to split into smaller parts. Though such splitting 
or fission causes an increase in the surface of nuclear matter and there¬ 
fore an increase of the potential energy of the short-range forces, this 
increase is overcome by the decrease of potential energy occurring when 
two charged particles separate. 

It actually has been observed that, if uranium or thorium is excited 
by a few million volts, these nuclei can undergo fission and separate 
into particles of approximately equal size, Uberating about 200 million 
volts in the process. The original excitation by a few million volts 

must be considered as an activation energy. 

Such activation energy does not seem to be required for a disintegra¬ 
tion of the heaviest nuclei into strongly dissimilar parts, that is,^ for the 
emission of alpha particles. Alpha particles are helium nuclei of the 
mass number 4 and the charge number 2, the particular stability of 
which is discussed in the next section. This stability makes emission 

of alpha particles energetically favorable. 

It is not certain what dehmits the periodic system toward the higher 
elements. It is possible that all elements beyond uranium will show a 
too fast alpha decay. It is possible that the chief reason for the insta¬ 
bility is fission; but, whichever of the two is the case, these highly 
charged nuclei are essentially unstable because of the coulomb forces 
acting on the positive charges crowded into the nucleus. Radioactive 
elements follo^\^ng uranium, that is, mth the charge 93, 94, 95, and 96, 
have been produced and studied. They are called neptumum, plu¬ 
tonium, americium, and curium. Of these plutonium is best known as 
a fissionable element which can be used in releasing nuclear energy in 
an explosive or in a steady and controlled m a nn er. 

12.10 THE ALPHA-PARTICLE MODEL, BINDING ENERGIES 
IN NUCLEI The alpha particle has played a particularly important 
part in the development of nuclear physics. These particles are ejected 
from heavy radioactive elements, and many very stable light nuclei 
(such as 0^®, Ne^®, Si^®, and A^) may be considered as 

composed of alpha particles. It has been therefore assumed that alpha 
particles are among the constituents of nucld. 
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From our present viewpoint this statement has a ratlier limited 
vaUdity. The alpha particle is actually the first closed shell that can 
be built from neutrons and protons. It contains two neutrons with 
opposite spins and likewise two protons, and its position as the first 
closed shell explains its great stability. Liglit nuclei may he considered 
as built from alpha particles, but this is valid only in the same sense in 
which a solid crystal may be considere<l as being built up from molecules. 
Such a picture is significant only as long as the binding energy within 
the molecule is great compared to the binding Ix^tween different mol¬ 
ecules. It is true that in light nuclei the binding energy within an ali)ha 
particle is somewhat greater than the energy binding the ali)ha i)artieles 
together, but the difference of these energies does not justify far-reaching 

conclusions. 

Actually the particular stability of the eh^ments to Ca'’" can b(i 
equally easily summarized by postulating as has been done previously 
that nuclei vnth equal and even numbers of mnitrons and inotons arc- 
more stable. The alpha-particle picture may be considered as a par¬ 
ticular illustration of a system in which this more general postulate is 


fulfilled. 

It is, however, significant that among light nuclei very little and some¬ 
times no binding energy is gained if a neutron or proton is added to one 
of the pure alpha-particle nuclei. On the other hand, a particularly 
great amount of binding energy is obtained if a particle is added to a 


nucleus and an alpha particle is thereby completed. Thus, the last 
neutron in is but lightly bound, and He"* is not at all capable of 
binding a further neutron and forming Ile^. On the other hand, a great 
amount of energy is liberated if Li^ or B” captures a proton, d'he most 
direct and simple explanation of this phenomenon is given by the alpha- 
particle model, though other explanations are possible. 

In heavier nuclei the energies liberated on attaching neutrons or pro¬ 
tons do not show such marked fluctuations. On the average one fourth 
of the binding energy of an alpha particle is liberated when a i>roton or 
neutron is attached to a nucleus, giving thus a binding energy of about 
8,000,000 volts for either. For the heaviest nuclei this figure is reduced: 
the protons are less strongly bound because of the coulomb repulsion, 
and the neutrons are also held less tightly because their excessive num¬ 
ber forces the least strongly bound neutrons into higher orbits. 


12.11 ALPHA RADIOACTIVITY By tearing out an alpha particle 
from the nucleus, the short-range forces that hold the protons and neu¬ 
trons together are not greatly decreased, since it is a closed “molecule” 
that left the nucleus. The long-range coulomb potentials are, however, 
greatly changed by removal of the twice-charged alpha particle, par- 
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ticularly if the charge of the nucleus is high. Thus emission of an alpha 
particle is an exothermic reaction for the highly charged nuclei. Such 
nuclei actually show alpha activity. Emission of a proton or neutron 
is always endothermic on account of the strong potentials that hold the 
nucleus together. 

The alpha disintegration is similar to the beta decay in that it shows 
a definite lifetime and also in that this lifetime though varying greatly 
from nucleus to nucleus is extremely long compared to the short period 
of 10“^^ sec. wdth which particles within the nucleus move. 

The long life of alpha-active elements has been explained by the 
quantum-mechanical tunnel effect. If an alpha particle is being sep¬ 
arated from a nucleus, the first effect is an increase of potential energy 
due to the action of the short-range nuclear forces. When the distance 
of the alpha particle from the nucleus is increased, a decrease of poten¬ 
tial energy follows because of the coulomb repulsion. The repulsion 
eventually overcompensates the initial attraction and makes the reac¬ 
tion exothermic. Thus the alpha particle must penetrate a potential 
bander in order to leave the nucleus. According to classical theory this 
would be impossible. 

AVhen discussing the wave function of one electron in the field of two 
distant protons (Chapter 7), we have seen that the wave function pene¬ 
trates the region between the two protons into w'hich, according to 
classical mechanics, the electron cannot enter. We also have seen that 
the penetration probability decreases exponentially with the distance 
between the two protons. If the electron originally is placed near one 
of the protons, it does get over to the other proton, but the time re¬ 
quired for the penetration of the intervening barrier increases exponen¬ 
tially with the distance between the two protons. In a similar way the 
alpha particle can get through the barrier and leave the nucleus, but 
the time needed to do so increases exponentially with the thickness and 
also ^^'ith the height of the barrier. In first very rough approximation, 
the time of disintegration is given by the Gamow formula 

/ ri^\ 

fdecay ^ exp. ^ ^ 1“ ^Z-~~J 12.11(1) 

Here (q is the nuclear time unit, about 10 ~^^ sec., v is the velocity of the 
alpha particle lea^^ng the nucleus, and Z is the charge of the residual 
nucleus. The radius of the nucleus is ro, and ra is a length associated 
with the alpha particle. Its value is 



2bQir^cHf 


= 1.16 X 10"^^ cm. 
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where M is the mass of the alpha particle. It is to he noted that has 
no connection with the radius of the alpha particle. This formula docs 
not take into account the details of the way in which tlie alpha i)articlc 
separates from the nucleus. Apart from tlie nuclear lime unit it, 
includes only the penetration factor. The first term in tlie exponent of 
tins factor gives, in rough approximation, tlie effect of tlie coulomb 
repulsion, if it is assumed that the alpha particle starts out from r = 0. 
The second term takes into account that the alpha particle when be¬ 
ginning to penetrate the barrier is on the surface of the nucleus and so 


is already the distance away from the center. 

The detailed formula in spite of its rough nature explains qualitatively 
in a satisfactory manner the relation between the d(!cay (‘nergv and the 
lifetime of alpha activities (Oeiger-Nultal relation). The decay 
energy appeai-s as the kinetic energy of the ali>ha particle and is there¬ 
fore related to the velocity v, appearing in the penetration factor, by the 
formula E = ^Mv^. The validity of the exi>rcssion which is based on 


the tunnel effect is shown by the fact that it remains in reasonaI)ly good 
agreement with the expenmental lifetimes of radioactive elements when 
the latter vary from about years (thorium, uranium) to 1()~'* sec. 
(radium C')- This variation is caused by a corresponding increase of 
the disintegration energy from 4,000,000 to a little less than 8,000,000 
electron volts. 


12.12 NUCLEAR FISSION Uranium may disintegrate spontane¬ 
ously by emitting alpha particles and also by splitting into two api)roxi- 
mately equal fragments. We have already referied to the latter process. 
It is designated as fission. 

Spontaneous fission of uranium is a much less probable process than 
alpha decay. This is due to the fact that in the alpha di.sintegration 
only the relatively small mass of an alpha particle need pass through a 
potential barrier, whereas in a spontaneous fission process practically all 
of the nuclear matter must participate in the tunnel effect. Fission be¬ 
comes a much more probable process when the nucleus is given an acti¬ 
vation energy of a few million volts. Then the initial distortion can 
proceed \vithout a tunnel effect. 

The distortion which leads to fission is a stretching of the nucleus into 
the shape of an elongated ellipsoid. This distortion is favored by the 
coulomb forces, but it is opposed by a force which is analogous to surface 
tension. During the initial displacement this second stabilizing force is 
the more powerful one. But, after a certain elongation has been at¬ 
tained, the effect of the electrostatic repulsion becomes predominant, 
the nucleus is stretched at an accelerated rate, and it breaks into twe 
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fission fragments which separate, carrying an energy of nearly 2 X 10® 
volts. 

The great energy release in the fission process is not the most impor¬ 
tant feature of this phenomenon. It is more important to note that 
the fission fragments also carry considerable amounts of internal energy 
as a result of which they emit several neutrons as a sequel to the fission. 
These neutrons may enter further fissionable nuclei. Thus a chain reac¬ 
tion starts which makes it possible to utilize the energy of nuclei on a 
macroscopic scale. 


As we have noted before, the ratio of neutrons to protons in uranium 
is considerably greater than in lighter elements. When fission separates 
uranium into two fragments of smaller mass number, these fragments 
still have the high neutron-to-proton ratio characteristic of uranium. 
Thus the fission fragments must undergo several consecutive beta-decay 
processes to adjust their neutron-proton ratio to the value which for 
their mass number corresponds to a maximum binding energy. These 

beta decays have been observed. Many new beta-active substances have 
been discovered in this manner. 


12.13 ALPHA-PARTICLE REACTIONS The alpha and beta 
decays are analogous to unimolecular reactions. In the last two dec¬ 
ades bimolecular ’ nuclear reactions have been studied to an increasing 
extent. The chief difficulty with this type of reaction is that all nuclear 
particles save the neutron are positively charged and do not imdergo 
transformations unless brought to within a nuclear radius of each other. 
To obtain a nuclear reaction we must either start from particles of veiy 
high kinetic energy which are capable of overcoming the coulomb repul¬ 
sion, or else neutrons must be used. The latter particles, however, were 
themselves produced by some sort of nuclear reaction, and in the last 
analysis we are therefore always reduced to the necessity of using high 
energies to initiate a nuclear reaction. Only the chain reaction opened 
up the way to copious neutron sources and to abundant nuclear reactions. 

The first nuclear reactions have been studied by using the high-energy 
alpha particles emitted by alpha-radioactive elements. As has been 
said in discussing the Rutherford scattering (section 12.1), such alpha 
particles can approach lighter nuclei to -within a nuclear radius, and it 
has been found that collisions of alpha particles with light nuclei do 
produce nuclear transformations. Thus nitrogen bombarded with 
alpha particles emits protons according to the reaction: 

He'* + ^ H* -f- 12.13(1) 

This finding was all the more remarkable since at the time it was made 
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no other evidence of an 0‘^ isotope was availal.le. Later evi<lenee of a 
stable 0‘' isotope was found in the spectrum of O^. ' ‘ 

The bombardment of beryllium with alpha i)arlicl(.s led to the dis 
covery of neutrons which were formed according to the icaction: 

Be» + He^ C-+ , 3 ^^^ 

Whenever a steady fast-neutron source of not too IukIi intensify is 
required, it is still one of the best procedures to biing l)eryllium under 
the action of an alpha emitter. 

12.14 ARTIFICIAL SOURCES Great imitetus was given to re¬ 
search in nuclear reactions by the various de\ ices which made it possi¬ 
ble to accelerate strongly charged particles and to give them kinetic 
energies wliich often e.xceed the eneigies of natural radioactive i)roihicts 
Many different kinds of such apparatus have been developed. 'I'he first 
operates by throwing several ordinary high-voltage apparatus for a short 
period in series (Cockroft machine). The second is a simple enlarge¬ 
ment both in scale and in voltage of the ordinary electiostatic generator 
(Van de Graaff generator). The third, the cyclotron, involves the'fol- 
lowing ingenious trick. Charged particles moving in a magnetic field in 
a plane perpendicular to the field luu-e a rotational period which is 
independent of the velocity of the particles. If these charged particles 
are now subjeeted to an electric field which is perpendicular to the mag¬ 
netic field and which oscillates in phase with the motion of the charged 
particles in the magnetic field, the electric field will accelerate the 
charged particles during their whole motion. Through this rewnance 
effect the same electric field acts repeatedly and finally speeds up the 
charged particles to a high velocity. More modern variations of the 
cyclotron permit an adjustment of the oscillating electric fretiuency 
during the acceleration of the particles. This permits acceleration of 
the particles to much higher velocities. A similar apparatus is the 
synchrotron in which the magnetic field, rather than the frequency, is 
adjusted. In a machine now under constniction called the linear accel¬ 
erator the electric field is forced to travel along with the particles, and 
thus high energies are reached without the establishing at any time of 
a great potential difference in the apparatus. Finally the betatron 
utilizes the circular electric field produced by a vaiying magnetic flux. 
The strongest and most extended sources of neutrons are now obtained 
from the controlled chain-reacting systems called piles. 

The chief advantages of artificially produced particles over the 
natural sources is that they can be obtained in much greater quantities, 
they can reach higher energies, and these energies can be regulated' 
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The natural sources, on the other hand, possess the advantage of the 
maximum possible steadiness. The Cockroft machine is perhaps the 
least difficult to construct, but the existing machines of this type give 
particles of only a few hundred thousand volts. The van de Graaff gen¬ 
erator is capable of giving a few million volts and has the advantage^ 
that its voltage can be easily varied and measured. The cyclotron h^ 
been developed technically to a higher degree and gives high voltages 
and great particle currents. In this apparatus heavy particles can be 
accelerated to several hundred million volts. The same can be done to 
electrons by betatrons. There is definite expectation that machines 
now under construction, such as the linear accelerator, will give parti¬ 
cles beyond the 10® volt limit. If such particles are used, nuclei and 
their constituents are Likely to react in novel ways which at the present 
time have been studied insufficiently in cosmic-ray observations. 

Ihe great intensities given by the energy-producing piles permit the 
use of arrangements which give fine beams of neutrons, so that we can 
now start to explore neutron optics. The extremely great amounts of 
neutrons available in these structures make it possible to produce new 
isotopes and new elements in macroscopic quantities. 

Even the atomic bomb could be used as an instantaneous source of 
neutrons, beta rays, and gamma rays. The extremely great intensity 
of this source and its short time of action would permit a number of 
experiments which are more difficult if conventional apparatus is used. 

12.15 PENETRATION FACTOR IN NUCLEAR REACTIONS 

Nuclear reactions can be produced by accelerated particles of energies 
much smaller than those necessary, according to classical mechanics, to 
bring two nuclei into actual contact. According to quantum mechanics, 
such contact can be established by the tunnel effect, and once contact is 
established there may be a considerable probability of an exothermic 
reaction. The probability of sufficiently close contact can be approxi¬ 
mately described by a collision cross section equal to 

, /-47rVZiZ2 /I28^VZIZ^\ 

^ \ — Vv —+ 

The first factor contains the de Broglie wavelength X characteristic of 
the collision wliich is equal to h divided by the momentum of the rela¬ 
tive motion of the two colliding particles. The cross section X^ is often 
much greater than the geometrical cross section of the nuclei. The 
actual collision cross section, however, will be much smaller than the 
geometrical nuclear cross section owing to the e.\ponential penetration 
factor. The fact that the actual cross section is proportional to the wave- 
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mechanical magnitude X- radicr than to a classical Kcoinctrical cross 
section is due to the osscnlially wave-thcorefical cliaractcr of the funnel 
effect. The actual cross section must be pr{>porfional to a (luantity 
characteristic of the state of incipient penetration, and, when the pene¬ 
tration starts, the particle cannot “know” yet to what radius it has to 
intrude until it meets the other nucleus. 

The penetration factor is similar to the exponential factor appearing; 
in the alpha-decay formula. and 7.2 are the charges of the colliding 
nuclei, v is their relative velocity, in their reduced mass (wliich for rather 
different masses is practically equal to the smaller mass), and ro is the 
distance at which the two nuclei begin to undergo an internal rearrange¬ 
ment. The formula as has been said is rather rough, and its \-alidity is 
restricted to small penetration probabilities. In i)articular, it becomes 
invalid if it yields cross sections greater than the geometrical nuclear 
cross section. If the energy of the colliding particles becomes sufliciently 
large to surmount the coulomb repulsion, the reaction cross .section will 
be given in order of magnitude by the geometrical cross section of the 
nucleus. The i)cnetration fonnula for nuclear reactions has been tested 
in many cases by observing the dependence of the ^deld on flic bombard¬ 
ing energy, and the formula has been found in good qualitative agrec*- 
ment with experiment. 


12.16 REACTIONS WITH ACCELERATED PAimC'LES The 

reactions which can be performed most easily (that is at lowest voltagiM 
^\^th artificially accelerated particles are reactions involving the lightest 
nuclei and therefore the smallest charges. In fact, nuclear reactions in 
deuteron-deuteron collisions can be observed, even if the imijinging 
deuterons have only a kinetic energj' of about 10,000 volts. If hea\'y 
water is bombarded with such deuterons, only ^'c^y few of the bombard¬ 
ing particles will come close enough to the deuteron nuclei in the target 
to produce nuclear reactions. Those which do can produce one of the 
two reactions. ^ ^ 

H3 + H‘ 


Both these reactions are exothermic by a few million volts, and the 
particles produced even if small in number are easily obser\'efl over the 
background of the slower bombarding particles. 

Another reaction which proceeds at rather low bombarding energies is 

+ Li^ ^ He^ -1- He** 12.16(2) 

This reaction was the first one to be observed by using accelerated 
particles. 
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With more strongly accelerated particles it is possible to obtain reac¬ 
tions among protons, deuterons, and alpha particles on the one hand 
and heavier elements on the other. Heavier nuclei could also be used as 
bombarding particles, particularly if the corresponding atoms were 
accelerated in a high state of ionization. In this way a sufficiently great 
energy could be imparted to the heavy nucleus. 

For the deuterons there exists a special mechanism of reaction by 
which nuclear transformations can occur, even if the deuteron does not 
have enough energy to penetrate the coulomb barrier with a sufficiently 
high probability. This mechanism is made possible by the rather small 
binding energy of the deuteron, the dissociation of which into a neutron 
and a proton requires only 2 X 10® volts. It may therefore happen that 
the deuteron does not penetrate all the way to the surface of the other 
nucleus, but before crossing the region of strongest repulsion it disso¬ 
ciates into a proton and a neutron. On the last part of the way to the 
other nucleus, the neutron may travel alone unopposed by electric 
forces. The net effect is that a deuteron enters, a proton leaves, and 
there remains the originally bombarded nucleus plus a neutron. 

12.17 NUCLEAR RESONANCE, THE COMPOUND NUCLEUS 

It has been mentioned that, when Li^ is bombarded with protons, the 
reaction complex breaks up into two alpha particles. These particles 
carry away vnth them the rather high reaction energy of 16,000,000 
volts. If the bombarding energy of the protons is around 440 kv., we 
find in addition to the fast alpha particles numerous alpha particles of 
much smaller energy. It seems that there is a possibility of forming a 
reaction complex which because of some selection rule cannot break up 
into alpha particles immediately but must first go over into some other 
state by emitting gamma rays in doing so. The alpha particles even¬ 
tually obtained have an energy that is diminished by the amoimt car¬ 
ried away by the gamma rays. 

This phenomenon has been obseiwed in a rather restricted energy 
region of bombarding particles. If the proton energy deviates by more 
than a few thousand volts from the optimum value, the effect disappears. 
Actually the yield is proportional to 

1 

(E - Eo? + 

Here E is the energj- of the bombarding particles, is the optimum or 
resonance energy and H^E can be called the breadth of the resonance. 
In fact, the yield decreases rapidly when the difference between bom¬ 
barding and resonance energies becomes greater than AS. The fonnula 
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is analogous to the dispersion formula in optics, corresi)on(linK to 
an absorption frequency, E to the incident fiXMiuency, and AVs' finds its 
counterpart in the l)readth of the spectral line. Tlie analogy is not 
purely formal; in order to explain what happens in spectra lu'ar an 
absorption line we must consider an excited state of the atom, and 1ti(‘ 
breadth of the spectral line corresijonds to the lifetime? of tlu; excited 
state; a broad line indicates a brief life. In a similar way nuclear K's- 
onance is explained by a more or less stal)le intcn'inediate state called 
the compound nucleus (it is compounded of tlie reaction par1n(*rs). 't he 
time h/^E is connected, according to the uncertainty j>?inciple, with 
the energy breadth of the resonance and is tlic lifetime of the compound 
nucleus. The compound nucleus may decay either by going l>ack into 
the original reacting partners or into other reaction pnxhicts, or, finally, 
by emitting gamma radiation. 

Resonance phenomena are not at all uncommon in nuclear reactions. 
Only when the reaction complex can break up into some reaedion 
products within the short time 10~^^ sec. ai)propriate for nuclear re¬ 
arrangements of the simplest kind, does tlie resonance breadth AA’ be¬ 
come great enough (ai)i>roximatcly 10*‘ ^■olts) to wii)e out arty apparent 
selectivity in energies. Then the reaction is better described by a 
straightforward rearrangement tlian by a more or less unstable inter¬ 
mediate compound. There are several reasons why nuclear reactions 
may take times long compared to 10“^^ sec. and may thus necessitate 
the introduction of an intermediate compound. The trarrsfonnation of 
the compound nucleus into the resulting product may involve penetra¬ 
tions through potential barriers. Or the transformation may be im¬ 
probable by itself such as the emission of gamma rays which as a gen- 
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eral rule takes times upward from 100,000 times longer than 10 ■* sec. 
Or the disintegration may involve violation of a selection rule. Finally 
the disintegration may require rearrangement of many particles or re¬ 
distribution of energies wdiich may take, relatively speaking, as long a 
time as the untangling of one of the more familiar mechanical puzzles 
by mere shaking. Here as there, it is necessary that the constituents 
should occupy rather narrowly defined positions before decomposition 
can take place. 


12.18 PRODUCTION OF NEUTRONS Neuti'ons can be produced 
in a great variety of ways. The general procedure is to bombard ap¬ 
propriate nuclei ^vith protons, deuterons, or alpha particles. If in the 
ensuing nuclear reactions charged fragments are produced in addition 
to neutrons, the former can be eliminated by the use of any kind of 
absorbing material. The neutrons penetrate this material with prac- 
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tically no loss in intensity. Although it is a little more difficult to 
separate the neutrons from gamma rays, this separation is possible, be¬ 
cause gamma rays primarily interact with electrons and neutrons inter¬ 
act with, nuclei. Thus heavy elements such as lead which contain many 
electrons and relatively few nuclei ^vill stop gamma rays more effectively 
than neutrons. 

Among the reactions which can produce neutrons, we may mention 

H2 -h He^ + n^ 

Be® + He^ ^ C'® + 12.18(1) 

Li^ + ^ Be^ + 

The first of these reactions proceeds at the lowest voltage since only 
siiagly charged nuclei are involved. It also gives neutrons of a well- 
defined although not too high energy, the reaction being exothermic by 
3.18 X 10® volts. If the deuterons are accelerated in a high-voltage 
van de Graaff machine, the energy of the neutrons can be conveniently 
increased within certain limits by increasing the energy of the impinging 
deuterons. 

The beryllium-plus-aipha-particle reaction has the advantage that it 
can be applied if only naturally radioactive sources are available. One 
reason for using natural radioactive sources is that the output of neu¬ 
trons is free from the variations which always result when artifidal 
sources are employed. The alpha-particle-plus-beryllium reaction gives 
high-energy neutrons, the fastest of which have energies in the neigh¬ 
borhood of 10^ volts, but the neutrons obtained are not homogeneous 
in energy. 

The Li^ -h reaction is endothermic by 1.7 X 10® volts. The reac¬ 
tion can be used to produce neutrons of definite energies around and 
below 10® volts. For energies higher than 2,000,000 volts neutrons 
obtained from the deuteron-deuteron reaction may be used instead. 

Another way to obtain neutrons is by photodissociation. If a gamma 
ray of sufficiently liigh energy'’ is absorbed by a nucleus, a neutron may 
be emitted in a way similar to the ejection of an electron from an atom 
by uItra^dolet radiations. Such photoneutrons can be obtained from 
any substance but particularly easily from nuclei like deuteron or 
beryllium wliich contain a rather loosely bound neutron. In the case 
of the deuteron nucleus, the energy'' of the photoneutron is always ho¬ 
mogeneous when monochromatic radiation is used. The photoprocess 
may be produced by natural gamma rays or by gamma rays emitted by 
the fast electrons of a betatron. The natural-gamma-plus-beiyllium 
source has the advantage over the alpha-particle-pliis-beryllium process 
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that the radioactive sul)stan(*e need nut he mixed with tlie neutron 
emitter. 

Recently neutrons of aI)out 10^ volts have been ol)tained l)y collisions 
of very fast (2 X 10^ volts) deuterons with nuclei. W'hen such a deu- 
teron passes near another nucleus, the deuteron is exposetl to tlie rapidly 
varjung field of the nucleus. The neutron continues its flight with 
approximatelj’^ the same velocity it had wlien it was inside the deuteron 

Finalb'' neutrons may be obtained from the fission process, 'i'hese 
neutrons do not have so high or so sharply defined eneigies as those 
wliich we can get from some other processes. If, in j)articular, neutrons 
are obtained from energy-producing piles, the.se neutrons usually collide 
with nuclei of the pile material and thus emerge with modifi<‘d energv 
Piles are, however, by far the most copious .sources of neutrons. 

In the preceding discussion some attention was paid to the encigy 
and particularly to the liomogeneous or inhomogeneous nature of the 
neutrons produced. Homogeneity is often more e.ssenfial in neution 
sources than in sources of charged particlc.s, because, if charged particles 
are inhomogeneous, we always can select a homogeneous grouj) by deflec¬ 
tion in a magnetic or electric field; for neutrons this is imjnacticable. 

The neutrons di.scu.ssed so far arc usually termed fast neutrons. If 
a neutron collides elastically with a nucleus, some of its energy is con¬ 
verted into kinetic energy of that nucleus, and the converted fraction 


will be considerable if the mass of the collision partner is not great com¬ 
pared to the mass of the neutron. Collisions with iirotons are most 
effective. After collision with a proton, the energy is shared on the 
average equally between the two collision i)artners. In this way about 
20 collisions are sufficient to slow down the fast neutrons to thermal 
velocities. The thermal or slow neutrons react often rather differently 
from the fast neutrons. They are the only known particles which can 
enter into nuclear reactions even though their energy is .small. The 
reason, of course, is that they are not repelled by the nuclei. The same 
would hold for electrons too but the only known reaction involving 
electrons and nuclei is the beta process which has an exceedingly small 
probability. Of course, stable nuclei do not react with slow electrons 
at all. They are constantly surrounded by such electrons, and, if they 
could react with them, they would not be stable. 


Although neutrons can be slowed down very efficiently in hydrogen- 
containing substances, they are also absorbed in such media. After an 
average of 140 collisions with protons, a neutron will unite with the 
proton to form a deuteron nucleus, and the binding energy of 2.2 X 10*^ 
volts is emitted in the form of gamma radiation. This is the revei-se 
of the photoneutron process previously discussed. 
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If neutrons are slowed down in paraffin, we actually obtain a mixture 
of fast and slow neutrons. This is due to the relatively rapid capture of 
slow neutrons by the protons and to the fact that the mean free path of 
slow neutrons in a hydrogenous material is considerably smaller than 
the mean free path of fast neutrons. Thus slow neutrons disappear 
Avithin a rather short distance from the position where they attained 
thermal velocities, and neutrons of medium and high energies are there¬ 
fore admixed with the slow neutrons. 

The separation of fast and slow neutrons can be carried out more 
easily in other substances, for instance, graphite. Though more col¬ 
lisions with carbon nuclei are needed to slow the neutrons down- to 
thermal energies, yet graphite has two decisive advantages. One is 
that slow neutrons are less readily captured by carbon than by hydro¬ 
gen. The other is that the mean free path of the slow neutrons in 
graphite is not much shorter than the mean free path of the fast neu¬ 
trons. It is, therefore, possible to separate in graphite the slow neutrons 
from the fast neutrons by a simple diffusion process. 

It is of interest that we can obtain slow neutrons of sharply defined 
energies. This can be done in thi*ee different ways. One is to pass 
neutrons through rotating absorbers. Arrangements can be con¬ 
structed which will allow only neutrons of certain velocities to pass. 
This method is based on the same principle on which the mechanical 
velocity selectors operate which have been used to prove the Max\vell 
velocity distribution in gases. The applicability of this method to 
neutrons depends on the existence of substances which absorb slow 
neutrons very efficiently. 

The second method of producing slow monoenergetic neutrons is to 
derive these neutrons from a sharp pulse of fast neutrons and to observe 
the slow neutrons at a somewhat removed position after a given short 
delay. One produces the pulse of fast neutrons by allo^ving an acceler¬ 
ating equipment to operate for a very short interval. In the immediate 
neighborhood of the accelerating equipment the neutrons are slowed 
do^vn by a paraffin block. The slow neutrons are then observed at a 
distance of several yards. The time of flight of the neutrons determines 
their velocity and energy. 

Finally monoenergetic neutrons may be obtained by reflection from 
crystals. Reflections will occur only at definite angles, the Bragg 
angles of the neutrons so reflected have a definite de Broglie wavelength. 
In this w'ay we obtain neutrons of sharply defined momenta and 
kinetic energies. This method is entirely similar to the production 
of monochromatic X rays by crystal reflection. Not only can we 
get in this manner neutrons of a given energy, but we can, con* 
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versely, use slow neutrons in exploring the properties and tlie struc¬ 
ture of cr>^stals. 

12.19 FAST-NEUTUON REACTIOXS When a fast neutr<,n col¬ 
lides with a nucleus the ensuing reactions are in a general way similar 
to the reactions produced hy other nuclear collisions. 'I'he only pi acti- 
cal difference is that collisions with heavy nucl(*i are mon^ (‘asily pi,,, 
duced with neutrons tlian with charged particles. 

As an example we will consider the hoinbar<lnient of zinc by fast iumj- 
trons which results in tlio attachment of tlu? neutrons to the zinc and 
the emission of a proton. One obtains in this way a copper nuch'us 
which is isobaric with the original zinc nucleus, d’he copper nuchMis 
then can revert into the original zinc nucleus by beta entission, a proc<-ss 
which takes a long enough time* to be observed after tlu; neutron 
bombardment has been stopped. Processes of this kind can occur for 
any one of the several zinc isotopes so that a number of radioactive 
copper nuclei can be expected. These will have diffenuit decay pta iods, 
and indeed several beta periods have been observed (2.8 hr. and 5 min.). 

Another fast-neutron reaction of the same type is 


-I- n^ -> + I1‘ 


12 . 190 ) 


The resultant phosphorus nucleus is again beta-active and has the 
rather long period of two weeks. This makes it a convenient indicator 
in chemical or biological experiments. 

A fast neutron can knock out an alpha particle from a nucleus. This 
happens, for instance, in the reaction, 


Ne^o + n' 0'" + IIe' 12.19(2) 

In this case the products are stable nuclei, and the reaction is studied 
by observing the alpha particles emitted immediate!}" rather than by 
finding the electrons emitted later. 

If the neutron possesses a sufficiently high energy (about 8 X 10^^ 
volts), it may knock out a neutron from a nucleus without being itself 
attached. Tliis happens for instance with antimony which under fast- 
neutron bombardment gives rise to a positron-emitting element with a 
period of 15.4 min. It seems that in the reaction a neutron is detached 
from Sb^^^ giving Sb^^®, and the latter nucleus emits a positron and 
transforms into the stable nucleus 

Examples of fast-neutron reactions of the types previously desenbed 
could be very greatly extended. These reactions are in general endo¬ 
thermic and do not proceed if slow neutrons are used. The most typical 


* Cu^ has a half life of 12.8 hr. 
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exothermic reactions will be discussed under slow neutrons. Of course 
each of the endotheimic reactions mil require a certain amount of en¬ 
ergy, and so some of them may not be observed if neutrons are produced 
by Li^ + collisions using not too fast protons, whereas the neutron 
reaction proceeds readily if He^ + Be® collisions are used as a neutron 
source. Because of the ease mth which heavy nuclei react with neu¬ 
trons, these reactions together with the slow-neutron reactions were the 
first to yield new beta-active elements in great numbers. Owing to the 
development of energy-producing piles and other artificial sources, the 
number of isotopes synthesized by man exceeds the number of nuclei 
occurring in nature. 

12.20 RADIATIVE CAPTURE, SLOW-NEUTRON REAC¬ 
TIONS There is one nuclear transformation that may proceed, how¬ 
ever small the energy of the neutron. The neutron may attach itself to 
the nucleus, and the binding energy may be emitted in the form of 
gamma radiation. This process occurs for fast neutrons and protons as 
well. Thus, when C^^ is bombarded by protons having sufficient energy 
to penetrate a coulomb barrier, the proton may be captured with for¬ 
mation of the nucleus N^^. This nucleus is a positron emitter of the 
period 10 min. For neutrons, similar processes are very frequent and per¬ 
sist when the neutrons are slowed down. In this way for instance so¬ 
dium, potassium, chlorine, bromine, iodine, phosphorus, arsenic, and very 
many other elements can be converted into radioactive isotopes. These 
can be used often as indicators in biological and chemical experiments. 

The radioactive elements so produced all have an excess of neutrons 
and therefore transform by electron emission into elements having fewer 
neutrons and more protons. Neutron capture can proceed of course 
\vithout being followed by radioactive disintegration. For instance Cd 
absorbs themal neutrons very strongly and does not get radioactive. 

The absorption of slow neutrons by various materials seems at first 
glance to folloAv rather complicated laws. For instance, silver absorbs 
slow neutrons apparently strongly since a thin sheet of silver placed in 
a neutron beam becomes very active while activity decreases rapidly in 
further sheets of silver placed behind the pre\dous sheets. At the same 
time activity can be induced in iodine by neutrons which have passed 
through silver almost as easily as by neutrons that have not done so. 
But the effectiveness of neutrons on iodine is greatly reduced by previous 
filtration through iodine. It follows that different kinds of neutrons 
must be responsible for the activation of silver and of iodine. 

Actually, practically all elements capture slow neutrons only within 
small energy ranges of the breadth of about 1/10 electron volt. The 
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neutrons specifically aflecting silver and iodine difi'er in their the 

energy of the former !)eing a few electron volts, that of the latter about 
100 electron volts. Within the narrow energy range in which neutrons 
can be absorbed, the (‘ITectivc cross section for absorption is often sur¬ 
prisingly high and becomes sometimes 10,000 times greater than the 
geometrical cross section of the nucleus. This can be explained only by 
remembenng tliat the neutrons as well as all other particles have; wave 
properties. WTeri the energy is appropriate for absorption, resonance 
phenomena occur, and ab.sorption cross sections in these regions may be 
as great as the square of the neutron wavelength. For slow neutrons 
the neutron momentum is small, and, according to the <Ie Broglie rela¬ 
tion, the wavelength is great. This introduces the i)ossibility of great 
cross sections. For fast neutrons the cross section could not become so 
great even though resonance occurs sometimes at higher (uieigies as 
well. 

The slow-neutron resonances just mentioned indicate the pr(‘sence of 
compound nuclei possessing a rather long life, that is about 10“^* .sec. 
Indeed a shorter lifetime r of the compound nucleus would result ac¬ 
cording to the uncertainty relation, 

h 

AEt^~ 12 . 20 ( 1 ) 

2;r 

in a greater breadth AE of the energ^v of the compound nucleus. It is 
not surprising to find a long life whenever strong radiative capture is 
observed. Radiation is a slow process and could stabilize the nucleus 
only in very few cases if the neutron liad a chance to escape v ithin a 
time comparable to nuclear time units, 10““* sec. Only if the compound 
nucleus has a life about a million times longer, docs it become probable 
that energy loss by radiation occurs before tlie neutron has a chance to 
escape. 

The reason why the neutron stays in tlie nucleus for such long times 
can be undei*stood by considering the energies involved. The binding 
energy of a neutron to a nucleus is approximately 8 X 10® volts. The 
energy of a slow neutron outside a nucleus is a few volts in the later 
stages of the sloping do\Mi process and of a volt for the final stage 
of thermal energies. Therefore the neutron is very strongly accelerated 
when it enters the nucleus, and additional kinetic energy is distributed 
among the numerous particles within the nucleus. If the only chance 
for a nuclear disintegration is re-emission of the neutron, the lifetime 
may be very long indeed, because one mil have to wait until by chance 
practically all the large binding energ^^ is concentrated on a neutron 
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near the surface enabling that neutron to escape. The process is very 
similar to the addition reaction of two big molecules where the reaction 
.product though possessing sufficient energy to disintegrate still does 
stay together for a long time because the energy of dissociation is dis¬ 
persed among the many degrees of freedom in the molecule. Such mol¬ 
ecules may wait a long time for a stabilizing collision because it is un¬ 
likely that the required energy should be concentrated on one bond 
which is to be broken. In a similar manner the compound nucleus ob¬ 
tained by neutron addition can spend a long time waiting for emission 
of a gamma ray because concentration of all energy on one neutron is 
very improbable. 


It is practically hopeless to understand quantitatively why the res¬ 
onance energies for slow neutrons have particular values for various 
elements. These resonance energies lie several million volts above the 
ground state of the compound nucleus, and a relatively small change in 
total energy may cause the resonance level to be much closer to or much 
farther from the particular energy at which a neutron is just able to 
escape from the compound nucleus. 

Although the radiative capture of slow neutrons occurs in various 
resonance regions for various elements, all elements show a general 
tendency to absorb slower neutrons more strongly. The simple reason 
for this tendency is that a slower neutron spends a longer time near any 
particular nucleus. Thus all elements capture neutrons at very low 
energies, the capture cross section in this region being inversely propor¬ 


tional to V, the velocity of the neutron 



There are some in¬ 


stances in which neutron capture is promptly followed by highly prob¬ 
able nuclear disintegrations. This is, for instance, the case in the 
reaction: ,^10 , 1 t -7 . tt 4 

_|. jjg4 12.20(2) 


The lifetime of the compound nucleus is here so short that any trace of 
resonance is wiped out, and the neutron-capture cross section obeys the 

- law up to rather high neutron energies. 


Some nuclear species can undergo fission if bombarded by slow neu¬ 
trons. This is the case for the light isotope of uranium, This 

property of makes this nucleus particularly suitable as a nuclear 

energy source. The isotope can also be used as a sensitive neutron 
detector. 


12.21 NUCLEAR ISOMERS It sometimes happens, as, for in¬ 
stance, in the case of the bombardment of indium by neutrons, that a 
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greater number of periods are observed than can be explained by dif¬ 
ferent radioactive nuclei. It is then necessary to assisn two periods 
to two different states of the same nucleus. This is possible only if one 
of these states is cxcitetl and has a lifetime long enough to be measured. 
Excited nuclear states of long life are called nuclear isomers. It refpiires 
careful analysis to decide whether a nuclear isomer is present, and, if so, 
which of the periods belongs to the excited state. 

All nuclear isomers may transform into the ground state of the nucleus 
either by gamma-ray emission or by transfening their eru'rgy to an 
electron in the atomic shell and consequently ejecting this electron. 
The last process is called internal convei-sion and is observed fretiuently 
in isomers and also in excited nuclear states of shorter lives which are 
not called isomers. 

It is also possible for the nuclear isomer to sufTer a beta decay before 
a transition to the ground state occurs. From the meie presence of two 
beta-decay periods, it is not possible to conclude whether the isomer 
and the ground state disintegrate independently with two dilTerent 
periods or whether the ground state is the only one w hose beta decay is 
observed and the second period is due to a gamma tiansition from the 
isomer to the ground state followed by a beta decay of the latter state. 
A decision between these two possibilities can be made by studying the 
presence and properties of gamnia rays or by investigating the energies 
of the beta rays. 

For all practical purposes isomers can be considered as additional 
nuclear species. Thus their number must be added to that of the active 
bodies produced in nuclear collisions. 

12.22 CHEMICAL CHANGES DURING NUCLEAR REACTIONS 

Artificially produced radioactive nuclei are becoming increasingly im¬ 
portant as indicators in biology, chemistry, and physics. The usefulness 
of a substance as an indicator may be greatly influenced by the concen¬ 
tration in which it is available. If a radioactive element is produced 
from another atomic species such as the formation of from then 
the radioactive element can be separated chemically from the mother 
substance. Chemical separation increases greatly the concentration 
of activity. Often the amount of present after bombardment is so 
small that a trace of ordinary phosphorus must be added as a carrier 
for the separation to be effective. 

If, on the other hand, a radioactive body is produced from its own 
isotope by neutron capture, concentration of the radioactive element 
might seem more difficult. Such concentration becomes possible if dur¬ 
ing the neutron capture the activated nucleus is knocked out from its 
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original chemical surroundings. The radioactive species is then present 
in a chemical form different from the unaffected atoms and can there¬ 
fore be separated by appropriate treatment. 

The effect just discussed may be undesirable if a complicated molecule 
is being bombarded Avith the object of making it active without destroy¬ 
ing it. Sometimes the chemical synthesis of a molecule cannot be car¬ 
ried out, and the only alternative to the direct activation of the molecule 
is introducing the radioactive matter into the plant or animal body and 
producing the desired active molecule “biologically.” This procedure is 
possible only for isotopes of sufficiently long life, and even in the most 
favorable cases it involves considerable dilution of the activity. In view 
of these facts, it is of interest to find out A^ffiether the activated atom can 
be expected to stay in its original place in the molecule or whether it is 
more likely to be knocked out. Of course, even if the atom is knocked 
out from its original position, it still has a chance to replace another 
atom of the same kind. HoAA’ever, there are often many possibilities of 
forming other compounds as soon as an atom is liberated, and these 
possibilities may increase greatly AA'hen the atom is knocked out Avith a 
high velocity and if it has left a certain number of its original electrons 
behind. 

Whenever a reaction is produced by fast particles, that is, by alpha 
particles, deuterons, protons, or fast neutrons, the reacting nucleus 
aaoH Avith practical certainty be ejected from its surroundings. Hoav- 
ever, in most cases aa here a radioactive nucleus is produced from its 
stable isotope, the process consists in capturing a sIoav neutron. As a 
general rule, this slow neutron does not carry sufficient momentum to 
break the atomic bonds. Molecular breakup may occur, nevertheless, 
as a consequence of the emission of energy AA^hich foUoAvs neutron cap¬ 
ture. This can happen in tA\'o AA ays: (1) High-energy gamma radiation 
may be emitted, the momentum of Avhich is sufficient to hurl the atom 
out by the recoil. (2) Internal convei-sion may take place, the mol¬ 
ecule may lose an electron, and the ncAv electronic configuration might 
give rise to repulsion betAA'een atoms Avliich have been previously chem¬ 
ically bonded. 

Among the internal-conversion processes, ejection of a X electron is 
most likely. An atom AA'ith an electron missing from the K shell Avill act 
on a neighboring atom as though it carried one more nucleai' charge, and 
the nucleus of the neighboring atom AA*ill be repelled. This repulsion 
may be sufficient to break the bond. It is also possible that a bonding 
electron aWII drop down and fill the hole in the K shell, and, since now 
there is one bonding electron less, dissociation may ensue. 
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A simple estimate would indicate that direct recoil is always sufTicient 
to eject the atom from its molecular surroundings, provided that the 
capture energy of the neutron, which is several million volts, is carried 
away by a single gamma ray. Then tlie recoil momentum is suflicif'iit 
to impart even to tlie heaviest atoms more than their binding ema-gv 
The recoil energ,v of lighter nuclei would l)e even greater, lint it is 
probable that the binding energy of the neutron will lu* eniitt(‘d in sev¬ 
eral gamma rays rather than in one step. It is unlikely that, with so 
many intermediate states available, direct transition into the low(‘st 
nuclear state should take place. The first gamma ray to be emitted is 
likely to lead to one of the extremely great number of (‘xcited nuclear 
levels. During the usual time required for gamma radiation, !()“*’ sec. 
the nucleus remains in the neighborhood of its original position and will 
finally be affected only by the vector sum of momenta obtained in the 
individual recoils. As a general rule, there is at least a j^artial cancella¬ 
tion of these momenta, and, depending on th(‘ number of quanta emilt(!d, 
there \nll be a higher or a lower probability for the nucleus to remain in 
its original surrouiulings. Great numbers of gamma rays and great 
nuclear mass are factors favoring such retention. lOven in relatively 
unfavorable cases, it may be worth while to separate chemically the 
small fraction of radioactive atoms which remains in the oiiginal (rlaan- 
ical combination from the radioactive atoms which have becui knocked 
out from their positions. The radioactive atoms retained in their 
original positions will be of particular interest if the chemical compound 
in question is difficult or impossible to sjmthesize. 


12.23 NUCLEAR FORCES In conclusion, we shall summarize our 
present knowledge concerning the forces which are responsible for the 
stability of nuclei. More properly, we should talk about our lack of 
knowledge. Yet a few general features are clear, and a few hypotheses 
are plausible. These we shall mention in the following paragraphs. 

There exists at present no satisfactory theory which explains nuclear 
forces in terms of other knoum forces such as electromagnetic or gravita¬ 
tional forces. Our experience concerning nuclear forces is derived from 
simple experiments mth nuclear particles, such as scattering of neu¬ 
trons or protons by protons. In addition, valuable information is ob¬ 
tained from the properties of the simplest nucleus containing more than 
one particle: the deuteron. Some further conclusions may be drawn 
from the properties of complex nuclei. But in these the mathematical 
difficulties of an exact analysis are great, and we cannot expect that 
study of heavy nuclei ^\^1I suffice to give us a clear-cut picture of nuclear 
forces. 
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From the previous evidence the following conclusions have been 
obtained. Nuclear forces seem to have an extremely short range of 
3 X 10“^^ cm. or perhaps less. It is even doubtful if the concept of 
length retains its usual significance when such small dimensions are 
considered. Within their range the nuclear forces are much more effec¬ 
tive (^100 times more effective) than electrostatic forces. At least 
over a part of their range nuclear forces act as an attraction. This is 
sho™ by the fact that neutrons and protons are bound into stable 
nuclei. 

Apart from the electrostatic repulsion of the proton, we find that the 
interactions between two protons, between two neutrons, and between 
a proton-neutron pair are the same. But, although the nuclear forces 
do not seem to depend on the charges of the particles, they do depend 
on the spins. The exact form and nature of this spin dependence is 
unkno^^^l. 

Nuclear forces show a peculiar effect of saturation. Crowding of too 
many neutrons or protons into too small a space does not seem to lower 
the potential energy. Some theories of nuclear forces actually postulate 
that neutrons and protons attract each other strongly only if they 
occupy the same orbit. 

Many of the hypotheses concerning the origin of nuclear forces have 
one common element. The existence of nuclear forces is assumed to be 
in close connection with, the emission and absorption of a certain parti¬ 
cle, the meson. Several kinds of mesons have been observed in cosmic 
rays. Recently artificial production of mesons by 4 X 10®-volt alpha 
particles has been demonstrated. Their emission and absorption by 
protons and neutrons may be related to nuclear forces in a way similar 
to the relation of the emission and absorption of light quanta to the 
electric forces acting within atoms. 

Study of meson emission by nuclei requires particles of very high 
energies. This is one of the main incentives for constructing high- 
voltage equipment capable of giving particles which carry energies of 
more than 10® or even 10® volts. These particles will also have exceed¬ 
ingly high momenta and short de Broglie wavelengths. Short wave¬ 
lengths are necessary if the detailed behavior of nuclear forces is to be 
explored. 



13 . STATE OF MATl'ER IN STARS 


13.1 COMPOSITION AND APPEARANCE OF STARS Arcord- 

ing to spectroscopic evidence, practically all elements are found in tlie 
stars, and there is no reason to assume that the surfaces of the stars 
have a composition greatly differing from each other or from that of tlie 
earth. Of course, different spectral lines appear with greatly varying 
intensities in different stars, but this may be explained by the dilTercnt 
temperatures and densities on the surfaces of different stars. Some 
stars indeed show indications of a chemical composition differing from 
others, but on the whole the stars can be considered as rather alike in 
chemical composition. 

In striking contrast to these statements is the great variety of physical 
conditions and appearances of stars. The majority of the known stars 
the so-called main-sequence stars, have average densities not diffeiing 
greatly from the density of water. Their surface temperatures and 
luminosities, however, differ widely, the most brilliant ones emitting more 
than 1000 times the sun’s radiation as contrasted with the faintest ones 
radiating only that of the sun. The intensity shows a definite cor¬ 
relation ^vith the stellar mass; heavier stars emit much more radiation 
than light stars. The most luminous and heaviest stars have a very hot 
surface and a white or even bluish color. They are called the blue giants. 
The faintest stars have cooler surfaces and emit mostly red light and 
are called red dwarfs. The sun is a star of the main sequence and lies 
approximately in the middle of the main sequence. 

If finer subdivisions are disregarded, there exist two other kinds of 
stars in addition to the main-sequence stars. First, we have the red 
giants with a luminosity greatly exceeding that of the sun. Their masses 
are about the same as the masses of the main-sequence stars having a 
comparable luminosity, but they differ from the main-sequence stars by 
emitting their radiation from a much greater and rather cooler surface, 
and therefore they appear red. Their mean density is often very low; 
a density of 10”® g. per cubic centimeter is not uncommon. Second, a 
group of very faint stars called white dwarfs is knowm whose mass is 
about equal to or smaller than the sun’s mass. Their faintness is due 
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to their relatively small surface, but the surface temperature is rather 
high, and so they emit much radiation per unit surface. For this reason 
they appear white and are called white dwarfs. Their striking feature 
is their extremely high density exceeding in some cases 100,000 g. per 
cubic centimeter. 


13.2 INTERIOR OF THE STARS Nothing is known by direct 
evidence about the interior of the stars, but the high average density of 
the white dw’arfs shows that at least in these stars matter must exist in 
a state very different from that ordinarily observed. 

Indirect evidence about the interior of the stars can be obtained by 
assuming that known physical laws operate inside the stars and by cal¬ 
culating what conditions in the interior wWl produce the known effects 
on the surface. Even though the conditions in the interior are far 
beyond conditions obtainable in the laboratory, the application of 
physical laws to this region is not so uncertain as it would appear. The 
main deviations from ordinary conditions are that the temperature 
always greatly exceeds those expeiimentally realizable and that densi¬ 
ties are in some cases extremely high. Both these conditions tend to 
impart, as we shall see presently, high kinetic energies to electrons so 
that their orbits ^^^ll not be influenced by the coulomb forces so strongly 
as the orbits of the outermost electrons in atoms or molecules. But it 
is just the complicated nature of these outermost orbits which makes 
the physical properties of chemical compounds so difiScult to calculate. 
The great electronic velocities within the stars disrupt any chemical 
combination in the ordinary sense, and the equation of state and other 
characteristics of the resulting state of matter are relatively easy to 
treat. 

The great temperatures just mentioned have to be assumed for the 
interior of the stars in order to produce a sufficient flow of energy from 
the interior to the suriace. Such energy flow is necessary if it is assumed 
that the greatest part of the energy emitted by the stars is produced in 
a region not close to the surface. Since no physical process can be 
reasonably assumed Avhich will localize the energy production on the 
surface, an energy flow from the interior must indeed occur. The most 
efficient method of energy transport at the temperatures involved is by 
radiation, but even this requires a liigh-temperature gradient for a suffi¬ 
cient energy flow. This leads to temperatures for the interior which are 
measured in millions of degrees. As w^e shall see, it is probable that in 
at least a great number of cases the energy is produced near the center 
of the star. If we integrate the equation of state and the equation for 
energy transport mthin a star with a central energy source, we obtain 
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about 2 X 10^° C. for tho central temperature in the main sequence 
and about 5 X 10**° for the red giants. The actual figures vary of course 
from star to star and depend to some extent on the detailed assumptions 
about stellar composition. At these high temperatures the kinetic 
energies of the electrons are such that all elements arc almost com¬ 
pletely ionized, and matter can be considered as a gas consisting of free 
electrons and nuclei. At high temperatures the picture is .somewhat 
complicated by the influence of radiation pressure which at the highest 
temperatures outstriijs the gas pressure. This radiation pressure can be 
visualized by the inclusion of light quanta among the particles of the gas. 

According to the direct evidence of great densities, the volume avail¬ 
able for one atom within a white dwarf is much smaller than the usual 
atomic volume. We have seen in discussing the rejnilsive van der Waals 
forces that one important reason why repulsion results if two closed 
shells are pushed too close to each other is that, as a result of operation 
of the Pauli principle, some electrons are shifted into states of higher 
momentum and higher kinetic energy. Indeed, if the probable distance 
of two neighboring electrons is denoted by Ar and the difference of prob¬ 
able momentum by Ap, the two electronic orbits become indistinguish¬ 
able, according to the uncertainty principle when Ar Ap becomes smaller 
than h/2Tr. If, therefore, the electron density increases and the average 
distance between electrons becomes small, electrons can continue to be 
in different orbits only if the differences of their momenta increase as 
h/2Tr divided by their distance. 

The high densities in white dw'arfs make it necessary that the elec¬ 
trons have very high average momenta and that the kinetic energies 
greatly exceed the usual energies of ionization. Though in this condi¬ 
tion the electrons are constantly closer to some nucleus than they 
usually are w'ithin atoms, yet owing to the high velocities their path is 
not greatly affected by coulomb forces, and the electrons may for many 
purposes be considered as free. The kinetic energy also exceeds the 
thermal energy corresponding to the calculated temperatures of the 
interior of the white dwarfs, even though these temperatures may be as 
high as or perhaps higher than those obtained for the main-sequence 
stars. Under these conditions the behavior of electrons within a white 
dw'arf is similar to the behavior of electrons in metals. The electron gas 
is degenerate in the sense that practically all low^ electron orbits are filled, 
and temperature is insufficient to lift an appreciable fraction of the elec¬ 
trons to still higher orbits than required by the Pauli principle. There¬ 
fore, up to a certain kinetic energ^-^ practically all electron levels are 
filled, and practicall}'^ all liigher electron levels are empty. In such de¬ 
generate electron gas, the energy flow^ proceeds rather easily, since most 
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transitions of the electrons are barred by the Pauli principle, and there¬ 
fore the electrons are not effective in dissipating the energy flow whether 
this energy be carried by other electrons or by radiation. In fact cal¬ 
culations about the interior of the white dwarfs show that the tempera¬ 
ture throughout the interior is fairly constant owing to the high thermal 
conductivity. Whatever temperature difference exists between the 
approximately 10,000® surface and the undoubtedly much hotter inte¬ 
rior must take place in the skin of the star. Detailed calculations have 
shown that temperature changes are small except in the outer 3 per cent 
of the radius. 

The cause of the great difference between the white dwarfs and the 
less dense stars is this: In a normal star the two main forces balancing 
each other are the thei*mal pressure and the gravitational attraction. 
In a white dwarf the gravitational forces are much greater owing to the 
greater density. This gravitational force is balanced by the pressure of 
the high-velocity electrons in the degenerate gas, and temperature plays 
a very minor role in this equilibrium; thus from the point of view of 
stellar equilibrium a white dwai-f may be called a “cold^' star. 

An interesting corollary of this picture is the absence of white dwarfs 
uith masses greatly exceeding the mass of the sun. In normal stars the 
gravitation of greater masses may be balanced by higher temperatures. 
In white dwarfs the pressure of the degenerate electrons depends on the 
density of the electrons alone. For each mass and chemical composition 
of a white dwarf a definite equilibrium radius is prescribed, and this 
radius will be the smaller, the greater the mass is. Only through the 
greater density coiTesponding to this smaller radius can the greater 
gravitation be balanced. It is interesting to note in this connection 
that the greatest radius a “cold” star can have is about the radius of 
Jupiter. If more mass were piled on Jupiter, the shiinkage due to in¬ 
creasing pressure inside would exceed the increase of volume due to the 
additional mass. At a critical mass wliich depends somewhat on the 
composition but does not exceed greatly the mass of the sun, the equi¬ 
librium radius of a cold star goes to zero. It is entirely open to conjec¬ 
ture what would happen to one of the heavy stars if in the course of 
time it could get rid of its energy and contract. But at any rate the 
absence of heavy white dwarfs is in agreement with, theory. 

Ultimately the difference between white dwarfs and normal stars 
must be a difference in energy production. The normal stars produce at 
comparatively low densities enough heat to balance the gravitational 
pressure, whereas in the white dwarfs in spite of the higher density the 
degenerate gas pressure rather than the temperature stabiliaes the star. 
We shall now proceed to discuss the energy production in stars. 
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13.3 ENERGY PRODUCTION IN THU STARS Wo know from 

geological evidence about life on earth that the earth’s siirfaeo tc-mpera- 
ture did not differ very greatly from its present ternpeialure in the 
last 500,000,000 years. Since our energy source is the sun, it is (*vi- 
dent that the energy production in the sun must liave been rather 
steady for tliis long period. Accepting the sun as a 1>'j)ical star, we 
shall have to account for a very great total energ>' outinit by the indi¬ 
vidual stars. 

Ordinary chemical reactions are quite insufficient as an energy supply 
Even in historic times a change in the reaction would have l)(^en noticed 
o^ving to the depletion of the reactants. 

It has been suggested that the solar heat is derived from gravitational 
contraction. Even this would not cover the energy lo.ss for a period 
longer than a few million years unless an extremely dense core is assumed 
within the sun in which gravitational effects an* unusually high. Rut it is 
difficult to reconcile the equation of state within the slurs with the ex¬ 
istence of such very dense cores. 

The most probable energy source is that provided by nuclear trans¬ 
formations. Nuclear reactions produce about a million times greatca 
energy than ordinary chemical reactions, and transformation of aijoiit 
10 per cent of the sun’s material would keep the sun g(ang at the present 
rate for the required time. The chief difficulty in liberating great 
amounts of nuclear energy is tiie strong rejiulsion between nuclei whieli 
does not allow them to get sufficiently close to each other for the pur¬ 
pose of reaction. Only for neutrons is this difficulty absent, but for this 
very reason neutrons are absorbed by other nuclei in a very short time 
both in the laboratory and presumably in the stars, so that neutron re¬ 
actions cannot be considered as the energy source. 

The high temperatures in the stellar interior give nuclei sufficient 
velocities to penetrate in a few instances close enough to each other and 
therefore to react. Nuclear reactions can be considered as having not 
only a very high energy output but also very high activation energies. 
This is exactly what is needed for a reaction which apparently is far 
from being completed though it has been going on for 500,000,000 years. 
Though the exact nature of the nuclear reactions is still open to some 
modification, it is remarkable that the temperatures for the interior as 
derived from the equation of state is of the right order of magnitude to 
make the thermonuclear reactions proceed at the required rate. It 
may also be seen that the nuclear-energy sources are most efficient near 
the center where the temperature is highest. This localization of the 
energy production makes the problem of calculating the physical con¬ 
ditions within the star better defined. 



$42 


STATE OF MATTER IN STARS 


The nuclear-reaction velocities are primarily regulated by the prob¬ 
ability of two nuclei getting into actual contact with each other. The 
probability for such contact even in a head-on collision is as a rule small 
and is equal to a penetration probability of the same type as discussed in 
section 12.15. The collision cross section is given by equation 12.15(1). 
At velocities prevailing in the interior of a star, the first of the two terms 
in the exponential is much the more important, and the penetration 
probability is very small. It can be made greater by raising the tem¬ 
perature and thereby raising the velocity v of the nuclei, and it may also 
be seen that reaction probabilities are highest when the product of the 
colliding charges is smallest. 

The nuclear collision most likely to occur is therefore a collision be¬ 
tween two protons. This is all the more to be expected since, according 
to information about the equation of state in stars, hydrogen is rather 
plentiful in most of them. However, two protons cannot combine di¬ 
rectly vith each other since the resulting nucleus He^ very probably 
dissociates at once back into -j- A combination is possible if 
during the short time of contact a positron-neutrino pair is emitted 
transforming the reaction complex into a stable deuteron nucleus. This 
transformation is, however, very improbable, because the beta process has 
a lifetime measured in seconds while the collision is measured in nuclear 
time units, 10~^^ sec. Thus only a very small fraction of the contacts 
result in actual transformation. But even though this small reaction 
probability is somewhat further reduced by the penetration probability, 
the reaction may proceed sufficiently quickly to account for the energy 
production of the less luminous main-sequence stars. It should be 
emphasized that the reaction here described has not been observed in 
the laboratory, and it is indeed so improbable that we cannot expect to 
observe it. The very existence of the reaction is based on a somewhat 
dubious extrapolation of experimental data about beta-active nuclei. 

The ^ 4- positron + neutrino reaction is promptly 

followed by further reactions, the probable course of which is: 

> He^ + radiation 

He^ 4- He^ —> Be^ 4- radiation 13.3(1) 

Be^ —» Li^ 4" positron 4- neutrino * 

Li^ + He^ 4- He^ 

• Actually there is not enough energy for this positron activity to occur, and the 
equivalent reaction Be’ 4- electron —»Li’ -f- neutrino takes place (see section 12.7), 
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The net effect is that an alplm particle has been synthesized from b.ur 
protons, the excess charge being carried away by two b(*ta reactioris 
Under conditions prevailing in the stars, the first step which leads to 
the production of a deutcron is the slowest and therefon* lliis is the 
rate-dctei-mining reaction. The intermediate reaction proilucts will 
present in small amounts; this holds particularly btr deuterium which 
ought to occur in the center of the sun under present conditions in such 
small concentrations (about 10“*®) that the earth’s deuterium content 
could not be derive<l from the sun if the part of the sun from which the 
earth was torn out was ever subject to conditions approaching those; 
which obtain at present in the center of the sun. Among the internu'- 
diate products He® is probably the most abundant, owing to the relative; 
slo\\'ness of the He® -f- He* —* Be^ reaction in which the product of the 
charges of the colliding nuclei is 4. 

A further building up of He^ into heavier nuclei is not likely to occur. 
Collisions between He"* and H* do not lead to a reaction since, accord¬ 
ing to laboratory evidence, the resulting nucleus Ei’’* is unstable and 
decomposes back into He^ and H*, There are, however, a number of 
light nuclear reactions which could proceed in the center of the sun. 

Li** + H* He® + He* 


Li^ + H* He-* + He" 

Be** + H* ^ Li® + He" 

B*® H- H* ^ C** -b radiation 


13.3(2) 


B” 4- H* ^ He" + He" + He" 


All these reactions utilize rather rare elements which are, however, present 
in the atmosphere of the sun. If the elements Li, Be, and B were pres¬ 
ent in the sun’s interior in the same concentration as on the surface, 
they would produce far more energy at the temperatures prevailing 
there than the sun emits. On the other hand, they would be used up 
in a small fraction of the kno^^^l age of the sun. It seems therefore 
probable that the elements lithium, beryllium, and boron have been 
used up in the interior and that at present they do not constitute the 
sun’s fuel, having been reduced to negligible concentration. An inter¬ 
esting consequence of this is that mLxing between the surface and deep 
interior of the sun does not take place or at best proceeds at a rate 
measured in hundreds of million years. 
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4 

Among reactions with heavier nuclei, the following chain seems to 
satisfy all necessary conditions for the energy production in the sun 
and in the heavier stars of the main sequence: 

0^2 jji ;^i3 radiation 

+ positron + neutrino 
^ + radiation 13.3(3) 

+ radiation 

0^5 + positron + neutrino 

]S[i5 + ^ + He^ 

Thus the net result again is the synthesis of an alpha particle from four 
protons. Carbon enters into the reaction in the role of a catalyst, the 
fuel being the plentiful hydrogen. Reactions involving still heavier 
nuclei are probably too slow to be of importance in normal stars. 

It is to be noted that the carbon cycle quoted here utilizes observed 
nuclear reactions. The observations have been made possible by the use 
of higher velocities than those occurring in the sun. Thus reactions 
which need millions of years on the sun proceed at observable rates in 
the laboratory. The observation of the reaction is of course aided by 
the fact that each individual reaction process can be recorded by ampli¬ 
fying the high reaction energy. 

The carbon cycle and the reaction seem to account reason¬ 

ably for the energy production in the main-sequence stars, but these 
reactions do not seem to be sufficient to explain the great amounts of 
radiation emitted by red giants. Either another source of energy will 
have to be assumed, or else the distribution of density and temperature 
differs from the results yielded by a simple stellar model. 

In the case of the white dwarfs, on the other hand, the problem is 
how to explain the absence of any appreciable nuclear reactions. In 
fact, the white dwarfs are the only stars which could easily run on their 
contraction energy alone. It would be tempting to assume that the 
white dwarfs have consumed all their hydrogen, but considerations of 
the equation of state indicates that at least one white dwarf (Sirius B) 
contains very much hydrogen. Either we must assume that some of 
our data on Sirius B are incorrect, or else we have to conclude that the 
-f + positron + neutrino reaction is exceedingly im¬ 

probable. 

13,4 INSTABILITY IN STARS We have described the stars as 
having a relatively cool surface of a few thousand degrees and an inte- 
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nor the temperature of wliich is more tlian a tliousand (i.uos IdKlier 
We also have seen that the energj'-producing meclianism in tl,r M irs is 
an essentiaUy explosive one: its rate increases rapidh- \\iil, iiu re'isine 
temperature. It is conceivable that the analonue of a heat explosioM 
can take place in a star. If the temirerature lises, (he eiieif;,\- |irodu('- 
tion is greatly increased; this in turn produces a ri.se in temperature, ami 
an explosion occurs unless expansion, adiabatic cooling, and <lis.sipatio„ 
of energy interrupt the cumulative process. 

Actually strong changes in stellar luminosities are eominunly ol>- 
sei^^ed phenomena. There are typical variable stars which changf,' their 
luminosity by a considerable fraction in a regular periodic w.-iv. '1 he 
period may be as short as a few hours or as long as a few monf hs, accord¬ 
ing to the size of the star, the larger stars having slower iieriods'. 'J liere 
are also some stars, the novae, which flare up within a sliort time to an 
enormous brilliancy of perhaps 100,000 times their usual value and fade 
away again in the period of about a year. Still othei-s, the supernova* 
increase their light to thousands of million times that of an ordinary' 
star and fade then like the novae do. 


As already indicated, there is no scarcity of reasons w liy a star under¬ 
goes large changes in luminosity. If anything is surprising, it is that no 
explosions occurred in the sun for the last 500,000,000 years, for whieli 
period we know of life on earth, or even for the last 2 , 000 , 000,000 yeai-s 
which is the approximate age of the oldest rocks. Calculations have 
shown, of course, that, despite the possibility of a nuclear heat explo¬ 
sion, the sun should be stable with regard to heat explosions if its energy 
is produced near the center. The reason for this in greatly simplified 
language is that, even if a small explosion should get under way, it 
W'ould be promptly stopped by adiabatic expansion, merely giving rise 
to a slight disturbance being propagated towards the outside of the sun 
and this disturbance would be dissipated before it could give rise to 
further effects. But the fact remains that stars are composed of explo¬ 
sive material w^hich might actually cause periodic small explosions as in 
the variable star or single immense flares as in the novae, if the condi¬ 
tions are appropriate. To mention only tw'o of such possible condition.s, 
the energy production may take place close to the surface, and the 
possible explosion waves may be damped less efiiciently than in the sun, 
or “combustible” nuclei may be transported by convection into a hot 


region and cause the explosion. 


But novae may be explained even without utilizing processes analo¬ 
gous to a chemical explosion. It is quite sufficient for the explanation 
of ordinary novae to assume that, through the operation of hydrody¬ 
namics within the star, the hot interior gets exposed; in fact, stellar 
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statistics show that the average star may have been a nova several times 
in its long life of a few thousand million years. But more drastic ex¬ 
planations are needed to explain the much rarer and much more spec¬ 
tacular phenomena of supemovae. One might think of great thermo¬ 
nuclear explosions or perhaps of stellar collapse in which great amounts 
of gravitational energy are liberated by producing matter much denser 
even than that observed in the white dwarfs. But it is too soon to say 
which of these explanations should be used or whether there are still 
further reasons for stellar vibrations and explosions. 

13.5 THE EXPANDING UNIVERSE Our knowledge of the dis¬ 
tribution of matter in space is increasing. We know that our sun is one 
of many stars which are spaced at a few light-years from each other. 
There are altogether a few thousand million stars spaced at such dis¬ 
tances which occupy a region in space almost 1000 light-years across 
and extending for over 10,000 light-years in two other directions. When 
looking along the most extended direction of this re^on, we see on the 
night sky the white haze of the Milky Way which is made up of these 
extremely numerous stars most of them too far away to be seen indi¬ 
vidually by the naked eye. 

In the Milky Way system stars move very much like atoms in an ideal 
gas, in fact, a very ideal gas. Stellar distances and sizes are such that 
collisions are all but excluded, and stars move in the concerted gravita¬ 
tional field of the other stars; this concerted gravitational field keeps 
the system together. By very distant collisions small exchanges of 
kinetic energy between stare occur which occasionally give the star 
enough energy to escape. The lenslike shape of the system is appar¬ 
ently due to rotation. The interstellar space within the Milky Way is 
empty except for some dust and extremely dilute gases. Condensation 
of such matter might give rise to formation of new stars. The tota| 
amount of interstellar matter within the galaxy is not kno\vn, but its 
mass cannot exceed very greatly the total amount of matter in visibly 
stars. Beyond the galactic system, both stars and other forms of matr 
ter thin out. At a very much greater distance of about 1,000,000 light- 
years, we find another galaxy which appeal’s as a milky haze and ip 
which even the most powerful telescope can distinguish only the bright 
est stars individually. This is the Andromeda nebula. Further galactip 
systems are found at distances of a few million light-years apart, eac|^ 
of them consisting of a few thousand million stars. Some of them arp 
spherical, others elongated, still others have spiraling arms. Our ovqj 
system is probably of the last type, though being inside it we know le^ 

nebulae, Tl^ 


about its shape than about the shape of neighboring 
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nebulae are interspersed fairly unifonnly in space although clusters do 
appear. The nebulae do not become sparser even at the gn*atest dis¬ 
tances where they can be observed with the ctiuipment available at 
present. The farthest obser\-able nebulae are about 400,000,000 light- 
years away and appear even in the greatest reflectors as faint disks of 
luminosity. Their light reaching us at present has left them at about 
the time when the oldest-known fossils populated the earth. 15ut, ac¬ 
cording to the theory of relativity, simultaneity over such great dis¬ 
tances does not have much significance. 

The distant galaxies have been observed to recede from us. Evidence 
for their recession is obtained from their si)ectra. Iheir lines arc the 
familiar lines of the elements but they are shifted towards the red which 
appears to be due to the Doppler effect. A proportionality is found 
between this velocity and the distance of the nebulae from us. The 
farthest nebulae move with about one-fifth the velocity of light. Ihis 
creates the impression in the obser\'er that he is at rest at the center of 
an expanding universe. In reality the only conclusion one is justified 
in dra\\Tng is that we are within a system all dimensions of which are 
uniformly increasing with time. This explains proportionality between 
distance and observed velocities, and the question which part of the 
system is at rest is completely idle. Extrapolating back in time we 
find that about 2 X 10® years ago all nebulae were very much nearer to 
each other than they are now. It is interesting to note that the ob¬ 
served age of the earth has the same order of magnitude as the time at 
which all galaxies happened to be close, if indeed they did not actually 
form a single dense stellar system. 

13.6 ORIGIN OF ELEMENTS Since the energy radiated by the 
stars is due to nuclear transformations, the hope may seem to be jus¬ 
tified that atomic transformations within the stars explain the abun¬ 
dance wdth which elements occur. However, transformations which 
seem to go on at present ^^'ithin the stars affect only the lighter elements 
up to oxygen, and even for these lighter elements the reactions, as 
postulated for the stars, fail to give the proper distribution. In fact, it 
has been mentioned that at the present stage elements between lielium 
and carbon can be present only in quite negligible amounts in the inte¬ 
rior of the sun. Though these elements are not very abundant on the 
earth, they would be hardly obtainable at all if they were derived from 
matter such as is postulated at present in the center of the sun. 

It is entirely possible that the elements have originated in some state 
of matter in which nuclear reactions go on even more readily than in 
the interior of the more common stars. It may be that even at present 
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some stars contain cores with temperatures and densities exceeding the 
highest that have been discussed in the previous sections. Again un¬ 
usually efficient transformations of matter may occur during some 
stellar explosions. At any rate, the present distribution of elements 
might give us some indication about the conditions which produced that 
distribution. Actually it is difficult to determine the distribution of ele¬ 
ments at present. The earth's crust is a poor sample for at least two 
reasons: (1) The gravity of the earth is insufficient to hold hydrogen and 
most probably helium, and therefore these two elements, which we be¬ 
lieve were originaOy very abundant, have escaped to a great extent. 
(2) Abundant elements and combinations such as iron and magnesium 
oxides and silicates have condensed and later at least partly solidified 
in the interior of the earth. The elements and combinations which are 
not soluble or do not form sohd solutions with the great masses forming 
the earth's interior got crowded out and seem to form now a slag which 
we know as the earth’s crust. Thus the abundance of the elements in 
the earth's crust is misleading in that it gives improperly high weights 
to comparatively rare elements. 

A more representative distribution of elements may be guessed at by 
consideiing other sources of information. Such a source is found in the 
study of meteorites which probably originate from broken-up planets 
and whose composition gives information about the interiors of the 
planets. Stellar atmospheres, the composition of which is derived 
from the spectra, is another valuable means of obtaining the distribu¬ 
tion of elements. Finally, gross considerations of matter in planets and 
stars give further help. Thus we can conclude from the average density 
and moment of inertia of the earth that its inner half is composed mainly 
of iron. Similarly we find for the heavy planets (Jupiter, Neptune) that 
they are thickly covered by light materials such as hydrogen or possibly 
helium, and it has already been mentioned that, according to considera¬ 
tions of the equation of state, hydrogen is a very abundant element in 
the interior of stars. Table 13.6(1) gives an estimated distribution of 
elements in which the factors mentioned above have been taken into 
account. 

We have more exact information about the distribution of isotopes 
than we have about the distribution of elements. In fact, the relative 
abundance of isotopes is very greatly independent of the source of 
material as should indeed be expected considering the similarity of their 
behavior. Table 13.6(2) contains these data. The ratio of abundances 
of hydrogen and deuterium and probably He^ and He^ may have been 
considerably affected by their different rates of escape from the earth’s 
gravitational field. The present abundance of A^® is almost certainly 
due to decay from But otherwise we have no strong reason to 
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TABLE 13.C(1) 

Estimated Distribution of the Elements 


Atoms per 10,000 Atoms of Si 


z 

Element 

Al)uiulance 

Z 

Element 

.Abundance 

1 

H 

1.25 X lO"* 

44 

Hu 

0.15 

2 

He 

2.78 X 10^ 

45 

Hh 

0.057 

3 

Li 

1 

46 

IM 

0.12 

4 

Bo 

0.2 

47 

Ag 

0.043 

5 

B 

0.2 

48 

CM 

0.10 

6 

C 

30,000 

49 

In 

0.011 

7 

N 

80.000 

50 

Sri 

0.96 

8 

0 

160,000 

51 

Sb 

0.021 

9 

F 

10 

52 

Tc 

? 

10 

No 

10,000 

53 

I 

0.021 

11 

Na 

462 

54 

Xe 

? 

12 

Mg 

8,870 

55 

Cs 

0.010 

13 

A1 

882 

56 

Ba 

0.25 

14 

Si 

10,000 

57 ! 

La 

0.021 

15 

P 

170 

58 

Co 

0.023 

16 

S 

3,300 

59 

Pr 

0.0096 

17 

Cl 

250 

60 

Nd 

0.033 

IS 

A 

190 

61 

Unstable 


19 

K 

69.3 

62 

Sin 

0.012 

20 

Ca 

670 

63 

Eu 

0.0028 

21 

Sc 

0.18 

W 

Gd 

0.017 

22 

Ti 

26.0 

65 

Tb 

0.0052 

23 

V 

3 

66 

Dy 

0.02 

24 

Cr 

93 

67 

Ho 

0.0057 

25 

Mn 

81 

68 

Er 

0.016 

26 

Fe 

26,200 

69 

Tm 

0.0029 

27 

Co 

157 

70 

Yb 

0.015 

28 

Ni 

2,130 

71 

Lu 

0.0048 

29 

Cu 

6.9 

72 

Hf 

0.007 

30 

Zn 

2.6 

73 ‘ 

Ta 

0.0032 

31 

Ga 

0.54 

74 

W 

0.19 

32 

Ge 

0.39 

75 

Re 

6.8 X 10“®(?) 

33 

As 

0.73 

76 

Os 

0.057 

34 

Se 

0.026 

77 

Ir 

0.022 

35 

Br 

0.042 

78 

Pt 

0.14 

36 

Itr 

? 

79 

Au 

0.016 

37 

Rb 

0.068 

80 

Hg 

? 

38 

Sr 

0.13 

81 

Tl 

? 

39 

Y 

0.097 

82 

Pb 

0.43 

40 

Zr 

1.42 

83 

Bi 

0.0037 

41 

Cb 

0.010 

90 

Th 

0.011 

42 

Mo 

0.28 

92 

U 

0.0027 

43 

Tc 

Unstable 





The abundances of some of the elements given here are known only very crudely. 
Most of the data are of recent work and compilation by Dr. Harrison Brown, based 
largely on earlier work by V. M. Goldschmidt, A. Unsold, and others. 
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TABLE 13.6(2) 
DisTRiBunoN OP Isotopes 


Nuclear 

Charge 




Atom 

Abundance, 
Mole % 

Nuclear 

Charge 

Atom 


99.98 

20 

Ca« 


0.02 


Ca^=^ 

He® 

^10^ 


Ca« 

He^ 

'^100 


Ca^ 

Li® 

7.3 

1 

! 

Ca« 

Li^ 

92.7 

1 

Ca** 

Be® 

100 

21 

Sc^5 

Bio 

18.83 

22 

Ti48 

fill 

81.17 


Ti47 

C12 

98.9 


Ti48 

^13 

1.1 


Ti« 

N14 

99.62 


XiSO 

N15 

0.38 

23 

ysi 

QlS 

99.757 

24 

Cr®® 


0.039 

1 

Cr"2 

QlS 

0.204 


Cr« 

pl9 

100 

1 

Cr^ 


90.00 

25 

Mn^ 

Ne-^ 

0.27 

26 


Ne22 

9.73 


Fe®® 

Na23 

100 

1 

Fe®’ 

Mg24 

78.41 


Fe®» 

Mg25 

10.18 

27 

Co®® 


11.41 

28 

Ni®® 

A127 

100 


Ni«® 

SF 

92.27 

1 

Ni«i 

Si29 

4.63 


Ni®2 

Si®® 

3.05 


NiW 

p31 

100 

29 

Cu®® 

S32 

95.1 


Cu®® 

gM 

0.74 

30 

Zn®^ 

S34 

4.2 


Zn®® 

§36 

0.016 

1 

Zn®’ 

C135 

75.4 


Zn®® 

Cl®’ 

24.6 


Zn’® 

A36 

0.307 

31 

Ga®® 

A38 

0.061 


Ga’i 

A40 

99.632 

32 

Ge’® 1 

K39 

93.38 


Ge’2 

K« 

0.012 


Ge^® 


6.61 


Ge’* 


Abundance, 
Mole % 


96.92 

0.64 

0.132 

2.13 

0.0032 

0.179 

100 

7.95 

7.75 

73.45 

5.51 

5.34 

100 

4.31 

83.75 
9.55 
2.38 

100 

5.81 

91.66 

2.20 

0.33 

100 

67.76 
26.16 

1.25 

3.66 

1.16 

68.94 

31.06 

60.9 

27.3 

3.9 

17.4 
0.5 
61.2 
38.8 
21.2 
27.3 

7.9 
37.1 
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TABLE 13.0(2).— {Conlinued) 
Distribution of Isotofes 


Nuclear 

Charge 

Atom 

Abundance, 
Mole % 

Nuclear 

Cliargc 

Atom 

Abundance, 

Mole % 

32 


6.5 

44 

Ru’®’ 

16.98 

33 

As’® 



Ru>®2 

31.34 

34 

Se’^ 

0.87 


Ru”^‘ 

18.27 


Se’® 


45 

Rh’®® 

100 


Sc” 

7.58 

40 

Pd’®2 

0.8 


Sc’* 

23.52 


pj’W 

12.25 


Sc*® 

49.82 


Pd’®* 

22.2 


Sc*2 

9.19 


Pd'®® 

30.7 

35 

Br’» 

50.53 


Pd'®* 

26.7 


Br*i 

49.47 


Pd"® 

7.35 

36 

Kr’* 

0.35 

47 

Ag'®’ 

51.35 


Kr*® 

2.01 


Ag’®® 

48.65 


Kr*2 

11.53 

48 

Cd'®® 

1.22 


Kr»* 

11.53 


Cd'®* 

0.98 


Kr*^ 

57.11 


Cd"® 

12.35 


Kr«* 

17.47 


Cd’" 

12.76 

37 

Rb“ 

72.8 


Cd"2 

24.00 


Rb*’ 

27.2 


Cd"* 

12.30 

38 

Sr« 

0.55 


Cd"^ 

28.75 


Sr*® 

9.75 


Cd"® 

7.63 


Sr*’ 

6.96 

49 

In"* 

4.23 


Sr** 

82.74 


In"® 

95.77 

39 


100 

50 

Sn"2 

0.90 

40 

Zr» 

51.51 


Sn'" 

0.61 


Zr®^ 

11.27 


Sn"® 

0.35 


Zr®2 

17.14 


Sn"® 

14.07 


Zr®* 

17.30 


Sn"’ 

7.54 


Zr®* 

2.78 


Sn"* ! 

23.98 

41 

Cb®* 

100 


Sn"® 

8.62 

42 

Mo®^ 

15.86 


Sn’2® 

33.03 


Mo« 

9.12 

1 

1 

Sn‘22 

4.78 


Mo®® 

15.70 


Sn’2^ 

6.11 


Mo®s 

16.50 

51 

Sb'2’ 

57.25 


Mo®’ 

9.45 


Sb’®* 

42.75 


Mo®* 

23.75 

52 

Tc’2® 

0.091 


Mo’®® 

9.62 


Te’22 

2.49 

43 

Tc 

Unstable 


Te’2* 

0.89 

44 

Ru®* 

5.68 


Te’M 

4.63 


Ru®* 

2.22 


Te’2* 

7.01 


Ru®® 

12.81 


Tei26 

18.72 


Ru’®® 

12.70 

1 


Te’2* 

31.72 
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TABLE 13.6(2).~(Co7i^mt«d) 
Distbibotion op Isotopes 


Nuclear 

Charge 


Atom 


Abundance, 

Mole 


Nuclear 

Charge 


Atom 


Abundajice, 

Mole % 


52 

53 

54 


Te^o 

Jl27 

Xe'26 

Xe^28 

Xei 29 

Xe'3“ 

Xe'3* 

Xei32 

Xe'34 

Xe ^36 

Cs^3* 

Ba^30 

Bai32 

Ba}^ 

Ba^35 

Ba'37 

Ce^^s 

Ce'-*^ 

Pri4i 

Nd'^- 

Ndi« 

Nd^^ 

Nd^^ 

Ndi« 

Nd'^« 

Nd^so 

61 

Sini« 

Smi« 

Eu*5i 



21.17 

26.96 

10.54 

8.95 
100 

0.101 

0.097 

2.42 

6.59 

7.81 

11.32 

71.66 

100 

<1 

<1 

89 

11 

100 

25.95 

13.0 

22.6 

9.2 

16.5 

6.8 

5.95 
Unstable 

3 

15.2 

10.8 

14.1 
7.7 

27.1 
22.4 

49.1 


63 

64 


72 


73 

74 


Eu'53 

Gd^2 

Gd*M 

Gdi66 

Gdl66 

Gd'" 

Gd*^® 

Gd>60 

Tbl59 

Dyl68 

P)yl60 

Dyl62 

Dyl63 

DylM 

Ho'65 

Eri62 

Erwe 

Er^fi^ 

Eries 

Erivo 

Ybifis 

Yh^70 

Yb>^i 

Ybn2 

Yb>7^ 

Yb^s 

Hfns 

Hfi78 

Hfl79 

Hfiso 

TaiM 

W180 

'^182 


50.9 
0.2 
1.6 

18.4 

19.9 

18.9 

20.9 

20.2 

100 

> 0.1 

0.1 

21.1 

26.6 

24.8 

27.3 
100 

0.1 

1.5 

32.9 

24.4 

26.9 
14.2 

100 

0.06 

4.21 

14.26 

21.49 

17.02 

29.58 

13.38 

97.5 

2.5 
0.18 
5.30 

18.47 

27.10 
13.84 

35.11 
100 

0.135 

26.41 
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TABLE 13.G(2).— {Condnual) 


DiSTUIBI:TION of IsotoI'KS 


Nuclear 

Charge 

Atom 

Abundance, 
Mole % 

Nuclear 

Charg(? 

.\tom 

Abiiiidanct', 
Mole % 

74 


14.40 

80 

Ilg-™ 

23.3 



30. (VI 



13.2 



28.41 


Ilg-'"- 

29.6 

75 

Re>«»-'®‘ 

<10-* 



6.7 



37.07 

81 


29.46 


Rc'*® 

<10-- 


'I'l-.JOj 

70.5-1 


Re‘®^ 

G2.93 

82 


1.37 


I^^.lSS-190 

<10'2 


pi,20.J 

25.15 

7G 

Os'®< 

0.018 


1*1,207 

21.11 


Os*®® 

1.59 


1*1,20^ 

52.38 



1.6-1 

83 

Ili-0® 

100 


Os*®® 

13.3 

84 

Vo 

I’nstablo 


Os*®» 

IG.l 

85 

At 

1 ■nstal*lo 


' Os>»® 

2G.4 

8(i 

Rn 

1'n.<table 


Os*®2 

41.0 

87 

Fa 

Fast able 

77 

Ir*9i 

38.5 

88 

lU 

1'astablo 


Iri93 

G1.5 

89 

Ac. 

raslablc 

78 

ptl92 

0.8 

90 

Th-32 

100 


Pt*« 

30.2 

91 

Pa 

I’n.stablc 


ptiw 

35.3 

92 

p234 

0.00518 


pt*90 

26.6 


Acir-^^ 

0.719 


pt*98 

7.2 


lym 

99.274 

79 

Au*®’ 

100 

93 

Nn 

Uastalde 

80 

Hg*®® 

0.15 

94 

Pu 

l.’nstable 


Hg*®8 

10.1 

95 

Am 

Unstal>le 


Hg>®® 

17.0 

96 

Cm 

Unstable 


For radioactive elements whase lifetimes arc of the order of geological times, the 
natural abundances have been giv<*n. Radioactive elements of shorter lifetimes do 
not occur in nature except sometimes in combinations with their mother substances. 
In these cases no abundances have been given, but the notation “unstable” has been 
used. 

assume that the observed ratios differ from the ratios in which the 
elements were produced. 

There are three rough regularities obsert^able in the abundance of 
elements and of isotopes: (1) Nuclei containing an even number of pro¬ 
tons and an even number of neutrons tend to be more abundant. (2) 
Elements beyond Z « 30 have a small and roughly constant abundance. 
(3) Considering the isotopes of heay>" elements, we find that the isotope 
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containing fewest neutrons has often a quite small abimdance. The 
first of these regularities is undoubtedly connected with the greater 
stability of nuclei in which an even number of each kind of particle is 
present. The greater stability connected with the presence of even 
numbers of particles is analogous to the fact known in chemistry that 
stable molecules carry, with very few exceptions, an even number of 
electrons. The reason for this rule is, as has been pointed out before 
the exclusion principle which vdll permit the presence of no more than 
two particles in any orbit. The third rule, the small abundance of light 
isotopes among the heavy elements, seems to indicate that, at the time 
of formation of the heavy elements, great quantities of neutrons have 
been available in or around the nuclei. 

Two of the most frequently discussed mechanisms for building up 
elements are thermodynamic equilibria at extremely high temperatures 
and progressing nuclear reactions with definite rates which had no time 
to reach equilibrium but did settle down to a steady-state distribution 
of elements and gave rise to definite ratios of nuclear species. Accord¬ 
ing to both of these explanations it is plausible to expect that more 
stable nuclei will be more abundant, and, if pressures are not too high 
and temperatures not too low (that is, considerably higher than 10® de¬ 
grees), the presence of great amounts of hydrogen can be understood. 
The puzzling fact which cannot be explained by any of the foregoing 
considerations is the presence of uranium. Uranium is both energet¬ 
ically and, except under extremely high pressures, thermodynamically 
unstable. Such extremely high pressures, however, would be in contra¬ 
diction with great abundance of light elements, particularly hydrogen. 
The building up of uranium in a steady process is also difficult to imder- 
stand. Such a building-up process Avould require nuclear collisions in 
which some of the colliding particles stick and lead to heavier nuclei. 
But, if such colhsions are to be effective, we must expect that uranium 
itself will be hit quite frequently, and under the effect of nuclear colli¬ 
sions uranium suffers fission rather easily. It seems that, in a steady- 
state equilibrium in which nuclei collide and react with each other, 
uranium is much more easily destroyed than produced. 

We may argue that elements are transformed into each other in 
different regions of the universe under different conditions. In some 
equilibria, for instance, enormous pressures stabilize uranium, whereas 
in other regions somewffiat lesser pressures allow the formation of hy¬ 
drogen. Of course, the pressure necessary to stabilize uranium is such 
that even heavier nuclei may be formed. In fact, there is no known 
reason w'hy matter could not form macroscopic aggregates with densi¬ 
ties equaling that of nuclei. Uranium could then be formed if such dense 
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material should break up. It is interesting to speculate about such a 
superdense state of matter and its possible subdivision into nuclei. 
Here we shall merely state that in this superdense state all electrons 
are probably pressed into the nuclei, transforming the protons into 
neutrons, so that the actual aggregate consists of neutrons ordy. When¬ 
ever superdense matter breaks up, beta processes would occur and, 
together mth the emission of electrons, protons would be formed within 
the nuclei. 

It would seem reasonable to assume that all of the heavier elements 
have been formed from a superdense state by fission processes. The 
breaking up into drops and the further subdivision could have gone on 
so rapidly as not to allow the formation of any etiuilibria or steady 
states. It would not be unreasonable to assume that more stably bound 
fragments are more often produced. During such a decomposition fission 
would take place first, evaporation of neutrons might follow, and beta 
decays would occur last. Ihe lightest isotopes are formed if the number 
of evaporated neutrons e.xceeds the aveiage. These isotopes may thus 
be formed in smaller numbers. The fission of a droplet is, however, such 
a complicated process that, if the picture presented here is correct, we 
might never be able to get a complete explanation of the abundance of 
elements and isotopes. 

It is perhaps interesting to note that a few thousand million years 
ago the universe must have been denser than it is now. If we want to 
hazard a very great extrapolation, we might assume that '‘originally” 

all matter was in a superdense state from which the elements have been 
formed by a universal breakup. 

tooTE Eig TO teXog T)|g diagiag auTr) i] 
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Accidental degeneracy, 10, 198 
Acetylene, molecular vibrations of, 226 
Acoustical branch, 218, 229 
Activation energies, 75, 76 
Alkali halides, lattice energies, 139 
Alkali metals, chemical binding in, 174, 
176 

Alloys, structure of, 178 
Alpha particles, 296, 316 
Alpha radioactivity, 317 
Aluminum phosphide, structure of, 147 
Ammonia, directed valence in, 92 
Angular momentum, 232, 239, 242, 215, 
253 

Anharmonicity, 211 
Anthracene, resonance in, 120 
Antibonding electrons, 85 
Anti-Stokes line, 223 
Aromatic compounds, electron mobility 
in, 110, 111 
Atom, nuclear, 1 

Atomic-function method, 71, 75, 85, 95 
Atomic models, 235 
Atomic radii, 142 
Atomic spectra, 231 

Band spectra, 254 
Band system, 254 
Barn, 298 

Benzene, structure of, 109, 118, 271 
Beryllium, electric conductivitj' of, 175 
Beryllium hydride, shape of, 95 
Beryllium molecule, Be 2 , stability of, 86 
Beta radioactivity, 305 
Beta rays, 305 
Betatron, 321 
Bjerrum double band, 208 
Binding energies in nuclei, 316 
Birge-Sponer method, 260 
Bismuth, diamagnetic susceptibility of, 
191 


Blue giants, 337 
Bohr magneton, 184 
Boltzmann con.slant, 47 
Boltzmann law, 47 
Bond, lioloropolar, 28 
hydrogen, 115, 137 
trijde, 100 

Bonding electrons, 85 
Bonds, conjugated double, 104 
Born-HalxT cycle, 140 
Boron nn)lecule, B^, binding energy of, 89 
Breakdown, electric, 172 
Brillouin zones, 164, 168, 171, 173 

Caesium chloride, structure of, Ml 
Carbon-carbon double bond, 1(H) 
Carbon-carbon triple boml, 103 
Carbon cycle in stars, 344 
Carbon dioxide, molecular vibrations, 
196-198, 206, 208, 210, 214 
Carbon molecule, C 2 , binding energy of, 
89 

Carl)on tetrachloride, vibrations of, 215 
Carbonate ion, resonance in, 114 
Carboxyl group, resonance in, 115 
Catalysis, surface, ISO, 181 
Charge numlwr, 299 
Chemical bond, 28, 71 
Chlorophyll, light absorption and emis¬ 
sion, 285 

Cobalt chloride ion, CoCU , shape of. 
143 

Cockroft machine, 321 
Color and resonance, 272-278 
Combination tones, 213 
Complementarity, 4 
Compound nucleus, 324 
Condon, Franck-Condon principle, 255 
Conduction electrons, 170 
Conductivitj', electric, 148, 149, 168 
Conjugated double bonds, 104-112 
357 
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Conjugated systems, resonance in, 116- 
122 

Co-ordination schemes, 247-253 
Correspondence principle, 5, 205, 274 
Coulomb attraction, 73 
Curie point, 189 
Cyclotron, 321 

d state, 12, 232 
D state, 233 
3 state, 246 
A state, 246 

Davisson-Germer experiment, 3 
Debye temperature, 168 
Decay constant, 308 
Deformation vibrations, 210 
Degeneracy, 10, 74, 77 
accidental, 10, 198 
necessary, 10 
Degenerate states, 9, 233 
Degenerate vibration, 197 
Depolarization factor, 221, 227 
Deuteron, 303 
Deuterium, ortho-, 303 
para-, 303 
Diamagnetism, 190 
Diamond, structure of, 146 
Dielectric constant, 48 
Diffraction, electron, 41 
Diffraction, neutron, 42 
Diffraction, X-ray, 41 
Dipole moments, 46, 52-57, 203, 206, 
208, 211 

Dipole radiation, 201, 234 
Dipole structures in solids, 134-137 
Directed valences, 92-94 
Dissociation energies, 89, 90, 257-262 
Double bonds, conjugated, 104-112 
valence orbits, 100-104 
Doublet states, 240 
Dwarfs, red, 337 
white, 337 
Dyes, organic, 273 

Electric breakdown, 172 
Electric conductivity, 168 
Electron, antibonding, 85 
Electron affinities, 29, 139 
Electron diffraction, 41, 42 
Electron holes, 122, 123 


Electron pair, 91, 92 
Electron spin, 34, 35 
Electronic spectra, 231-295 
Electrons, 1, 2 
bonding, 85 
conduction, 170 
of the K shell, 20 
of the L to Q shells, 23-27 
in strong periodic fields, 154-162 
in weak periodic fields, 151-154 
Elementary domains, 188 
Energy, dissociation, 257-261 
Energy production, in stars, 341-344 
Ethylene, vibrations of, 226, 230 
Even state, 233, 247 
Exchange integral, 73 
Excited state, first, 8 
Excited states, higher, 12 
Exciton, 288 

Expanding universe, 346-347 

/functions, 12 
/ state, 233, 273 
/ value, 273 
Fermi sea, 167 
Ferroelectricity, 188 
Ferromagnetism, 188, 189 
Fine structure, 244 
First excited state, 8 
Fission, 316, 319 
Fluorescence, 223 

Fluorine molecule, F 2 , binding energy, 
88, 122, 123 
Fourier series, 212 
Franck-Condon principle, 255, 270 
Free rotation, 230 
Fundamental state, 7 
Fundamental tone, 212 

Gamow formula, 318 
Geiger-Nuttal relation, 319 
Germer, Davisson-Germer experiment, 
3 

Giants, blue, 337 
red, 337 

Graphite, structure of, 121, 128, 177 
Group theory, 232, 239,* 267 
Group velocity, 161 
Group of waves, 161 
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H states, 13-16 

Hall effect, 169, 170 

Harmonic oscillator, 194 

Harmonic vibrations, 205 

Hartree model, 235, 238, 242, 240, 247 

Heitler-London model, 71, 74, 78 

Helium, solid, 174 

Helium ion, He 2 ‘*‘, structure and binding 
energy, 85, 86 
Hetcropolar bond, 28, 29 
Hume-Rothcry rule, 179 
Hund-Mulliken method, 78, 91, 247 
Hund’s case n, 265 
Hund’s case 6, 265 
Hybridization, 96, 97, 145 
Hybridized functions, 94-99 
Hydrogen, metallic, 174 
solid, conductivity of, 173, 174 
Hydrogen atom, 7 
Hydrogen bond, 67, 137 
Hydrogen bridge, 67, 116, 137 
Hydrogen bromide, dipole moment of, 

55 

Hydrogen chloride, dipole moment of, 
54, 55, 201 

Hydrogen iodide, dipole moment of, 55 
Hydrogen ion, hydrated, HaO’*', 113 
Hydrogen molecule, structure of, 74, 75, 
84, 85, 92, 115, 248 

Hydrogen molecule ion, structure 

of, 80 

Hydroxyl bond, 134, 137 
Hyperfine structure, 233 

l 9 e, structure of, 134 
Indicators, acid-base, theorj' of, 277 
Infrared spectra, 193, 200, 205, 216 
Instability of stars, 345 
Insulators, 166, 167, 292 
Internal conversion, 333 
Internal photoeffect, 292 
Interstitial structures, 179-180 
Iodine molecule, size, 134 
Iodine spectrum, 259 
Ion interactions, 68-70 
Ionic complexes, 142-145 
Ionic crystals, 137-142 
Ionization energies, 29 
Isobars, 300 
Isomers, 309, 333 


Isotope effect, 39, 40, 228 
Isotopes, 300 

K shell, electrons of, 20 

Kekul6 formulae, 117-12! 

Kekul6 structures, electronic sDcctra of 
271 

Keto-enol isomerism, 116 

I^S coupling, 240, 253 
L slu'll electrons, 23 

Lattice energies of alkali halides, 139 
Linear accelerator, 321 

Liquids, infrared sjKTtrurn of, 210 
Lithium, metallic, structure and conduc¬ 
tivity of, 174 

Lithium molecule, Lio, 80, 87 
Lr)ndon forces, 66 

Low temperatures, magnetism and pro¬ 
duction of, 187 

Magnetic moment, 183, 184, 300 
of neutrons and proloius, 300 
Magnetic proi)erties of matter, 182-192 
Main sequence stars, 337 
Mjiss numl)er, 299 
Mathematics, use of, 1 

Maxwellian velocity distribution, 208 
Meson, 336 
Metals, 147, 166 
Methane, shape of, 99 
Methyl radical, 97 
Methylene group, 96 
Molecular-orbital method, 76-78 85 92 
104-111 

Molecular rotation. 199-200 
Molecular vibrations, 193 
Moment of inertia, 199, 203, 208, 209 
Multii)licity of states, 240, 242, 253, 266 

Naphthalene, structure of, 110, 111 
Necessary degeneracy, 10, 197 
Neon molecule, Nej, binding energy in 
88 

Neutrino, 307 
Neutron, 298, 299 
Neutron diffraction, 42 
Neutrons, fast, reaction of, 329 
production of, 325-328 
slow reactions of, 330-333 
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Nickel atom, energy levels of, 24 
Nickel cyanide ion, Ni(CN )4 , shape of, 
144, 145 

Nitric oxide, paramagnetism of, 185 
Nitrite ion, shape of, 144 
Nitrogen molecule, vibration of, 201, 220 
Nitrogen molecule ion, N 2 + binding en¬ 
ergy in, 89 

Nitrophenol, para-, resonance in, 118 
Nitrosyl chloride, shape of, 144 
Normal vibrations, 194-198, 206, 210, 
213, 218, 229, 270 
Normalization factor, 8 
Novae, 345 
Nuclear atom, 1 
Nuclear fission, 319 
Nuclear forces, 335 
Nuclear isomers, 332 
Nuclear resonance, 324, 325 
Nuclear stability, 312-315 
Nuclear vibrations, 39 
Nuclei, size of, 298 
Nucleus, compound, 325 
Nuttal, Geiger-Nuttal relation, 319 

Odd states, 232, 246 
One-electron spectra, 237 
Optical branches, 218 
Organic dyes, color and resonance, 274- 
278 

Origin of elements, 347 
Ortho-deuterium, 303 
Ortho-helium, 242 
Ortho-hydrogen, 300 
Orthogonality of wave functions, 9-10 
Oscillator, harmonic, 193 
Overtones, 212 

Oxygen, paramagnetism of, 185 
Oxygen molecule, binding in, 88, 102 
Oxygen molecule ion, O 2 , binding energy 
of, 89 

P branch, 207, 208 
p state, 11, 233 
P states, 233 
tr states, 246 
D states, 246 

Palladium, hydrogen in, 179 
Para-deuterium, 303 
Para-helium, 242 


Para-hydrogen, 300 
Para^nitrogen, 304 
Parallel bands, 209, 253, 263, 267 
Parallel transitions, 253 
Paramagnetism, 185, 190-191 
Parity, 232 

Pauli principle, 21, 35, 237, 239, 240 
242, 300, 304 ’ 

Penetration factor, 322 
Periodic system, 22, 315, 316 
Perpendicular bands, 209, 253, 263, 267 
Perylene, resonance in, 111 
^ state, 246 

Phenol, resonance in, 122 
Phonon, 289 
Phosphorescence, 293 
Phosphorus, black, structure of, 129 
Photoconductivity, 171, 292 
Photoeflfect, internal, 292 
Photographic process, 171, 172 
Photoneutrons, 326 
Planck’s constant, 2, 3 
Polarizability, anisotropic, 59 
electronic, 57, 58 
and light scattering, 220 
Polarizability ellipsoid, 60, 61 
Polarizability tensor, 60 
Positron, 123, 306 
Predissociation, 278-287 
Probability, 3 
Protons, 299 

p 3 Tene, resonance in, 110 
Pyroxene minerals, structure of, 130 

Q branch, 209 

Quadrupole radiation, 202, 234 
Quadrupole transitions, 204 
Quantum of charge, 2 
Quantum mechanics, 3, 4 
Quantum theory, 2, 3 

R branch, 207, 208 
Radiationless transitions, 278-287 
Radiative capture, 330 
Radicals, stability of, 120, 121 
Radioactivity, beta, 305, 306 
Raman effect, 220-227 
Raman spectrum, 216, 228 
Rare-earth elements, structure of atoms 
of, 27 


INDEX 


Rare-earth ions, crystal structure of 
salts of, 269 

paramagnetism of, 186 
Rare-earth salts use in lo\v-toin{H‘raturc 
production, 187 

Rare gases, structure in solid state, 131 
Rayleigh scattering, 222 
Red dwarfs, 337 
Rod giants, 337 
Residual valence, 137 
Resonance, 34, 112-122, 272 278, 324, 
325 

in metallic conductors, 176 
Rotation, free, 230 
Rotational spectra, 202 
Rutherford law. 296 
K itherford’s model, 1, 2 

s function, 8 
a functions, 87 
s state, 8, 12, 233, 235 
S state, 233 
<T state, 87, 240 
2 state, 246 
Scattering of light, 220 
Selection rules, 201-200,241, 254,266,270 
Selenium, structure of, 130 
Semiconductors, 171 
Silver iodide, structure of, 147 
Singlet state. 74, 240-242, 249 
Sodium atom, electronic spectrum, 237 
Sodium chloride, infrared s|)ectrum, 219 
lattice energy, 140 
S|)ecific heat, vibrational, 228-230 
Spin, 34, 182, 184, 233, 238-241, 300 
Spin degeneracy, 74 
Stark effect, 243 
Stokes line, 223 

Structure of lighter elements, 22, 23 
Sulfate ion, resonance in, 143 
Sulfite ion, shape of, 144 
Sulfur, structure of, 129 
Superconductivity, 169 
Superconductors, 192 
Supemovae, 346 

Superposition, of time-dependent func¬ 
tions, 17-19 
of wave functions, 9 
Surface effects, 180 
Synchrotron, 321 


361 

Technetium, 315 

Tellurium, structure of, 130 

Tetrahedral carbon, 99 

Thermal cojiduclivily, 167 

Thoinjus-l’erini nuKhd, 30 

Thorium fission, 316 

TinuMlependent wave functions, 10 

Tolinan effect, 149 

Transition eleim-nts, 30-33 

Triplienylmethyl, 120 

Ti iple bonds, 103 

Triplet stale. 74, 210. 211, 219 

Tunnel eflecl, 38, 78 80, 82 84, 318, 322 

I’ncertainfy principle, 4, 5, 161, 331 
Unshared elect rons, 93 
Uranium fission, 319 

Valence, 71 

Vulenc(W)rlHtal nicfliod. 91, \i'l, 'J5. titj 
Vnhuice vil)nifions, 210 
Valences, direct<‘fl, 92 ‘J4 
^’an de flraaf generator, 321 
\ an der Vaals forces, (>3 
Van d<T WaaLs refaiUion, 72 
Van der Wants solhls, 126, 130-134 
Vector-addition rule, 236, 237, 239 
Vibrations, deformation, 209, 210 
harmonic, 205 

normal, 194-198, 206, 210, 213, 218, 
229, 270 
nuclear, 39 

Water molecule, shape? of, 94 
Vater molecules, attraction Ijctween, 

134-135 

Wave function, 3 

Wave functions, time-dependent, 16 

Wave number, 200 

Wave packet, 161 

Wave-particle picture, 4 

White dwarfs, 337 

Work functions, ISO, 181 

X-ray diffraction, 41 

Zeeman effect, 243 
Zero line, 264 

Zero point energy, 30, 40, 194 
Zinc sulfide, structure of, 146 
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